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LAMINAR NATURAL CONVECTION FLOW IN 
MAGNETO-HYDRODY NAMICS 


G. POOTS 
Department of Theoretical Mechanics, Bristol University 


(Received 7 August 1960, aad in revised form 28 December 1960) 


Abstract—This paper deals with the two-dimensional laminar natural convection flow of an electrically 
conducting viscous fluid, such as mercury or liquid sodium, in the presence of electric or magnetic 
fields. Two different flow régimes are discussed. The first example considered is the steady fully de- 
veloped natural convection flow, with and without heat sources, between two long parallel plane 
surfaces with uniform magnetic field applied normal to the surfaces. The plane vertical surfaces are 
open at both ends to the ambient fluid and are maintained at constant temperatures different from 
that of the ambient fluid. Tables are given from which the fully developed temperature, velocity and 
induced magnetic fields may be found. Flow characteristics such as the net mass flow and wall Nusselt 
numbers are also evaluated. 

The second example considered is the steady two-dimensional natural convection flow set up by 
Joule heating when a direct current flows in the axial direction through a horizontal circular tube 
filled with an electrically conducting viscous fluid. The outside surface of the tube is maintained at 
constant temperature by a coolant which is assumed to be a non-conductor and non-magnetic. The 
influence of the non-uniform convection flow on the temperature distribution and wall Nusselt number 

is calculated. 


Résumé—Cet article traite de écoulement de convection naturelle laminaire 4 deux dimensions 
dans un fluide visqueux conducteur tel que le mercure ou le sodium liquide, en présence de champs 
magnétiques ou électriques. Deux régimes d’écoulement différents sont étudiés. Le premier exemple 


considéré est celui de la convection naturelle, en régime permanent, avec ou sans source de chaleur, 
entre deux longues surfaces planes paralléles normalement auxquelles est appliqué un champ magnétique 
uniforme. Les surfaces planes verticales sont Ouvertes aux deux extrémités vars le fluide ambiant et 
sont maintenues a des températures constantes, différentes de celle du fluide ambiant. Des tables, 
a partir desquelles on peut trouver la température de régime, la vitesse et les champs magnétiques 
induits, sont données. Des caractéristiques de l’écoulement, telles que le débit massique et le nombre 
de Nusselt a la paroi sont également évaluées. 

Le deuxiéme exemple considéré est celui de la convection naturelle 4 deux dimensions qui s’établit 
dans le cas d’un chauffage par effet Joule, quand on fait circuler un courant continu dans l’axe d’un tube 
horizontal, a section circulaire, rempli d°un liquide visqueux conducteur. La surface extérieure du 
tube est maintenue a température constante par un réfrigérant que l'on suppose non conducteur et non 
magnétique. L’influence d’un écoulement de convection naturelle non-uniforme sur la distribution 

des températures et le nombre de Nusselt a la paroi est calculée. 


Zusammenfassung—Die Arbeit behandelt die zweidimensionale, laminare, freie Konvektionsstro6mung 
in einer elektrisch leitenden, viskosen Fliissigkeit, wie Quecksilber oder fliissigem Natrium in Gegen- 
wart von elektrischen oder magnetischen Feldern. Zwei verschiedene Str6mungsarten werden 
besprochen: Als erstes Beispiel die stationare, voll ausgebildete, freie Konvektionsstr6mung mit und 
ohne Warmequellen zwischen zwei langen parallelen ebenen Flachen mit gleichmassigem, senkrecht 
zu den Oberflachen wirkendem Magnetfeld. Der Spalt zwischen den ebenen, senkrecht stehenden 
Oberflachen ist fiir die umgebende Flissigkeit an beiden Enden ge6ffnet. Die Oberflachen werden auf 
konstanten Temperaturen gehalten, die sich von der Temperatur der angrenzenden Fliissigkeit 
unterscheiden. Aus angegebenen Tabellen kénnen Temperatur-, Geschwindigkeits- und induzierte 
Magnetfelder ersehen werden. Weiterhin sind charakteristische Stromungsgréssen wie Mengenstrom 
und Nusseltzahl in Wandnahe berechnet. 

Als zweites Beispiel wird die stationare zweidimensionale freie Konvektionsstr6mung betrachtet, 
die infolge Joulescher Erwarmung auftritt, wenn Gleichstrom in Achsialrichtung durch ein 
waagerechtes, mit elektrisch leitender viskoser Flissigkeit gefiilltes Rohr von Kreisquerschnitt fliesst. 
Die Rohraussenflache wird durch ein nichtleitendes und unmagnetisches Kiihlmittel auf konstanter 
Temperatur gehalten. Der Einfluss des ungleichférmigen Konvektionsstromes auf die Tempera- 

turverteilung und die Nusseltzahl in Wandnahe ist angegeben. 
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AnnotTanna—B craTbe paccCMaTpHBaeTcA IBYXMepPHbIil 1aMMHapPH bit KOHBERTHBHDI MOTOK B 
VCNOBUAX eCTeCTBEHHOTO JBHAKCHHA 3.IEKTPHYeCKH MpOBOAel BABKOI KH KOCTH. 
Hanpumep, pTyTp man HarpHii B AtqKOM coctosnun. IlpeqycmatpuBaetca Hammune 
STEKTPHYECKNX ILI MAPHUTHBIX MoOtei. PaccMaTpMBawTcd [Ba Pad.IN4HBIX pevARItMa MOTOKA, 
B meppoM Cayyae—cTaunoHapHblit MOTHOCTBIO ycTaHOBUBWelicA MOTOK B YCAOBHAX 
ecTeCTBeHHO! KOHBEKIMM Me LY IBYMA JLIMHABIMM MI0CKO-Mapac1eIbHbIMH MObePpXHOCTAMH 
pi HaJM4N MCTOUHMKOB Telia Wait 6e€3 HHUX H C paBHOMepHBIM MarHUTHEIM MOJeM, 
NepNeHAUKYAAPHbIM K TOBepXHOCTH MiacTHHEI. Temmepatypa Ma0CKHX BepTHKaJIbHbIX 
110 BepXHoOcTeli OTAMN4Ha OT TEMMepaTYphI OKPYAaWwileli AU AKOCTH, C KOTO pOil CompukKacalwTcA 
00a KOHYAa MaacTHHbl. [13 nplBeeHHEIX TAOIML MOAHO HaiiTH NOAHOCThW ycTaHOBUBMNeCcA 
Nod TeMmcparypbl, CKOpocTH, a Tak7Ke HHAYKTHpPOBHHbIe MarHuTHble moa, Barancaensi 
XapakTepucTHK YucTorO MOTOKAa Macch WH 4YtcI10 HyccedbTa CTeHRI. 

Bo pTopom ciy4ae paccMaTpHBaeTCA CTalMonapHblii ABYXMepHbIii MOTOK B YCAOBMAX 
ecTeCTBeHHOI KOHBEKUMM, CO3qaBaeMblit HarpeBaHHeM Tp MpOXo*A eH MOCTOAHHOTO 
TOKAa B AKCHAIbHOM HallpaBAeHnn Yepes TOPU3Z0OHTAIbHYHW Kpyryw TpyOy, 3aloHeHH yO 
SIEKTPUYeCKH MpoBorAiuleli BAsKO AKOCTIO. TemmepaTypa BHelHeil moBepxXHocTH 
rpyObl TO epARUBAeTCH NOCTOAHHHOM Tp MOMOUIL OXJavKalolulell Cpeqbl, KOTOpyto 
IIpHHUMaT HenpoBoAeli mu HeMarHHTHOii. Barancneno BunAHHe HepaBHOMepHOrO 

KUHBEKTHBHOPO MOTOKA Ha paciipedeiHie TeMmepaTypbl Wt Ha YHCAO0 HycceabTa cTeHRH. 


NOMENCLATURE Greek symbols 
e.m.u. and c.g.s. system used throughout. dimensionless heat source parameter; 
A dimensionless magnetic vector coefficient of volumetric expansion; 
potential; 
Bras ; ‘ - 1 
characteristic length; Y dimensionless quantity, 
3a! ’ Hoe 
specific heat at constant pressure: ¥ —_— 
. . . > ) ‘ ) ~d = are > ‘ = 
electrical intensity: aoe local temperature distri 
gravitational force per unit of mass: wenn sie : 
8¢0,.a3 temperature difference, T T.; 
Grashof number, ~~, — (Example I) / ratio of wall temperature differences, 
y2 
, 6, 
BgJ=a° —s 
a (Example II): bvo 
Tov" ° . . 
magnetic Grashof number, 47ou,vG: dy ne pr am 
magnetic intensity: ne hee perenne em; 
; cinematic viscosity: 
current density; > wawwray? 
, . . Ze ‘ > VISCOSITY: 
dimensionless parameter, PGK 4: Magnetic Viscosity 
Bea fluid density: 
electrical conductivity : 
e . ° 
: TE X dimensionless group, |/47o,,v; 
thermometric conductivity ; dimensionless group, 1/PK.ay: 
o wth. , AX: 
dimensionless stream function; 
ad magnetic scalar potential. 


or 


dimensionless parameter 


Hartmann number, »,H, a ./ 


Nusselt number: 

pressure; 

pressure p minus the hydrostatic 

pressure p,; Subscripts 

Cp s reference condition (usually taken as 
_* the hydrostatic condition); 

heat added by heat sources; w wall condition; 

fluid velocity: 1 and 2_ wall condition at y =O and a 
temperature; respectively for Example I, and conditions in 
Cartesian co-ordinates; the fluid and coolant respectively for Example 


cylindrical co-ordinates. I. 


Prandtl number e 
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1. INTRODUCTION AND BASIC THEORY OF 
TWO-DIMENSIONAL NATURAL CONVECTION 
IN MAGNETO-HYDRODYNAMICS 


THE PROCESS of natural convection flow will 
occur when density variations due to heating 
exist in a fluid, and is generated entirely by the 
action of body forces due to gravity. This 
process has many applications as a mechanism 
for heat transfer and, for example, plays a major 
role in the cooling of nuclear power plants where 
liquid sodium is used as a coolant. It is the 
purpose of this paper to investigate some aspects 
of two-dimensional laminar natural convection 
flow of an electrically conducting viscous fluid, 
such as mercury or liquid sodium, in the 
presence of additional forces due to imposed 
electric and magnetic fields. In general two types 
of problem require investigation. In the first 
type if a natural convection flow exists we wish 
to know how this is modified, i.e. changes in 
heat transfer and net mass flow, when electric 
and magnetic fields are applied. The second type 
of problem which may occur is one in which the 
natural convection flow is a direct consequence 
of the applied electric and magnetic fields and 
would not exist in the absence of these fields. 
In this case temperature gradients are caused 
by Joule heating if the region under consideration 
is enclosed or partially enclosed by solid 
boundaries. 

The paper treats two relatively simple two- 
dimensional natural convection flow régimes, 
representative of the above types. In the first 
example results are obtained for the steady fully 
developed natural convection flow, with and 
without heat sources, between two long parallel 
plane surfaces with uniform magnetic fields 
applied normal to the surfaces. The plane vertical 
surfaces are open at both ends to the ambient 
fluid and are maintained at constant tempera- 
tures different from that of the ambient fluid. 
This configuration is a modification of the 
magnetic field-free case as discussed by Ostrach 
[1] and the analysis of this example follows 
Ostrach’s treatment of the thermal convection 
problem and that of Cowling [2] in the discussion 
of the Hartmann-Lazarus flow of an electrically 
conducting viscous fluid between parallel flat 
plates. The special case when the arithmetic 
average of the plate temperatures is equal to the 


temperature of the ambient fluid has been 
discussed by Gershuni and Zhukhovitskii* [3]. 
In this reference the viscous and Joulean dissipa- 
tion have been neglected in the equation of 
thermal energy transport. 

In the second example results are obtained 
for the natural convection flow régime set up 
by Joule heating when a direct current is passed 
axially through a horizontal cylindrical tube 
filled with conducting fluid. The outside surface 
of the tube is maintained at constant tempera- 
ture by a coolant which is assumed to be a non- 
conductor and non-magnetic. End effects near 
the electrodes are neglected, so that it is assumed 
that the tube is sufficiently long to allow steady 
two-dimensional natural convection flow near 
the centre to be established. 

Consider now the magneto-hydrodynamic 
equations and the equation of thermal energy 
transport relating to steady natural convection 
flow. The usual assumptions are made with re- 
gard to the physical properties of the fluid, i.e. 
the viscosity, electrical conductivity and magnetic 
permeability etc. are independent of the tempera- 
ture and the strength of the magnetic or electric 
fields involved. The density of the fluid is 
assumed constant except in the case of density 
variation with temperature in producing the 
buoyancy force. The basic equations in e.m.u. 
and c.g.s. units are, in the usual notation, 


div q = 0, (1.1) 


(q.V)q l/p Vpa + vV*q 


“I\H aT — Tg, (1.2) 


J? 
kW’T 4 + O+®,, 


oO 


pc, q.VT (1.3) 


together with the electro-magnetic equations 
div H = 0, (1.4) 
curl H = 4zJ, (1.5) 
curl E = 0, (1.6) 
and finally Ohm’s law for the moving fluid 


J =o(E+pu,q/H). (1.7) 


* The author is indebted to a referee for this reference. 
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Here p, is the pressure of the fluid minus the 
hydrostatic pressure, 8 is the coefficient of 
volumetric expansion, Q is the quantity of heat 
added by heat sources per unit of volume, and 
®, is the viscous dissipation function. Further- 
more equation (1.3) is valid only when the 
temperature difference (7—T7,) is small compared 
with the hydrostatic temperature 7,, and all 
physical constants appearing in equations (1.1) 
to (1.7) must be evaluated at the hydrostatic 
condition. 

These equations can now be reduced to their 
simplest two-dimensional form when _ the 
following conditions are satisfied within the 


fluid: 


(i) the pressure gradient in the z-direction is 
zero i.e. (€p,/ez) = 0, 

(ii) the velocity and magnetic field components 
are 
(1.8) 


[u(x, vy), v(x, y), 0], 


H [H,. (x. y), H, (x, v), 0]. (1.9) 


On using this assumed form for H equation (1.5) 
implies that J, = J, = 0 and 


4nJ, 


equation (1.6) implies that 


OE, CE 


cox cy 


and E,.=E£&,, a constant; equation (1.7) 
now implies on using (1.8) and (1.9) that 
E. E. 0 and J. o[E, pu (uH, vH,)). 
Thus subject to the above conditions the equa- 
tions governing the steady two-dimensional 
natural convection flow, taking the x-axis in 
the vertical direction, are 


(1.10) 


. H, + Bg(T—T,), (1.1) 


pe, (UH, — vH,)). (1.14) 


(1.15) 


where ®, is the two-dimensional form of the 
dissipation function 


9 


= 2 (2) + | 


CX 


1 (= 5) | (1.16) 


V c 


The boundary conditions for equations (1.10) 
and (1.16) will be derived later. 


2. EXAMPLE I: FULLY DEVELOPED NATURAL 
CONVECTION FLOW BETWEEN PARALLEL 
FLAT PLATES IN A MAGNETIC FIELD 

Statement of problem and_ governing 

equations 

The simplified configuration to be investi- 
gated in this section is the fully developed 
laminar flow of an electrically conducting 
viscous fluid, with and without heat sources, 
between two parallel flat plates orientated in the 
vertical direction (taken to be the x-direction) 
and distance a apart (i.e. y = O and a). The plate 
surfaces, which are open at both ends to the 
ambient fluid, are maintained at constant 


temperature 7 = 7, at y=0O and 7 =7, at 


2(a) 


y = a respectively, and in general 7, = 7, = T,, 


the ambient temperature. A uniform magnetic 
field of intensity H, is applied normal to the 
plates, i.e. parallel to Oy and perpendicular to 





LAMINAR NATURAL CONVECTION FLOW IN MAGNETO-HYDRODYNAMICS 


Ox and Oz respectively. If the dimensions of 
the plates are large compared with the distance 
between them such that fully developed flow 
exists everywhere (except near the edges of the 
plates) then as in the Hartmann-—Lazarus flow 
(see Cowling [2]) a solution of the basic equa- 
tions (1.10) to (1.16) is possible provided 
u= wy), v=0, T=TVy), AH, H,(y) and 
H, = H,,. the applied field. The equations for 
steady motion now become 

d*u : — CPa 
fe >» + Ppg(T T.) — pH,J. : 

dy? cx 
CPa 


a) 


be JH, 


| dH 


47 dy (Lo 


b, H, u), 


and 
d?7 
dy" 


A 


o( Ey, + pH)? =—0. (2.4) 


Now we are interested only in the case for 
which there is zero axial pressure gradient 1.e. 
Opal OX 0 and thus on using equations 
(2.2) and (2.3) the momentum equation yields 


on, Hf Ey + uw, Hou) Q. (2.5) 


The boundary conditions associated with (2.4) 
and (2.5) are 


0, T(0) Ty 
T(a) T,. 


u(Q) u(a) 


(2.6) 
and 


A solution of equations (2.4) to (2.6) may now 
be obtained for any specified value of the con- 
stant electric field £, and this would, on using 
equation (2.3), imply a. flow of current in the 
z-direction. Suppose now the channel is bounded 
by electrically insulated walls in the planes 
z - d, where d > a. For this model a non- 
uniform induced electric field is set up since 
J, must vanish at z d. Equations (2.4) 
and (2.5) no longer apply to this situation 
since the condition that £, must be constant is 


violated. To represent this model as closely as 
possible Cowling [2] suggests that the constant 
Ey is adjusted to make the total current {% J,dy 
flowing between z d vanish. This gives 


; pH, [ 
Eo ° | udy 
a . 


ny 


which is consistent with the boundary condition 
H (0) H,(a)=0. This follows from the 
condition that there must be no discontinuity 
in the tangential component of H at the solid 
interfaces y = 0, a. Thus for a long rectangular 
duct, having aspect ratio 2d/a > 1, orientated 
in the vertical direction and with a uniform 
magnetic field imposed perpendicular to the 
isothermal walls y =0, a, the steady fully 
developed natural convection flow near the 
central axis of the tube (z = 0) and sufficiently 
far away from the open ends, is determined by 
the equations 


d?u 
L 
f dy? 


pBe(T — T,) 


(2.9) 


l ra 2 
, Q, 
| ud) 


) 


subject to the boundary conditions (2.6). The 
terms in (2.8) denote the viscous, buoyancy and 
Lorentz forces respectively; the terms in (2.9) 
denote the transport of thermal energy by 
conduction, viscous dissipation, heat generation 
by heat sources, and Joulean dissipation. We 
note also that the Lorentz force opposes the 
buoyancy force, which leads to an effective 
decrease in velocity or net mass flow as H, 
increases. 

As the units of field strength, temperature 
and velocity we choose Hy, 8, = (T, — T,) and 
v/a respectively. Dimensional analysis then 
leads to the introduction of four dimensionless 
parameters: the temperature difference ratio 


(T,—T,) | 
(T T,) Gy : 
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the heat source parameter a Qa*/k6,; the 
Hartmann number M = p»,H,a(o/pv)'*; and, 
due to Ostrach [1], the dimensionless group 
K = PGK4 where P = (pc,v/k) is the Prandtl 
number, G = (8¢@,,a°/v?) the Grashof number 
(6, 6, or 6,), and the dimensionless group 
K4 (Bga/c,). We now introduce the new 
dimensionless variables 


T, — f, 
| 1 ) U 


, v 
Ee Rah 


(2.10) 


When these substitutions are made in the basic 
equations of motion (2.8) and (2.9) we obtain 
1 

Ud Y) = 0, 


0 


(2.11) 


- MU — | 


1 
+ M?*(U | Ud Y)? + aK 


0 


subject to the boundary conditions 


ia 
> (2.13) 


U(0) = UC) = 0, O(0) 


and O(1) = AK. 
In equations (2.11) and (2.12) the prime denotes 
differentiation with respect to Y. 

It remains now to choose representative values 
of a, A, M and K applicable, for example, to 
liquid metals. Without loss of generality we shall 
take a 0, 10 and 100, A -1(1)2 and 
M = 0, 2,4 and 10. However, as seen from Table 
1, we are interested only in a range of small or 
moderately small values of K. For example, 
considering the convection flow of mercury in a 
gravitational field at room temperature (20°C), 
and taking 4, T, — T, 5°C and the plates 
5 cm apart (i.e. a = 5), then K = 1-5; for liquid 
sodium, if 7, = 200°C, 6, 100°C and a 10 
then K 1-04. In the next section series ex- 
pansions in powers of K are obtained for U and 
Q, valid for small K and all values of the re- 
maining parameters a, A and M. 


2(b) Series expansion for small K 
A series solution for U and O may be obtained 
by taking 


Table | 


Liquid 
Mercury, 20 C sodium, 


Density, p (g/cm*) 
Coefficient of cubical 
expansion, 8 (/ C) 
Dynamic viscosity, 
(g/cm sec) 
Kinematic viscosity, v 
(cm?/sec) 
Permeability, u, (e.m.u.) 
Resistivity, R 
(ohms-cm) 
Specific heat, c, (cal/ C) 
Thermal conductivity, 
K (cal/cm sec C) 
Prandtl number, 


K x K"U,(Y) 


» (2.14) 
K,,9,( Y). 


On substituting the expansions (2.14) into equa- 
tions (2.11) to (2.13) and equating coefficients 
of like powers of K, there results a set of differen- 
tial equations of which the first few are: 
~+a=0,0,0)=1, 9,1) = A; 
‘+ @,— MU, — J} Ud Y) = 0, 
U,(0) = U,(1) = 0; 
MU, — {1 Ud Y)? = 0, | 
0,0) = 0,1) = 0: 
0, — MU, — f} U,dY) = 0, 
U,(0) = U, (1) = 0. 


-(2.16) 


1 


Equations (2.15) yield the fully developed velocity 
and thermal profiles neglecting the viscous and 
Joulean dissipation.* The inclusion of equations 
(2.16) refines this approximation to include the 
dissipation functions. 


* Note that the case A —] is that treated by Gershuni 


and Zhukhovitskii [3]. 
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For the zeroth-order functions U, and 0, we 
obtain 


@,=1+5,Y + bY?, (2.17) 


BoS(M. Y) ~ B, S,(M, Y) 
+ b, + be Y?, 


M°U, 
(2.18) 


where 


So(M, Y) sinh MY 


+ sinh M(Y 


sinh MY 
+ sinh M(Y 


sinh M - 


S\(M, Y) = sinh M > 


5 


—@Q/L, 


ia T 2A 2), bs 
M*%6 + 6A + a 12a/M?) 
24(cosh M — 1) 


M(A 1) 
sinh M 


The first-order functions are obviously more 
tedious to evaluate. They can be expressed as 


M0, — 2 C,g,(Y), 


C, SAY) (2.19) 


MU, y 
n l 
where 


C,=28, and C,= I. 


2B,, 


The subsidiary functions g,(¥) and /,( Y) are: 


cosh 2M( Y 1) 


+ cosh 2M Y 


4M*g, 
2 cosh 2M(Y — 3) 


(cosh 2M (2.20) 


2 cosh M + 1), 





3M(cosh 2M 


12M3f, — 4M2g, + < sinh M + 


4M*g, = cosh 2M(Y — 1) + 


(cosh M + 1) 


| saan A (cosh M hh 


12M4f, = 4M?g, + 


4M2g, = (1 — 2Y\(1 


12M4f, — 4M2g, — 4(1 — cosh2M) 


2b, 
M (6. t at sinh M +- (b, + b,)¥ sinh M + «by + 


+ b, (cosh M 1) — 2b, 


2b, 
M | (b. 1 sh sinh M + Y(b, + 


2 cosh 2M(Y — 3) - 


3M(cosh 2M 
cosh 2M) + cosh 2M(Y 1) 


(cosh M + 1) 
. sinh M 


b,(cosh M 


2 cosh M + 1) oe 
2(cosh M 1) SoM, ' 


cosh 2M Y — (cosh 2M + 2cosh M + 1), 


+ 2cosh M + 1) S(M. Y) 
2(cosh M 1) Bi ihe 


cosh 2M Y, 


sinh MY cosh MY + 1 re 


‘+ by Y¥? S,(M.Y) 


+ 2b, Y)CAM, Y), (2.26) 


2b, 


b, , r9 
) sinh M + <b, + M2” b, Y + 6, Y*> 


8 2 
M? 


SM, Y)| - b, (cosh M + 1) + 2b, (cosh M + 1)¥ — (b, + 2b, Y)C\(M. Y). (2:27) 





2cosh M + 


2(1 cosh M)M? 


y|- 


12M [2 
sinh M 
sinh MY 
sinh M 


12M 


3d(b, + 
2M 


} 
12h, 


V/ 


l 
2 (9h, T 


5{ 6bs Ml 


2h, 
cosh M — 6 


21h, 
2M(cosh M 


Vi 
a 


( 66s 4 1) 


S)(M 


sinh 


3b, Y¥? + 2b,Y3 


| 
| 6h . 


1) + 


[3 


- - b,¥2][sinh MO} 
2b, + bz) — [8(2b, 4 


3h.) 
; 


; 2s] 


cosh M 


= 
me h. 
me) ‘2M*(cosh M 1) 


__ §cosh M) 
5(2b, 


L p. 
sinh M ’a) 


~ 


3h. 
? Y[cosh M(Y 


inh MY] M 


| 
M? sinh M 
VU 


2(cosh M 
» + Sd 


720d, S(M.Y 
yer | SAM, Y) + 4 


, (120d; + 


Vl 360d) 


360d, 
M} 


12d, 


Y* 1d, + TE 


M sinh M 


G. 


(60 


POOTS 


h,) 
c. ( 3h; + $534 


, 9 
21b,)) + yp Ps? 


h,) + ( 6b; ! 


| 6b, + 


dsinh MY] 


+ 


| | 2b, + 


sinh MY - 


1) 


? 


4 
y 


_ 


~ 6d,) + 


I 
/* sinh M | 


sinh MY + 


9h, + 
3bs T 


2h, + 


[cosh M(Y 


sinh M 
VUicosh M 


bh, 


by + gt 


5 cosh MY], 


d,Y 


(24d, - 


12d, + 


6d, 
M* 


9b; + 


"5M 


5 


A 


3[2b, 


by 


ia S)(M. Y) 
3h, 


l 
ou) | 
sinh M 
2(cosh M 


21h, 


M? 


- 6cosh M 
b,- 


sinh M 


1) 


| 
2M(cosh M 


6 cosh M 
1) 


| 


‘ §cosh M] . 5 
sinh M } 


sinh M 
5 cosh MY] 


b, 


- Scosh M 
sinh M 


I 


b, 
P 


l 


2(cosh M 


- §cosh M 
1)/ 


,Y + 


S,(M, Y) 


b, Y*] [sinh M(} 1) 


(3d, + 6d, + 10d, + 15d, +) age ( 60ds + 180d,) - 


ia d;) 
60d, + 120d;) 
20d, + 30d,) 


120d, 
M3 
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sinh M(Y 1) — sinh MY, 
sinh M(Y 1) sinh MY, 
cosh M(Y 1) cosh MY, 
C,\(M, Y) cosh M(Y 1) cosh MY; in 
equations (2.27) 6 1 when p = 4 and 6 
+1 when p = 5, and the constants 5, are 


Here S,(M/, Y) 
S,(M, Y) 
C(M, Y) 


bo M2? 


and b, 2 , 


Finally in equations (2.28) and (2.29) the con- 
stants d, are 
} (b? Mb,). 


Mb,), dy = 4 by(bs 


| + M%2byb, + b?)}, 


5 (4b: 


|. M*b,b, and d, 5 M?*b?. 


1 
The zeroth and first-order functions have been 
calculated from equations (2.17) to (2.30) for the 
following cases: M = 0, 2, 4 and 10, a = 0, 10, 
and 100 and A 1(1)2. These are tabulated 
at an interval of Y 0-2 in Tables 2 and 3. 
Note that in these tables and in all succeeding 
tables the figure in parenthesis, say n, denotes 
a multiplying factor of 107’ 


2(c) Flow and heat transfer characteristics 

From section 2(b) quantitative information may 
now be deduced for flow and heat transfer 
characteristics such as the net mass flow, the 
induced magnetic flux density, and the heat 
transfer coefficients at the wall. 


(i) Net mass flow. The net mass flow per sec 
per unit breadth of wall in the z-direction when 
the isothermal walls are a distance a cm apart is 
given by 


q nU/PK, (2.3la) 


IN MAGNETO-HYDRODYNAMICS 


where on using (2.14) we obtain 


O=Kfiu dy 


0 


K? (? U,d Y + O(K*). (2.31b) 
These integrals have already been evaluated in 
the determination of U, and U, and are tabulated 
in Table 4 for a 0, 10 and 100, A I(1)2 
and M = 0, 2, 4, 10, 20, 40, 100 and 200. 


(11) Induced magnetic flux density. From Ohm's 
law as stated in equation (2.3) together with 
expressions (2.7), (2.10) and (2.14) the induced 
magnetic flux density B u,H, is evaluated 
to be 


B B,Gu (C0, U,)d } 


K (¥ (0, — Ud Y + O(K2)]. (2.32) 


Here Giz 4zou,vG is the magnetic Grashof 
number and is the natural convection flow 
equivalent of the magnetic Reynolds number 
The magnitude of B, can then be calculated 
using equation (2.31) and Tables 2-4. 


(it) Heat transfer coefficients. The heat transfer 
coefficients at the wall can be expressed in the 
usual fashion by dimensionless Nusselt numbers 
For the case when the walls are not at the same 
temperature i.e. A 1 then at the wall ) 0 


dT a 


\ 
Nuy ay » Ta — Tard 


] CO 
(A near). 


and at the wall 4 


dT 
Nu, (4) (T 


| cH 
’ | 2.34) 
(A L)K \e }¥ 
When the series expansion for 0 given by 
equations (2.14), (2.17) and (2.19) is substituted 
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Table 2 (contd.) 
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Table 2 (contd.) 
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Table 3 


DRwoned | 
tao tet DD tes ee | 
SOomNNOS 


NNWNNN } 
oo 


o 


VU 


0 
6:78 ( 
8-29 ( 
8-36 ( 
7:07 ( 

0 


> 
~ 
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1:02 ( 
1:19 ( 
1-19 ( 
9-83 | 
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Table 3 (contd.) 
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Table 4 


9-01 (—4) 


4:17 ( 
3-91 ( 
3:36 ( 
2:00 ( 
1-12 ( 
5-94 ( 
2-45 ( 
1:24 ( 
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into equations (2.33) and (2.34) the following expressions are obtained: 


(a - ye! 2) K 
eS ae Py 


D; (a, 4, M) + san y72 


Vuy 


8ad + 202? 


8a — 12A? + 16a — 24d 


| D, (a, A, M) 


l 


2 
40.2 a 


(a* SaA 


Sad 12A? + 16a 24A 


24\M? 


where 


When the walls are at equal temperature i.e. 
A = 1] the Nusselt number may be defined as 


dT 
i) (a, ) 


a 


Vu Nuy = Nu, (T 


1/c0 

K | cy : 
On using the results of section 2(b) we obtain 
when A l, 
Nu = = + K| D, (a, 1, M) 


7 


| ( . (2.38) 
40.2 \* 


. 120) 


] 
a(a + 24) 


24M?! 2M*\ | 


The Nusselt number Nup,,‘° due to ordinary 
conduction and Nu,“ due to dissipation effects 
have been evaluated for a = 0, 10 and 100, 


) Dy, (a, A, M) + (A 


$a cosh M + 1 


A+3 | 
I)(A M2) 4M® cosh M 


8a — 80A — 60) 


l 
2M® 


(a? 8aA + 8s) ‘. 


1) (3a ' 8a\ cosh M + 1 
) (3. ¥ VU?! 4M*® cosh M 


80A + 20) 


| ; ) 
IL (a* Sad + &0)], 
12a\2 sinh M 
V2! 576M (cosh M 1)? 


4) sinh 2M VM (cosh 2M 1) + 
48 M4 sinh M (cosh M 1) 


§ sinh M 





A 1(1)2 and M = 0, 2, 4, 10, 50(50)200 and 
are given in Table 5. The actual wall Nusselt 
number is then given by 


Nulo,1 Nuy,;° + K Nuy,, + O(K?). (2.39) 
2(d) Discussion 

The velocity and thermal profiles for fully 
developed flow depend on the four parameters 
K, a, Aand M. Let us first consider M fixed and 
examine general trends due to variations in 
K, a and A. These are the same as in the magnetic 
field-free case and have been summarized by 
Ostrach [1] as follows: 


(i) An increase in either the wall temperature 
difference ratio A or the heat source parameter 
a increases the velocity, net mass flow and 
temperature. 

(ii) The viscous dissipation was found to alter 
appreciably the velocity and temperature profiles 
in some cases, showing that as K was increased 
(a and A remaining fixed) then the velocity was 
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Table 5 
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increased and the heat transfer at the wall was 
greatly changed by this effect. 


However when K, a and A remain fixed and 
\f increases the main feature is a reduction in 
magnitude of the velocity and temperature. 
The reason for this is as follows. An increase in 
\/. i.e. the applied magnetic field strength causes 
greater interaction between the fluid motion and 

» magnetic field and hence an increase in the 
Since this 
force the velocity will be 
leading to a reduction in the viscous and Joulean 
dissipation and so a reduction in the tempera- 
ture. The influence of large magnetic field on the 
and heat transfer coefficients is 
seen from Tables 3-4. Thus if « 100, 

10 and M = 200 then g is reduced 
and Nu to 50 per cent of the 
agnetic field free case. In particular as M > « 

-Q and the temperature profile tends 
the ordinary conduction profile. Note also 
1.e. equal wall temperatures 
the velocity profile, evaluated neglecting dissipa- 
tion effects, is similar to that in the Hartmann 
Lazarus Moreover as in the Hartmann 
Lazarus flow a fluid boundary layer develops 
near the wall as M increases, and the velocity 
is then virtually constant across the gap and 
varies rapidly to zero near the walls. 

It remains now to apply the above results to 
liquid metals such as mercury and liquid sodium. 
As an example the following natural convection 
flow configuration is chosen with mercury as the 
The plates, maintained at constant 
temperature 25°C, are taken to be 1 cm apart 
and the hydrostatic temperature to be 20°C. 
Thus ec = 0, A= 1, a = 1 and 6, = 5°C. From 
Table 1 we obtain P = 2°68 107%, K, 1-28 
10-*. G = 6-99 10° and the applied magnetic 
flux density By = 38-4 M gauss. Since K 
PG K4 =2-4 10° dissipation effects will be 
negligible and so the temperature across the gap 
will be constant and equal to 25°C. From Table 4 
we may obtain the actual average velocity in 
cm/sec for various By. Hence if B, = 0, a 
66 cm/sec; if By = 76°8 gauss, 7 = 62 cm/sec; 
if B, = 3-84 10? gauss, # = 32 cm/sec; if 
B, = 1-54 10*® gauss, 7 = 9 cm/sec and finally 
if By = 7-68 10° gauss, 7 = 2 cm/sec. These 


rentz force. force opposes the 


buoyancy decreased 


1ass flow 


per cent 


+1 %* vjvhea 1 
Inat when A be 


flow. 


fuid. 


results imply imply that for mercury a field of 
order 10* gauss is necessary to reduce the flow 
rate to one per cent of that in the magnetic field 
free case. When liquid sodium is used as the 
fluid the field necessary for the same reduction is 
not quite so large, as shown by the following 
example. We consider the flow configuration for 
which 7 200°C, @ wt A=1 oe 
a 1. From Table 1 P 7:38 10-3, K4 
1-61 10-8, G = 4:37 10°, K = 5-295 10-° and 
B, = 7°84 M gauss. Again from Table 4 if 
S =6. a 181 cm/sec: if B, 15-7 
ui = 170 cm/sec: if By = 78-4 gauss, @ = 109 
cm/sec; if By = 3-14 10? gauss, @ = 25-8 cm/sec. 
Furthermore as in the previous example for 
mercury heat is transferred across the gap by 
conduction alone, giving 7 = 250°C for 
0 ¥< il. 

The induced magnetic flux density B, is not 
without interest. Consider the magnitude of 
B, for the mercury flow configuration cited 
above. From Table | the magnetic viscosity 

(1/47ou,v) = 6-74 10° and so the magnetic 
Grashof number Gy, = 0-104. If we choose M 
10 then the applied magnetic flux density 
B, = 384 gauss; from Table 4 if a = 0, A = 1, 
M = 10 then a, = 4 10-*, also [¥UgdY may 
be evaluated by numerical integration at Y 
0(0-2) 1-0 using the values of U, given in Table 2. 
Since K = 2-4 10-° then from equation (2-32) 
we obtain that B 0, 0-12, 0-04, 0, 0-04, 

0-12, 0 gauss at Y = 0(0-1)1 cm. The magni- 
tude of the induced field is thus small in com- 
parison with the applied magnetic field for this 
particular flow configuration. Moreover in this 
example B, is small in comparison with the 
earth’s magnetic field for which B,“” = 0-44 
gauss and B,‘“) = 0-17 gauss approximately in 
the British Isles. 


gauss, 
é 


3. EXAMPLE II: ON THE TWO-DIMENSIONAL 

NATURAL CONVECTION FLOW DUE TO AN 

ELECTRIC CURRENT IN A HORIZONTAL CIR- 

CULAR TUBE FILLED WITH AN ELECTRICALLY 
CONDUCTING VISCOUS FLUID 

and 


of problem 


Statement governing 
equations 
The special example to be considered is as fol- 


lows: A long thin walled circular tube (made of 


3(a) 
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non-conducting material) is filled with electrically 
conducting viscous fluid and placed with its 
axis in a horizontal position. A direct current 
of mean density Jy) per unit of area flows axially 
through the tube whose outer surface is 
maintained at constant temperature 7,, i.e. the 
temperature of the coolant. Moreover the 
coolant is assumed to be non-magnetic and a 
non-conductor. The equations describing the 
resulting steady two-dimensional natural con- 
vection flow for the central portion of the tube 
(i.e. at sufficient distance from either electrodes 
at the ends of the tube) are given by equations 
(1.10) to (1.16) when O 0. 

It is convenient to use cylindrical polar co- 
ordinates r, 6 and -. The z axis is taken to be the 
axis of the cylinder and the angular co-ordinate 
¢ is measured from a vertical plane through this 
axis: the velocity components are denoted by 
u, and us and the magnetic field components 
by H, and Hz. The basic equations (1.10) to 
(1.16) transformed to cylindrical polar 
ordinates give for the fluid or region (1) the set 


Cco- 


of equations: 


(3.1) 


a sind 


c 
-(r H,) 
cr 


12) _ lal 
Th é) or db 


= of E, + wu, Hy — ug H,)}, 


and the energy equation is 


CT ust 
fe kV?T 


u 


where 


The viscous dissipation function ®’ takes the 


form 


For the coolant or region (2) the relevant equa- 
tions are: 
l ¢ | oH 
(r Hz) a 


rcr r CMD 


C 
and (r H.) 
cr 


The boundary conditions are 

u Ug 0, T T, Prell, tool Toy, 
Hi. Hy, on r 7. oe 
H,, are finite at r = 0, 

also H,, and Hy, 


and 


-OQasr 


where a is the radius of the tube and the suffices 
refer to the fluid and coolant respectively. 

In formulating the boundary conditions (3.9) 
the thickness of the non-conducting tube wall 
is assumed to be small in comparison with the 
radius of the tube and thus there is little varia- 
tion in H, and Hg, in the wall material and so 
the usual condition on H at the interface can be 
taken as between fluid and coolant. Furthermore 
at the interface there can be no normal flow of 
current, i.e. J, 0, a condition which is satisfied 
by this type of two-dimensional solution; also 
at the interface the tangential component of 
E = E, must be continuous implying that in the 
coolant there is a constant electric field FE, = Ey. 
Note that these boundary conditions on H and 
E are identical with those for the Joule heating, 
by a direct current, of an infinitely long cylindri- 
cal wire placed in a non-conducting medium. 
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On choosing Jo, 47aJ, (J2a*/ko) and v/a as 
units of current, field strength, temperature and 
velocity respectively then the steady two- 
dimensional flow may be shown to depend on 
the following parameters: y = (1/47op,), the 
magnetic viscosity; G = (Sga°J?/kov?), the 
Grashof number; P = (pc,v/k), the Prandtl 
number: and the dimensionless group 
Ks =(8ga;c,). Equations (3.1) to (3.9) are 
thus reduced to non-dimensional form using the 
following dimensionless independent and 
dependent variables: 

au, aug 


R ria, l i vK ; 


cE, a 
E.. j and 0 (7 


Jo 
whereas in section (2) K = PGK4. 

In region (1) the stream function ¥ and the 
magnetic vector potential A (0, 0, A) are 
defined by 

ov cA 


F R’ Rhp vy 


cA ri 
he eR (3.11) 
respectively, then on eliminating the pressure p, 
the governing equations become: 
ry x APP) , AA, V*A) 
c(R. d) O(R, ¢) 
o(R cos 4, 9) 
c(R, 4) 
K &(¥, A) 
: x AR, o) 


RUp 


Ye 


AYP, O) 
c(R, 4) 
OE, F) CE 1 0F CE OF 
CO(R.¢) CRRb RedER 
and « 1/PK4y is a convenient dimensionless 


group. For the coolant or region (2) the magnetic 
field is determined by 


where 


POOTS 


1 o® 


hr and he R od" 


C 
OR 
where the scalar potential ® satisfies Laplaces 
equation 


V4) = 0. 
The boundary conditions become 
®, O, A finite at R = 0, 
fae a 


(3.16) 


6=OatR 


c@ 
at == I, 


ch 


(3.17) 


0, p> as R 
where y /ye/ftoe IS the ratio of the magnetic 
permeability of the fluid to that of the coolant. 

The above equations (3.12) to (3.17) have a 
non-zero solution provided the dimensionless 
electric field E/ is non-zero. Since the velocity 
and magnetic field components are independent 
of z then equation (3.5) implies that |\.J.drd¢d is 
constant and equal to the net flow of current 
crossing any tube cross-section in the =-direction. 
If this is chosen such that |{J.rdrdé = 7aJo, 
then on integrating equation (3.13) over the tube 
cross-section and using Gauss’s theorem together 
with the boundary condition that ¥ = Oat R 
1, we obtain Ey, 1. Thus the dimensionless 
form of Ohm’s law is 

K a. A) 


' 3.18 
¥ OAR, o) ) 


V7A = 
Consider now the order of magnitude of the 
parameter K, y and « relevant to liquid metals 
such as mercury and liquid sodium. If the radius 
of the tube is a cm and the applied current is i, 
amp/cm? then from Table 1 we obtain for 
mercury (7, 20°C): P 2:68 10-7. Ky 
1:28 10-7a, x 6°74 10°, « 43-3/a. G 
1-69 10°a°i? and K = 5-8 10~‘a®i?; and for liquid 
sodium (7, 200°C): P 7:38 107%. Ku 
1-61 10-8a, y = 2°18 10°, « 3-85104/a, and 
K = 1:74 10-"a*i2. Thus in general if a = O0(1) 
and i, is small or moderately large then K < 1, 
x > « > 1, and xy and e may be of the same 
order of magnitude. In fact, as in Example I, the 
magnitude of K controls the viscous and Joulean 
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dissipation. The next section deals with series 
expansions in powers of K for ¥, 0, A and ®. 


3(b) Series expansion for small K 
We assume expansions of the type 
Y, + KY, 
A, — KA, 
KO, + K20, 
" K®, 


On substituting the equations (3.19) into (3.12), 


and @ = @, K°@, 


(3.14). and (3.18) and equating coefficients of 


like powers of K there results: 
Zero-Order functions 
v74,+1=0, 

v*@, 

V6, ] 0. 


CR cos 6, 
c(R, d) 


©) 

1 sf uv 

v Y 07 ye 

First-Order functions 
1 oP, Ao) 
¥ AR, o) 


DNATA, + 2 Po 


: o(¥,. 95) 
c(R, 4) 
OR cos ¢, 0) 
O(R, 4) 
(Ag, V®A)))_ 
— RL) |’ 


OF’ o, V?¥,) 
— &(R, 4) 
, (A, V?A ) 
| &R, 4) 


vty, 


Second-Order functions 


: 1 (e(%, A,) 
os y | &R, 4) 


V4e, = 0, 


(¥,, Ag)\ 


0. 
c(R, ) |} 


v20, + (V24,)? + 2V24,V?4, 4 
AP;, Oo)) 


p! . 9) 
7 a(R, 4) | 


| CR, 4) 
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In equations (3.26) and (3.30) ®; and ®; are the 
zeroth and first-order viscous dissipation func- 
tions, which can be obtained using (3.7), (3.10), 
(3.11) and (3.17). The boundary conditions for 
A, %,, 9, and @, for n 0. 1 and 2 are as 
follows: 
4... F. 

ey, CA, cP 


YW (a) 0. ; 
Cc R 4 Ch Cc R 


Y are finite at R 0. 


CA, oP 
at R 
Cc R c ad ‘ 
1 o®, o®, 


é - 0, Os 
ind R éd ( aR Qas R 


Here we have assumed that the fluid and coolant 
are non-magnetic, 1.e€. y = [y,/ Ho, a 

The equations (3.20) to (3.31) are readily 
solved and higher approximations to A, ¥, 9 
and ® could be obtained. However the inci- 
dental arithmetic involved in obtaining even the 
second-order functions indicates the limited 
usefulness of the series expansion (3.19). In the 
following we shall make use of the fact that 
x > «> 1andy O( <*) if a 0(1) and thus 
give only the important terms in the rather 
lengthy expressions to be derived for A,, ¥,, 
0, and @,. 

Consider first the zeroth-order functions de- 
fined by equations (3.20) to (3.23) and (3.31). 
These are: 


Ay 
2R°* R)sin ¢, 


where a, and b, are constants of integration. 
Hence in the fluid 
hp 0. hs 


+ 


1) sind, (3.3 


and for the coolant 


hp = 0, hg 
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The first-order functions refine the above approximation by taking into account (a) the interaction 
of the fluid motion described by expression (3.34) and the magnetic field given by expression (3.33), 
and (b) the effect of viscous and Joulean dissipation. The solution of equations (3.24) to (3.27) 
subject to the boundary conditions (3.38) is: 
sind 


(R? — 4R° + 6R® 4R) cos d + a, D, 96 » 384 R 


€ 
96 384 
l 


Fy ee ) ae. 5 1 6R3 - 2 70s dé + ’ 
96 x 384 fe(2 xP)(R 4R 6R 3R) cos ¢ O(1)}. 


as 
240(384)? 


30.R® — 40R! + 17R*) cos 2¢ + 2€7(3.R*® — 20R* + 60R°® — 72R® + 29R) sin d + O(1)}. 


fye(R?9 — 4R® + 5R® — 2R*) sin 26 — 4(2 + yP)e(R? — 8R° 


where a, and 4, are constants of integration. Thus in the fluid 


€ 
6 4 1 = <] aA , 7 6 01) R4 
96 » 384 (R 4R 6R 4) sin d.h 96 x 384 (7R 20R 


E = : PF 
18 R 4) cos ¢, j, —— (R° — 2R® — R) cos 4, 
: /68 


ye 


(384)2040 (2y e( R® 4R* + 5R° 2R*) cos 2¢ e(2 +4 xP )( R® &R* 


- 30R°® — 40R® + 17R) cos 2¢ + 2€(3R> — 20R® + 60R* — 72R? — 29) cos d 


ye€ p ; 
(384)2240 fye(1OR® — 32R* + 30R° 8R*) sin 246 — e2 + yP)\1OR® 


--180R° — 160.R® — 34R) sin 26 + 2€°(27R® 140R® + 300R! — 216R? — 29)sind 


and for the coolant 


: { . J 
hp A hg ® ae 
96 x 384 R* 96 « 384. R* 
For the second order functions j‘’, A, and ®, we obtain: 


(384)2480 (2ve(R!° — 4R® + S5R® 2R*) cos 2¢ ex P(R!° SR* — 30R* 


40R* + 17R?) cos 2¢ + 2€%(3R® 20R* + 60R° 72R® + 29R) cos d + O(e)}, 


2 
€ ext 2 pil2 
3 RI 


*" (12R — 70R™ + 140R* — 105R® + 28R2) cos 2¢ ma © 


(384)2480 840 


35R™ + 210R* — 525R* + 595R* — 273R*) cos 26 + 5. (RY — 10R® + SOR? 


120R° — 145R*® — 86R) cos d + O(e)> + ay, 


€ SeyP sin2éd ye sin2¢d 


D, : a © 
2 ~ 240(384)2 | 42. °—=OR? «84S? 


where a, and +, are constants of integration. 
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It remains now to evaluate the second-order and 
temperature function 9, as defined by equations Av,.0.) AW. @) 
(3.30) and (3.31). The function 9, can be written v0, P = ~_s 
as 


o* OR,¢) ' A&R. 4) 


0 2,0 + Fz, + Oy,2 (3.41) The functions ,,,, @,,, and @,,, are the tempera- 
ture distributions due to Joulean dissipation. 
viscous dissipation and heat transferred by 
V20,., + (V2A,)? + 2V2A,. V2A, 0 convection, respectively. The boundary con- 

2, a a . ditions are that 9,,,, is finite at R 0 and 


V*6,,, + ®, = 0, 0,,,(1, 4) 0 for p 0, 1 and 2 respectively. 


where the functions satisfy, respectively, the 
equations 





The appropriate solutions of these equations are: 


e X€ > pi2 ~ 10 9 ene nee i 
- Q T ) — 5 - ASK” 2d 
340(384)2 940 (128 R 140R* — 105R R2) cos 


35R'° + 210R* — 525R* + 595R! 248 R*) cos 2¢ + 5 (Re 1OR® + S50R’ 


2 
120R® + 145R° 66R) cos d + O(e)>. 


l Ye 


. 03 13 9640 RU L 397 »9 2 wi. F s\n 34 
15(384)3 1680 (©? R 2640 R 3220 R 1344 R 1 R®) cos 3¢ 


eyP 
- 336 (693 R13 —_ 4920R™ + 14840R® — 15120R? + 3750R® + 937R%) cos 3¢ 
S350 


a: 


590 (1 70R™ 756R"™ + 1225R° 


(6R™ 35.R' — 80R° 60 R° 9R*) cos 24 


910R7 + 280R® — 9R) cos 4 9 GOR” 192R1 + 525R® — 640R° 


- 360R' 


Pye X€ (12R2 -~ 70R)° ~ 140R8 105R® 23 R2) cos 24 xP 95 nan 
240(384)?_ 840 © ~ : = os 1680 ° ~ 


> 


- 490 R!° + 1540R* — 2625R® + 2380R* — 877R?) cos 2¢ + 55 (RM 1OR® + S50R* 


2 


exf 
- 120R® + 145R*® — 66R) cos 6 — vg GOR” 216R'® + 675R* — 1140R® + 1080R! 


- 540R? + 111) + O(1)> 


In the next section the physical implications of these results are discussed. 











G. 
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3(c) Results and Discussion 

Consider now the flow configuration as 
predicted by section 3(b) for small K. The 
zeroth-order approximation given by expressions 
(3.36) to (3.39) implies that the temperature 
distribution and magnetic field components are 
identical in form with those occurring in the 
Joule heating of an infinitely long solid cylinder 
with the same external conditions. Temperature 
gradients now exist in the fluid producing the 
buoyancy force resulting in the formation of a 
non-uniform fluid motion having convective 
cells on either side of the vertical plane ¢ = 0, = 
(see expression (3.34)). The fluid rises along 
the vertical plane and fiows downward along 
the cool wall on either side of the vertical plane; 
also the fluid is stationary at [1/(, 5). 7/2] and 
[1/(\ 5). (37)/2]. The vertical flow along 6 = 0, 7 
now distorts the magnetic lines of force, 
riven by expression (3.37), in the vertical direc- 
ion. Thus we might expect an increase in local 
current density along the plane ¢ = 0. This is 
borne out by the first appreximation to /, (see 
expression (3.37)) where j,“) has a maximum at 
[l(, 5). 0]. Along ¢=7 the vertical flow 
distorts the magnetic lines of force away from 
the tube surface thus producing a maximum 
decrease in local current density at [1/(\/5). =]. 

At this stage in the analysis the current 
density is no longer uniform over the tube cross- 
section and thus several modifications to the 
flow and temperature are necessary. Thus 
expression (3.36) for 9, implies a maximum 
increase at (0-45, 0) and a maximum decrease at 
(0-46. =) coinciding approximately with the 
maximum increase and decrease for j,“) at 
[1/(, 5). O] and [1/(,/5), 7] respectively. A 
Lorentz force now exists opposing the buoyancy 
force and thus reduces in magnitude the velocity 
components. This is evident from the first-order 
velocity components as given by expressions 
(3.38). These components also imply that the 
“regions” of stationary fluid are now to the right 
of [1,(, 5), 7/2] and to the left of [1/(4/5), (37)/2]. 
Finally as a consequence of the non-uniformity 
of current density there is an increase in the 
é-component of the magnetic field in the 
neighbourhood of the axis ¢ = 0 and a decrease 
in the neighbourhood of ¢ = = for both fluid 
and coolant [see expressions (3.37) and (3.39)]; 


~ © 
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furthermore a radial magnetic field is set up 
which acts radially inward for the coolant and 
fluid if 0<¢< 7 and radially outwards for 
T<$< 2z. 

The second-order approximation adds little 
information to the above general trends. How- 
ever, provided K is small there will be an overall 
small increase in / along the vertical axis and a 
slight decrease in the neighbourhood of the 
Stationary points. A slight decrease in the local 
temperature will also occur in this neighbour- 
hood [see expression (3.42)]. 

The above discussion gives some insight into 
the type of flow which may occur for large values 
of K. Thus we might expect isothermal cores on 
either side of the vertical plane. The fluid will 
rise in a narrow jet up the vertical plane and 
return down the wall on either side in a thin 
boundary layer which acts as a shield between the 
isothermal core and the wall. Furthermore there 
should be an increase in the local current density 
and temperature in the neighbourhood of (0-5, 0) 
and a corresponding decrease at (0-5, =). 

Let us consider some thermal characteristics 
of the flow configuration when K is small. An 
average wall Nusselt number may be defined as 


—— a(27 (d7 dr) dd 243 
Nu AT. T) (3.43) 


where 7, T, = (J; a*/4Ko) is the temperature 
difference between the axis of the tube and the 
coolant when the thermal energy is transferred 
by conduction alone. Using the various trans- 
formations given by equation (3.10) and the 
complete expressions for the ©, as derived in 
section 3(b) we obtain 


= 
\ > 
. (96)? K 
2 
ie 3 “ 3.1 + ae! r3 
5(agay: (8° — 16e* + 1)K? + O(K*). (3.44) 


The axial temperature 7, due to Joule heating 
and as modified by the non-uniform convection 
flow was found to be 
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Pa’ 
4Ko 


5 


a 2379. 
75(384) |7/2° 


a 
- K2 + O(K?) 


Table 6 the actual temperature difference 
T.), as calculated from expression (3.45), 

is compared with the fictitious temperature 
difference (7, — T,) = (Jj a*)/(Ko). The fluids 
taken were mercury and liquid sodium with 
coolant temperatures 20° and 200 C respectively ; 
the diameter of the tube is 1 cm and the current 
density is ig amp/cm*. We note that for a tube 
of | cm diameter expression (3.45) is probably 
accurate for mercury if i, — 80 amp/cm? and 
for liquid sodium if iy — 510° amp/cm*. More- 
over within these current density limitations the 
average wall Nusselt number is 2 for both 
fluids [see expression (3.44)]. In view of this, and 
the small temperature differences existing 


Table 6 


Mercury (7 20°C, 


dia. 1 cm) 


Liquid sodium (7 
200 C, dia. | cm) 


between the fluid and the coolant when extremel) 
large currents are applied, it seems unlikely that 
these results could be verified experimentally 
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Abstract—Using a form of expansion first suggested by Merk, series are given for evaluating accurately 

the “wall gradient” (5,/B) for the case when no mass flows through the phase boundary. These cover 

wide ranges of main-stream pressure gradient and give good accuracy for any value greater than 0-5 

of the Prandtl/Schmidt number oc. Values obtained compare well both with the few exact solutions 

given in the literature and with exact numerical integration. Curves are drawn of a number of other 
functions obtained from this “‘wall gradient”’. 


Résumé— Des séries, obtenues en utilisant une forme de développement préconisée primitivement 
par- Merk, sont données pour le calcul précis du “gradient a la paroi” b,/B dans le cas ou aucun 
transport de masse ne s’effectue a la limite de la phase. Elles couvrent un grand domaine de gradient 
de pression de l’écoulement principal et assurent une bonne precision pour toute valeur o du rapport 
du nombre de Prandtl au nombre de Schmidt supérieure a 0,5. Les valeurs obtenues se comparent 
bien aux quelques solutions exactes données dans la littérature et a celles de l’intégration numérique 
exacte. Des sourbes d’un certain nombre d'autres fonctions obtenues a partir de ce “gradient a la 
parol” sont tracées. 


Zusammenfassung— Mit Hilfe einer zuerst von Merk vorgeschlagenen Reihenentwicklung kann der 

..Wandgradient™ (5//B) genau berechnet werden, wenn kein Mengenstrom durch die Phasentrenn- 

schicht tritt. Diese Reihen umfassen ein grosses Gebiet des Druckgradienten der Hauptstro6mung 

und sind fur beliebige Werte der Prandtl/Schmidtzahl o die grésser als 0,5 sind, sehr genau. Die 

errechneten Werte stimmen gut Uberein mit den wenigen genauen Loésungen der Literatur und der 

exakten numerischen Integration. Kurven fiir eine Reihe anderer, mit Hilfe dieses ,,Wandgradienten™ 
erhaltener Funktionen sind angegeben. 


Annoranna—lI[cnoab3yA Bi pasao*wKeHuA, BUepBble Mpe_ioAeHHLt Mepkom, mpusoazarca 
PALL IH TOYO! ONeHKM «mpucTeHHoro rpayuenta» (6,/B) qua Cary4an, Kora OTCYTCTBYeT 
MoTOK Maccbhl Yepes rpannny ase. STH pasioAeHMA OXBATLIBAIOT LNIpOKMe OO7acTIT 
rpaqiuenta [aBcleHiA OCHOBHOPO MOTOKA I LalOT BLICOKYIO TOUHOCTE BO BCeX CLy4AaAX, KOA 
rHolmenue uncia Upangzraa kK uncay UlMugra o Goupmte 0,5. Tloay4enusre Bem4itHnl 
XOPoisO CONOCTABMMBI KaK C HEKOTOPHIMIT HMCIOWUIMUCA B INTepaType TOUHLIMH pelleHuAMI, 
ik IL CG pesyubTaTaMH TOUHOTO YlacueHHOrO MHTerpupoBaHnaA. IlpmBoxarca kplipnie 
He€KOTOPLIX APVIuX PYHKIUMGT, MO1LYYeHHBIX Ha OCHOBE «IIpNCTeHHOrO rpaMeHta». 


NOTATION ' Gradient of 6 adjacent to the interface 
Coefficients in equation (13); see also (—); 
Table 2 (— ); Driving force for mass transfer (discussed 
Coefficients occurring in equation (9) and in Paper 3) (— );: 
defined in equation (11) (— ): ‘» Coefficients occurring in equation (18) and 
Dimensionless conserved fluid property defined by equation (20) ( — ): 
(see Paper 3 for discussion of its form and E Integral in equation (9); evaluated numeric- 
meaning) ( — ); ally using Table 2 ( — ): 
~ * The Division is now located at P.O. Box 43, Ryde, Integral of equation (18): evaluated nu- 
N.S.W.. Australia. merically from equation (21) ( — ); 
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Dimensionless stream function (defined 


and discussed in Paper 1) ( — ): 


». . The value of fand its derivatives at the 
® ‘interface ( ); 


4 


u¢ dd) parameter giving rate of growth of 


y dx/ the momentum thickness 6,; dis- 
cussed in Paper | ( — ): 

Mass transfer conductance (see Paper 3) 
(lb/ft?h):; 
Value of g for B 
(Ib/ft*h); 

Number occurring in equation (20) speci- 
fying terms in equation (18). Also used to 
specify terms in equation (9) like that of 
equation (12) ( — ): 
Number occurring in equation (11) speci- 
fying terms in equation (9) ( — ): 
Local Nusselt number in terms 
length x ( ): 
Number specifying terms in equation (13) 
( :: 
Number occurring in equation (15) ( — ): 
Local Reynolds number (= ugx/v) (—): 
Velocity component parallel to interface 
(ft/h); 
Value of u in the main-stream immediately 
outside the boundary layer (ft/h): 
Velocity component normal to interface 
(ft/h); 
Curvature parameter in 
(equation 30) (— ): 
Distance parallel to interface measured 
from start of boundary layer (ft): 
Curvature parameter in terms 
(equation 28) ( — ); 

Curvature parameter in terms of 4, applic- 
able to separation point (equation 39) 
(—); 

Distance perpendicular to interface (ft); 
Parameter which is a measure of the rate of 
growth of 4, (equation 29) (— ): 
Parameter corresponding to Y applicable 
near separation point (equation 38) ( — );: 
Parameter which is a measure of the rate of 
growth of 4, (equation 31) ( — ). 


0. (See equation 27) 


of the 


terms of 4, 


of 4, 


Greek symbols 
B Parameter occurring in velocity equation 
(equation 2); discussed in Paper | ( — ); 
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Fluid property called the “exchange 
coefficient” (diffusion coefficient times 
density, or thermal conductivity divided by 
specific heat at constant pressure) (lb/ft h); 
Momentum boundary layer thickness 
J (u/uc)1 — u/ua) dy (ft); 
Shear boundary layer thickness 
uc /(Cu/Cy)_) (ft): 
Convection boundary layer thickness 
f° (u/uc\(1 — b/B) dy (ft): 
Conduction boundary layer 
B/(cb/cy), (ft); 
Dimensionless distance variable for 
lar’ solutions ( ): 
Dynamic viscosity of fluid (lb/ft h): 
Kinematic viscosity of fluid (= j/ p) (ft? /h): 
Density of fluid (Ib/ft*); 
Prandtl or Schmidt number (= s/¥) ( ):; 
Integration variable occurring in equations 
(9) and (18) ( ). 


thickness 


“simi- 


Subscripts 

G Denotes fluid state in main-stream 
outside the boundary layer: 

Denotes “separation” conditions of section 
Rat 

Denotes fluid state adjacent to the interface: 
Denotes terms in equation (13): 

Denotes terms in equation (18); 

Denotes terms in equation (9). 


just 


sep 


A prime ’ denotes differentiation with respect to 


7). 


1. INTRODUCTION 

1.1 General remarks 
THE first two papers in the present 
Spalding [1], Spalding and Evans [2], were 
concerned exclusively with the velocity equation 
of laminar boundary layer theory when mass 
flows through the boundary layer, and Paper 3, 
Spalding and Evans [3], dealt with the b- 
equation. In this latter paper tables were given 
from which new approximate solutions to the 
b-equation could be evaluated. These gave 
reasonable agreement with known exact solu- 
tions over wide ranges of the Prandtl/Schmidt 
number, main-stream pressure gradient and the 
mass transfer driving force B. 

The present paper is concerned with the case 


Series, 
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when B, the driving force for mass transfer, is 
zero. The work has developed out of the methods 
employed in obtaining the earlier results so 
frequent reference will be made to the first three 
papers in the series. 

Since the main aim of the present series is the 
prediction of mass transfer rates, the case when 
mass transfer is in fact zero may be thought to 
be irrelevant. But this is not the case, for, as was 
pointed out in Paper 3, we are interested in 
families of solutions to the boundary layer 
equations for both positive and negative values 
of B: the solutions for B = 0 must therefore 
form important members of these families. It is 
also found that many practical problems in- 
volving mass transfer correspond to very small 
values of B: this is often the case, for example, 
when water vapour either evaporates into or 
condenses out of the atmosphere at ordinary 
temperatures and pressures. The case for B = 0 
can then serve as a useful first approximation, 
the effects of mass transfer being regarded as a 
small correction. In fact, Paper 3 contained an 
approximate formula for estimating the mass 
transfer conductance g from the value of g*, 
the conductance when B = 0. Using tables to 
be given later it is possible to calculate g* to high 
accuracy. 

The present results are expected to be most 
useful, however, in problems when mass transfer 
is entirely absent: the most obvious case is that 
of heat transfer to or from an impervious wall. 
Although, in the literature, a number of papers 
consider this type of problem, comparatively 
few exact solutions to the equations could be 
found: most of these have already been quoted 
in Paper 3. 

The quantity being evaluated in the present 
paper is (4//B). Reference to formulae in Paper 3 
indicates that when B = 0, so is b, ( of,). 
The ratio (b,/B) is not zero, however, for, in 
terms of the familiar problem of pure heat 
transfer it is the gradient at the wall of the 
dimensionless temperature with respect to the 
“similar” distance variable 7. In the customary 
nomenclature of heat transfer, therefore, we have: 


(b,/B) = Nu (2 — B)'?/Re??. (1) 


where: 
Nu local Nusselt number, 
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Re = local Reynolds number, and 
p parameter occurring in the velocity 
equation. 


1.2 Outline of present paper 
The main purpose of the present paper is to 
give series expansions from which, knowing the 


solutions to the “similar” velocity equation, 
values of the “wall gradient” (5)/B) may be 
obtained to high accuracy for a range of values 
of the parameter 8, which determines the magni- 
tude of the main-stream pressure gradient, and 
for any value greater than 0-5 of the fluid 
property group co. 

The series from which values of (4,/B) are 
obtained are in increasing inverse powers of oc: 
they are therefore very accurate for high values 
of o. Some exact values for o = 0-7 were found 
in the literature. Sufficient terms were therefore 
taken in the series to give close agreement in the 
fourth significant figure with these exact solu- 
tions. The values of (4;/B) quoted are then 
accurate to better than 0-1 per cent even when 
a is as low as 0-7. 

Using the series, a table of (b;/B) as a function 
of the parameters 8 and o has been drawn up in 
which the interval in both these parameters is 
small enough to allow of rapid interpolation 
for intermediate values. In many cases, however. 
it may be more satisfactory to use the original 
series for intermediate values of oc. 

As has been pointed out in earlier papers, the 
main interest in obtaining “similar” solutions to 
the boundary layer equations is not so much in 
their application to strictly “similar” physical 
configurations (e.g. flow over wedges) as in the 
way they can be used to solve more general 
problems involving non-similar flows. 

Some functions which are useful for such 
calculations are plotted in Figs. 1-4 but are 
only briefly discussed here as their significance 
and applications are to be considered more 
fully in other papers in the series. 


2. STATEMENT OF THE MATHEMATICAL 
PROBLEM 
2.1 Introduction 
It was shown in Paper 3 that the b-equation 
governs the distribution in the boundary layer of 
any conserved fluid property. The present paper 
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is mainly concerned with the “similar” solutions 
to this equation. It should be made clear, how- 
ever, that the word “solution” is used in a re- 
stricted sense in that the important entity to be 
evaluated is the gradient of b at the phase 
boundary, although many other functions in the 
boundary layer may be obtained from this 
gradient. Interest is concentrated on this “wall 
gradient” because the present series of papers is 
mainly concerned with rates of transfer through 
the phase boundary, these rates being determined 
immediately the wall gradient is known. The 
distribution of 6 in the boundary layer is not 
evaluated, although obtaining the wall gradient 
is an important first step in getting this distribu- 
tion. 

Solutions to the b-equation depend. of course, 
on the distribution of the stream function. It 
will therefore be necessary to refer frequently to 
the velocity equation for “similar” fiows. This 
will be quoted but not discussed: reference to 
discussions and tables given in Papers | and 2 
will suffice for the purposes of the present 
paper. 


2.2 The velocity equation 

In Paper 1, Spalding [1], it was shown that, 
for “similar” solutions to the boundary layer 
equations the velocity distribution is governed by 
the ordinary differential equation: 


f'' +f'+ B & (2) 


When no mass flows through the interface, the 
boundary conditions with — this 
equation are: 


associated 


(3) 


In equations (2) and (3) the primes denote differ- 
entiation with respect to the dimensionless space 
co-ordinate », f is the dimensionless stream 
function and § a parameter whose value depends 
on the acceleration of the main-stream. These 
functions are more fully defined in the notation 
list. 


2.3 The b-equation 
In Paper 3, Spalding and Evans [3], it was 
shown that for a certain restricted group of 


“similar” solutions to the boundary layer 
equations, the distribution of a function b, which 
represents a conserved fluid property in suitable 
dimensionless form, is governed by the ordinary 
differential equation: 


b” + ofb’ = 0 (4) 


with the boundary conditions: 
(5) 


In equation (4) the primes again denote differ- 
entiation with respect to », f is the stream func- 
tion occurring in equation (2) and a is the fluid 
property group called the Prandtl or Schmidt 
number depending on the transferred fluid 
property which is under investigation. The 
quantity B occurring in equation (5) is the value 
of 6 in the main-stream and is assumed to be 
constant. 

From equation (4) the gradient of 4 at the 
interface, namely 44, can in principle be evalu- 
ated once solutions to the velocity equation are 
known. This is done using the relationship: 


(B/b;) ie exp 


ja [" f dy} dy. (6) 


It is convenient, for the present, to work in terms 
of the reciprocal of (44/8). 

The aim of the present paper is to evaluate this 
integral for a range of values of the parameter 2 
occurring in equation (2) and for any value of 
o greater than 0-5. 

The tables given in Paper 3 included the case 
B 0 and approximate values of this integral 
could be obtained from them. The accuracy of 
those tables increased with increasing o. The 
present results are accurate for all high values of 


0. 


3. EVALUATING THE INTEGRAL AS A 
POWER SERIES IN o 

When evaluating the integral in equation (6) 
for various values of the parameter £, with the 
single exception of the separation point when 
B : 0-1988, all values of 8 considered here 
could be treated by one general method. This 
will be given first and the separation point will 
then be treated by a modified form of this 
method. 





general case 
clear that the integral in equation (6) 
y value of o depends only on the distribu- 
tion with » of the stream function /, Unfortunate- 
ly, however, only a few accurate values of the 
integral could be found in the literature. 

On the other hand Merk [4] has shown that 
the integral can be expressed as a series in inverse 
powers of o, which would be very accurate for 
large values of oc. Although the present work 
arose out of that paper, the method of deriving 
series expansion differs in many respects 


ym that given by Merk, and so will be given in 
line below. It has also been possible to modify 
e present method to include cases when mass 
transfer occurs: this work is to be considered 
elsewhere 
Denoting quantities when evaluated at the 
the suffix 0, the stream function / 


can be expanded in terms of derivatives there in 


inter 


the form: 


Inserting this into the integral in equation (6) 


and changing the variable from » to q, where: 


(3) 


the integral to be evaluated becomes: 


A 34 , 


exp 


Ag?” ae dy. (9) 


The quantity (//B) is obtained from E using 
the relationship: 


] 


(10) 


(b,/B) : (5) 


Table 3 


Values of the stream function “wall gradient” fi; for the values of 2 
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since f ’’ is known. The problem therefore reduces 
to the evaluation of E in equation (9). 

The tables given in Paper 3 were approximate 
in that only the first two terms in the expansion 
given in equation (7) were used (remembering 
that we are considering here the case of no mass 
transfer so that /, is zero). In the present paper 
many more terms are included. 

The coefficients A,, occurring in the expression 
for E are given by the general formula: 


(11) 


Since the present discussion is restricted to the 
case when no mass flows through the interface 
the coefficients Ay, A, and A, are zero, and 
because of the transformation used in obtaining 
E, the coefficient A, is reduced to unity. 

In order to calculate the coefficients A,, the 
values of fy the derivatives of f at the wall. 
were needed. These were obtained from equation 
(2) by successive differentiation. In this way each 
f,‘” higher than f ; could be expressed in terms 
of f’” and the parameter /. 

Values of the function f/’, for the values of 8 
considered in the present paper are given in Table 
1. For values of § up to 2-0 these were taken from 
Falkner [5, 6]: the method used for evaluating 
f'’ for higher values of 6 was given in Paper 2. 
In the expression for E given in equation (9) 
the second exponential term in the integrand 
can be expanded as a series in powers of ¢. 
Each term under the integral sign is then of the 
form e-*qy" *, where m has a different value for 
each term; the integral may then be readily 
evaluated term by term using the relationship: 


r(” (12) 


considered in the 


present paper 


0-1988 

0 

0-6 
0-9960 


0:1 
0-5870 


0-3 
0:7748 


0-2 
06869 


2-043 





~ 
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where [’ denotes the gamma function. The final a, are given in Table 2. This covers the range 
step in obtaining the required series for E is to 0-1 6B — 5-0. In both directions outside this 
rearrange these terms into a series in inverse range the accuracy of the present method 
powers of o having the form: diminished, particularly when o was less than 

unity. The region approaching conditions lead- 
i" ing to “separation” of the velocity boundary 
(13) layer, namely for —0-1988 <— 6 0-1, was par- 
ticularly difficult to treat. On the other hand the 
separation point itself, when 0-1988. 


(4) 
p oO 


in which the coefficients a, are functions of the 
quantities A, and gamma functions: these co- 
efficients become more complicated as g in- 


yielded a series which gave high accuracy. 


CTeases. 3.2 The separation point 
The numerical values of only three gamma When § 0-1988 the velocity boundary 


functions were needed, namely: layer is said to “separate” from the interface 


r(4) = 2-67894, r(2) = 1-35412, 
rd) = 1. 


for the present discussion this merely means that 
f‘’ becomes zero. The above analysis does not 
then apply because the transformation defined 
All other gamma functions which occurred by equation (7) cannot be used. A modification 
could be expressed in terms of these using the of the procedure can, however, lead to an 
relationship: asymptotic series from which (b,/B) can be 
rr 1) rr (15) evaluated to high accuracy. Merk [4] also 
considered this case but as there appears to be a 
which holds for any value of r for which the numerical error in the expansion he obtained, the 
gamma function exists. derivation of the relevant series will be given 
Numerical values of the first nine coefficients _ here. 


Table 2. Values of the first nine coefficients in the series expansion of the integral E. 


2-67894 N24 


ag a; 
0-18808 0-04341 0:05748 0-00357 0-00037 0-00702 0-00185 0-00098 0-000968 
0-0 0-0 0-05953 0-0 0-0 0-:00661 0-0 0-0 0:000717 
0:08344 0-00854 0-04884 0-00153 0-00001 0-00587 0-00062 0-00013 0:00089 
0-13533 0:02247 0-:04092 0-00144 0-00045 0-00516 0-:0008 | 0-0002 1 0-00092 
0:17289 0-03668 0-03465 0-00110 0-00118 0-00456 0-00086 0-00018 0-0009 | 
0-20240 0-05027 0-02930 . 0-00206 0-00403 0-00085 0-00002 0-00090 
0:22663 0-06302 0-02442 . 5 000302 0:00352 0-00086 0-00019 0-00086 
0:24738 0-07509 0-01985 ; —0-00403 0-00301 0-00089 0-00045 0-:00086 
0:28207 0-09763 0-01136 : 0-00612 0-00189 0-00103 0:00109 0-00056 
0-31031 0-11816  0-00316 ; : 0:00834 —0-00061 0:00127 000190 0-00018 
0 35604 0-15555 0-01247 : 0:01296 0-00262 0-00201 0:00390 —0-00111 
0-40841 0-20468 0-:03568 00: 0-02078 0-:00913 0-00390 0-:00787 0-:00464 
0-47470 0-27651 0-07325 ; 0:03527 0-02523 000889 0-01731 0:01553 
0:52632 0-33992 0-11085 ‘Ol: 005227 0:04740 —0-01673 0:03016 —0-03392 
0:56951 0-39798 0-14828 0-01907 0-07133 0-:07600 0-02728 0:04692 0-06080 


‘bs rents 9  0:005907 0-0001405 
When 8 —o-1988, (°°) : (Lo )" 3 Exep = 3-62561 O08 _ . | 
- 


O(c-*) 
Esep 4! j ee Co 
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Since f’ is zero the expansion for f takes the 


form: 


) 


yl 
i 11! 


F% 


* ao" 
Using the transformation: 
of ct 
at n}, (17) 


the integral to be evaluated. denoted by Exep 
since it applies only to the separation point, 


{ ' 2 " 3 
ae 74 C 4 


2/6 exp 

Cis¢" wee dq (18) 
and (h,/B) is obtained from Exep using the 
relationship: 


(19) 


The coefficients C,, occurring in equation (18) 
ire given by the general formula: 


] i, 4! 
=) 


ao (™—3) 4 (mm 


(20) 


Again expanding the exponential term in the 
integrand of equation (18) gives a series for 
Exsey in terms of gamma functions and the 
coefficients C,,,. Using the values /’;’ 0-1988 
and [(}) 3-62561 gives finally for Exep the 
asymptotic expansion: 


0-084049 


Oo 


0-005907 


3-62561 


0-0001405 


> 


(21) 

oO 
\s has been noted the coefficients in this series 
differ from the values given by Merk [4]. The 
series also contains one more term than was given 
by Merk. 


3.3 Asymptotic behaviour at high o 

It is clear from equation (13) that for high 
values of o the integral F is constant. From 
equation (10) therefore, (b,/B) is proportional 


to o! §. This is a well-known relationship which 
was exploited when plotting some of the figures 
given in Paper 3. In order to bring closer together 
curves for different values of o, the group 
a! %(b4/B) was plotted against the driving force 
B. 

This relationship does not, however, hold for 
the separation point. From equations (19) and 
(21) it may be seen that for this case when ¢ is 
large, (b,/B) is proportional to o! *. 

These asymptotic relationships will be used 
later to include on the same figures curves re- 
lating to a wide range of o. 


4. FUNCTIONS OBTAINED FROM THE 
ASYMPTOTIC SERIES 
4.1 Introduction 

The asymptotic formulae given in Table 2 
evaluating (45/B) should only be used for o 
since the accuracy decreases rapidly as ¢ 
creases below this value. 

Using these formulae values of (4)/B) have 
been calculated for wide ranges of 8 and o: the 
results are given in Table 3. 

The range of main-stream pressure gradient 
included in Table 3 covers the values encountered 
in a wide range of practical problems. It includes 
the point of separation for two-dimensional 
flow (8 0-1988), the case of zero pressure 
gradient (8 — 0), the stagnation point for axially 
symmetric, three-dimensional flow (correspond- 
ing to 8 = 0-5; see Paper 1), the stagnation point 
for two-dimensional flow (8 1-0) as well as 
some more highly accelerated main-streams than 
the last. 

For application to problems involving heat 
transfer calculations, when o is the Prandtl 
number, the table covers the case of most gases, 
which have a Prandtl number near 0-7, as well as 
the majority of liquids. The Prandtl number for 
water, for example, ranges from about 7 at room 
temperature to about 2-0 at 200°F. Typical 
values for a more viscous fluid like engine oil 
would be o 10 000 at room temperature to 
a = 1000 at 150 F. Fluids such as liquid metals, 
which have a high thermal conductivity and 
therefore a low Prandtl number (e.g. for mercury 
ao = 0-02), are not however included. 

Fluids will rarely have values of o exactly equal 
to those given in Table 3 but the intervals in the 
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parameters § and o are believed to be convenient 
for interpolation over most parts of the table. 
This is clearly not true for decelerated flow ap- 
proaching the conditions when the velocity 
layer separates. Although such interpolation 
would give the sort of accuracy needed for many 
practical problems, higher accuracy may some- 
times be needed for some value of o not given. 
It is then a simple matter to calculate new values 
of (44/8) from the series given in Table 2. 


4.2 Accuracy of Table 3 

The series from which the values of (44/B) given 
in Table 3 were calculated are asymptotically 
accurate for high values of c. For sufficiently large 
o therefore the figures should be correct to one 
place in the last digit. For o | however the 
accuracy may not be so high. 

Some idea of the accuracy of the values may 
be obtained by comparing with exact solutions 
quoted in the literature. This is done in Table 3 
by giving in brackets the differences in the final 
between the present values and exact 
iven in the literature. The exact 

from Mickley ef al. [7], 


digit 
solutions 
values were taken 
Merk [4]. Livingood and Donoughe [8] and 
Howe and Mersman [9]. It should be realised, 
however, that exact solutions quoted in the 
literature are found to disagree with each other 
by up to three units in the fourth significant 
digit. 

Exact calculations made since Table 3 was 
drawn up, using an entirely different method, 
have largely confirmed the figures in the table. 
Many values can be in error by one unit in the 
last place due to rounding off. This is, in fact, the 
case. Apart from these, however, the only serious 
errors in the table are for o = 0-5 and 0-6 but 
even so only amount to 3 units in the last sig- 
nificant digit. The results of exact calculations 
are to be published elsewhere. 

No exact calculations have, however, been 
made for the region marked off in the table as 
inaccurate. Values in this region are almost 
certainly inaccurate. 


Oo 
= 
— 
r 


4.3 Other functions evaluated from (b,/B) 
It was shown in Paper 3 that a number of 
other functions related to the b-boundary layer 


may be evaluated from (4,/ 8). For ease of refer- 
ence, and because many of the formulae take on a 
special form when no mass flows through the 
interface, the relevant formulae are listed below: 


(22) 


; ] dug 
Noe 


12 pb 
) (% 


of 


= 2) 
2 (b)/By (29) 


A} 263 = duc 


B(b,/ By)? 
V dx 


o*( fo)? 


3 (b)/ By? 


2 (of (yr? 


54) d 


vA GAs 3/2 
_ qx (cde) 


uG 


In the literature many functions are written in 
terms of the distance x of the point in question 
from the start of the boundary layer. In terms of 
the present formulation of similar solutions some 
of these functions are: 


Nu/ Re}? 


4,Re’? (2 
x 


A, Rel’? 
” 
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where the Nusselt number Nu and the Reynolds 
number Re have local values. 


5. CURVES OF FUNCTIONS OBTAINED 
FROM TABLE 3 

5.1 General 

Curves have been drawn showing the relation- 
ships between many of the functions occurring 
on the left-hand sides of equations (22) to (31). 
Some interesting features about the curves will 
be indicated but their application for calculating 
functions in non-similar boundary layers will not 
be discussed. This is to be done in other papers in 
the series. 

In Papers | and 2 it was shown that, in order to 
use the “similar” solutions to the velocity equa- 
tion to obtain information about non-similar 


boundary layers, tables or curves were needed 
showing the variation of a quantity denoted by 


> 


F, with the parameter (65/v)(dug/dx). The latter 
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is clearly a pressure gradient parameter related 
to the momentum boundary layer thickness 
6, and Fy, which is (uwg/v)(dd3/dx), is a measure 
of the rate of growth of the momentum thickness 
with distance x. 

Figures l(a, b) and 2(a, b) give analogous 
relationships for thicknesses associated with the 
b-boundary layer. The relevant functions have 
been multiplied by an appropriate power of o in 
order to bring closer together curves for different 
values of oc. Early forms of these curves for one 
value of o, namely o = 0-7, were given by Smith 
and Spalding [10]. 


5.2 Figure \(a) 

This figure, which applies to the conduction 
thickness 4,, shows the relationship for ac- 
celerated and slightly decelerated flows. Because 
the wall gradient (45/B) is almost exactly pro- 
portional to a! * when a is large, the multiplying 
factor in this figure is o? *. As o becomes very 





Fic. l(a) Conduction thickness 4,, accelerated and slightly decelerated flows. 
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Fic. 1(b) Conduction thickness 4,, decelerated flows. 


large the curves clearly tend to the asymptotic 
curve shown as o = ©. 

It is clear from the curves for decelerated 
flows shown in this figure, which extend as far 
as 8 = —0-1, that the wall gradient (b4/B) is not 
proportional to o* in the lower part of the 
range covered. Hence the cross-over of the curves 
in this region. For more highly decelerated flows 
the curves diverge rapidly, particularly those for 
high o. 

Because of the scale of this figure it was con- 
venient to omit parts corresponding to highly 
accelerated flows. Since the lines are only slightly 


Separation points. 


curved in this region it is easy to see how they 
continue downwards and to the right. 


5.3 Figure 1(b) 

In section 3.3 it was noted that for the separa- 
tion point (44/B) is proportional to o! 4. The 
curves corresponding to Fig. l(a), but for deceler- 
ated flows, have therefore been drawn using the 
multiplying factor o!*. The separation points for 
a number of values of o are shown on this figure. 

There is some uncertainty about the shapes of 
these curves as only three values of 8 could be 
used from the present results. The curve for 
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o = 0-7 was drawn in using the results given by 
Livingood and Donoughe [8]. The other curves 
were then made to have the same general shape 
as this between £8 0-1 and £ 0-1988. 

For « = © only the separation point is 
included because for both 8 = 0 and 8 0-1 
the relevant point is at the origin. 


5.4 Figure 2(a) 

This figure, which relates to the convection 
thickness 4,, corresponds to Fig. l(a). The curves 
have not been extended into the region of de- 
celerated flow, however, as the shapes of the 
curves could not be judged as was done for the 
earlier figure. 

It was again convenient to omit the region of 
highly accelerated flows. 





5.5 Figure 2(b) 

This figure relates to the convection thickness 
A, for decelerated flows. The scale of the figure 
did not allow the curves for o 1000 to be 
included and parts of the curves for « > 10 had 
to be omitted because their shapes could not be 
judged with any certainty from that for o = 0-7. 

Again a few separation points are indicated. 


5.6 Figures 3 and 4 

In suggesting an approximate method for 
calculating rates of heat transfer between any 
laminar fluid stream and a solid surface, Spald- 
ing [11] set up differential equations which could 
be integrated numerically in a fairly straight- 
forward manner. Referring to expressions defined 
in equations (28) to (31), the differential equation 





Fic. 2(a) Convection thickness 4, accelerated flows. 
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Fic. 2(b) Convection thickness 4, decelerated flows. 


for evaluating the conduction thickness J, was 
of the form: 


y ¥(X) (35) 


and for the convection thickness 4, the equation 
was: 


- Z(W). (36) 


In these equations the functions Y and Z are 
measures of the rate of growth of the relevant 
boundary layer thickness with distance x along 
the wall, and the functions Y and W are curva- 
ture parameters which are a measure of the 


Separation points. 


amount by which the b-boundary layer penetrates 
into regions where the velocity layer is appreci- 
ably curved. The forms of the functions Y and 
Z were obtained from the exact “similar” 
solutions to the boundary layer equations. 

When plotting Y and Z as functions of ¥ and 
W respectively, it was found that exact similar 
solutions for a wide range of Prandtl number 
were close to a single curve. Figs. 3 and 4 show 
these relationships obtained from the present 
results. Curves for only a few values of o are 
drawn on these figures because such curves are 
very close together on this scale. 
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FIG. 3. 
o large (from Paper 3). 
present solutions. 
inaccurate region. 


When o > 0-5, therefore, the assumption of a 
single curve for the relationships given in equa- 
tions (35) and (36) would introduce only a small 
error in the estimation of boundary layer thick- 
nesses for accelerated and slightly decelerated 
flows. For conditions approaching separation, 
however, the error would increase rapidly. These 
conditions occur for large negative values of the 
abscissae XY and W., beyond the ranges of Figs. 
3 and 4. The separation points themselves 
correspond to Y x. Y =Oand W 20, 
Z *~ respectively. 

In Figs. 3 and 4 the line for large « was ob- 
tained from the approximate results given in 
Paper 3. 


Y as a function of X. 


should be noted that when o 1-0 and 
8 > 2-0 the present results are inaccurate. This 
inaccurate region has already been indicated in 
Table 3. This shows up in Figs. 3 and 4 as a 
reversal in the slopes of the curves for large 
values of the abscissa. 

In Fig. 3 all the results for o > 20, except that 
for the separation point, are close to the point 
A 0, Y = 6-41, the well-known solution ob- 
tained by Lighthill [12]. 

The points on Figs. 3 and 4 give a few values 
of the parameter f. The curves from the present 
solutions have been extended beyond 8 0-1 
by giving them the same shape as those for 
ao = 0-7 and o-large whose shapes were known 
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Fic. 4. 
o large (from Paper 3). 
present solutions. 
inaccurate region. 


6. APPROXIMATE METHOD NEAR 
SEPARATION 

It has been seen that, if it is greater than 0-5, 
the Prandtl/Schmidt number has only a small 
effect when boundary layer problems are formu- 
lated in terms of the functions X, Y, W and Z. 
It is, of course, for the same reason that the 
asymptotic series of Table 2 give good accuracy. 
The close connection between the present results 
and this approximate formulation may be seen 
by comparing, say, equations (10) and (29). The 
rate of growth parameter Y is related to the 
integral E of the present paper by: 


lA 
vr 


Z as a function of W. 


(37) 
This immediately suggests that near the point of 
separation the parameter Y should be replaced 


by Ysep given by: 


Ysep 


| I 1/3 q 
s dx 


4 of 


3Gjet 9%) 


where the second form is written in terms of 
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“similar” solutions. The corresponding curva- 
ture parameter is: 


(Auléy’) 4; sf 
(fo b6/BP 


Asep (€*u/Cy")o 
the second form again being in terms of “‘similar” 
solutions. For the case of no mass transfer, the 
gradients of f occurring in the last expression 
are given by f ‘)’ Band fy, = (28 —1\( f¢)?. 

It should be noted that (c*u/cy*), cannot be 
used in the numerator of Xsep because it is 
identically zero for all 8 when no mass flows 
through the wall. For very large o it may be 
shown that Yep tends to the value 21-599. 

In the same way other functions can be derived 
to replace W and Z near the point of separation. 


7. CONCLUSIONS 

(a) Using the formulae and coefficients given 
in Table 2 and the values of f;’ of Table 1, the 
wall gradient (4;/B) can be evaluated accurately 
for a wide range in the parameter f and for any 
value greater than 0-5 of the Prandtl/Schmidt 
number o. 

(b) From values of (4;/B) many other func- 
tions associated with the b-boundary layer can 
also be evaluated from the formulae of section 
4.3. 

(c) Using a different method of calculation 
more accurate results than those in Table 3 have 
now been obtained. They include results for 
values of 8, in particular many negative values, 
not covered in the present paper as well as a 
range of low values of c. These are to be published 
elsewhere. 
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Abstract—A method has been developed for calculating the radiant interchange in an enclosure 
containing specularly reflecting surfaces. Consideration is given to systems composed of two specular 
surfaces and an unrestricted number of black surfaces. The method is illustrated by numerical 
examples and comparisons are made with the heat transfer results for diffusely reflecting surfaces. 


Résumé—Une méthode de calcul des échanges thermiques par rayonnement, dans une enceinte ayant 

des surfaces a réflexion spéculaire, a été développée. Les systemes composés de deux surfaces spéculaires 

et d'un nombre illimité de surfaces noires ont été considérés. La méthode est illustrée par des exemples 

numeriques et les résultats sont comparés aux résultats de transmission de chaleur obtenus pour des 
surfaces a réflexion diffuse. 


Zusammenfassung—Es wurde eine Methode entwickelt, den Strahlungsaustausch in einem von 

spiegelnd reflektierenden Oberflachen begrenzten Hohlraum zu berechnen. Besondere Beriicksichtigung 

fanden Systeme aus zwei spiegelnden Oberflachen und einer unbeschrankten Zahl schwarzer Flachen. 

Die Methode wird durch numerische Beispiele erlautert und die ibertragenen Warmemengen werden 
mit denen diffus strahlender Oberflachen verglichen. 


AnHOTannaA—PaspadotaH MeTO], BLIYMCIeCHMA S1YYMCTOrO Tem1000OMeHa MeKLy 3epKacIbHO 

OTpaKabWllMMH NOBepXHOCTAMH. PaccMOTpeHbI CHCTeMBI, COCTOAIMe H3 JBYX 3ePpKacIbHbIXx 

NoBepXHOCTeii H HeOrpaHMYeHHOTO KOMMYeCTBA YePHBIX MOBepxHocTeli. Mero maaoctTpn- 

pyeTCH YMCIeCHHBIMM TIpMMepaMi, WaHbl CpaBHeHHA C pe3yIbTaTAaMH M0 TenaOOOMeHY JIA 
caryuak TudpysHo oTpawawiulix mopepxHocteii. 


NOMENCLATURE y spacing ratio, h/L: 
Surface area; opening angle, see Fig. 7; 
black-body emissive power: emissivity ; 
angle factor; ; interchange emissivity: 
incident radiant flux per unit time and reflectivity ; 
area: Stefan—Boltzmann constant. 
spacing between parallel plates: 
summation index; 
plate length 
overall rate of heat loss: 
local heat loss rate per unit area; 
distance between surface elements: 
absolute temperature; 
dimensionless distance, x/L: 
co-ordinate measuring distance along 
plate: 
absorptivity; 


INTRODUCTION 

ENERGY exchange by thermal radiation has in the 
literature been discussed almost exclusively for 
diffusely reflecting surfaces. Experiments [1]. 2] 
on the spacial distribution of the reflected energy. 
on the other hand, indicate that the reflection 
on many surfaces of engineering importance 
actually is closer to the limit of specular 
than of perfectly diffuse reflection, even if this 
is not clearly evident by visual inspection of the 
surfaces. This will be amplified in the final 
* Professor of Mechanical Engineering. section of the report. 
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The present paper develops a method of 
calculating the heat exchange between plane 
surfaces with specular reflection and presents 
numerical comparisons between specular and 
diffuse heat transfer results for a few typical 
geometries. 

Before going into the analysis of the new 
calculation method, some consideration will 
be given to a geometry for which the analysis 
of radiative heat exchange with specular as 
well as diffuse reflection has been made in the 
past, namely, for two concentric cylinders or 
spheres. The relationships describing heat ex- 
change by radiation between the two surfaces 
will be used to obtain information on the order 
of magnitude of the difference between specularly 
and diffusely reflecting surfaces. 


Heat exchange between concentric spheres or 
cylinders with specularly and_ diffusely 
reflecting surfaces 

We will consider two co-axial cylinders of 
infinite length or alternatively, two concentric 
spheres. The relations for these two geometries 
are identical and for the sake of simplicity we will 
in the future talk only about the spherical arrange- 
ment. Parameters for the inner sphere may be 
identified by a subscript 1 and those for the 
outer sphere by a subscript 2. A denotes the 
surface area, « the surface emissivity, and e, the 
black body emissive power (heat flux emitted 
per unit area and unit time). The heat loss of the 
inner surface | and the heat gain of the outer 
surface 2 is then described by the equation 


O A, €; (2, Cpa). ( l ) 


The equations which specify the interchange 
emissivity «,; are derived in the various textbooks 
on heat transfer for the situation where the 
surfaces emit according to Lambert’s cosine 
law (for instance in Ref. 3). The relation for 
diffusely reflecting surfaces is 


l l 


€; €) 


A, [1 
a4) 


and for specularly reflecting surfaces 


Introduction of monochromatic emissivities 
and emissive powers into those equations results 
in the heat exchange in a small band at a certain 
wave length. Usually, engineering calculations 
require knowledge of the total amount of 
energy transfer in the whole wave length range. 
For gray surfaces with emissivities independent 
of wave length, equation (1) specifies this energy 
exchange provided that total emissive powers are 
introduced into this equation. They are described 
by Stefan—Boltzmann’s relation e, = «7%. For 
surfaces with wave length-dependent emissivities, 
the radiative heat loss Q has to be calculated with 
equations (1) to (3) at first for monochromatic 
radiation, and the total heat loss is obtained by 
an integration of the monochromatic heat loss 
over the whole wave length range. This statement 
holds not only for the present section, but for 
all calculations in this paper. 

The relations (1) to (3) may be used to establish 
the extent of the differences between specularly 
and diffusely reflecting surfaces which can be 
expected for the specific geometry. For the 
limiting situation that the inner sphere is very 
small compared to the outer one (A,/A,— 0), 
the relation for the interchange emissivity in 
diffuse reflection is «; = «,. Equation (3) remains 
unchanged. If one specifies in addition that both 
surfaces have the same emissivity (¢€ = €), 
equation (3) becomes (1/e,;) = (2/«,) — 1. For 
small values of «, the relation is approximated 
by «; = «,/2. This indicates that heat exchange 
for diffusely reflecting surfaces with equal 
emissivities is in the present geometry up to 
two times as large as for specularly reflecting 
surfaces. 

The differences may become even larger when 
the emissivities of the two surfaces have different 
values. Let us assume surface | to be a black 
surface (e, 1). This makes the interchange 
emissivity for diffuse reflection and A,/A, -- 0 
also equal to 1. The interchange emissivity « 
for specularly reflecting surfaces, on the other 
hand, is equal to «,. It may, therefore, be by an 
order of magnitude smaller for specular reflec- 
tion, when the emissivity «, has a small value 

The differences which have just been 
established are, of course, extremes. It can, 
however, easily be checked that differences of 
the same order of magnitude may arise even 
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when the ratio of the two surface areas is not 
extremely small and when the emissivities have 
other values. It can also be expected that the 
geometries investigated in this section exhibit 
differences which will not be reached for other 
geometries. A slight eccentricity of the two 
surfaces. for instance, should bring the heat 
fluxes for diffuse and specular reflection more 


closely together. 


HEAT EXCHANGE BETWEEN PLANE SURFACES 
WITH SPECULAR REFLECTION 

Radiant interchange process 

Consider a which is enclosed by a 
number of plane surfaces. The temperature may 
be locally uniform on each of the surfaces, but 
may be different for the various surfaces. The 
space is filled by a medium which is perfectly 
transmittant and which does not participate in 
the radiative energy exchange. The surfaces emit 
energy by thermal radiation and the directional 
distribution of the emitted energy flux may follow 
Lambert’s cosine law.* The analysis in this paper 
will be developed for an enclosure with two 
specular-reflecting surfaces, assuming that the 
rest of the surfaces are black. A calculation for a 
larger number of reflecting surfaces is straight- 
forward, but soon becomes exceedingly involved. 
We will start by a consideration of the energy 
exchange between the two reflecting surfaces. 
Fig. 1 is a sketch of the two surfaces 1 and 2. 
Two area elements dA, and dA, may be located 
on the two surfaces. The heat flux emitted by the 
surface element dA, and traveling toward the 
element dA, can be expressed as 


space 


€) C42 dA, dFaa, dA},0 (4a) 
where dFa4,-a4,,9 denotes an “angle factor”, 
i.e. that fraction of the energy emitted by dA, 
which impinges on dA,. The first subscript 
dA, — dA, indicates radiative exchange between 
areas dA, and dA,; while the second subscript 0 
denotes direct interchange with zero reflections. 


* Surfaces may approach Lambert’s Law in emission 
while approaching specularity in reflection; see for 
example, copper oxide in Figs. 13-12 and 13-13 of 
Ref. 3. 
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dA, 


Fig. 1. Typical enclosure with two non-black surfaces. 


Introducing the reciprocity relationship (Ref. 3, 
pp. 396-397) 


dA, dFaa,-aa, = dA, dFas,-a4, 


expression (4a) can be rephrased as 


€y €Cn9 GA, dFa4,—dAs,o: (4b) 


The surface element dA, receives, in addition, 
radiative energy from dA, in an indirect way, for 
instance, on the path indicated by the dashed 
lines in Fig. 1. The energy arriving after two 
reflections is 


€ Cp2 Py Po AFaa,—dAs, 2 AA, (5) 


dFa4,-a4y,2 indicates the angle factor for the 
radiation traveling the dashed path in Fig. 1, 
with the second subscript 2 signifying that there 
have been two reflections. Energy also arrives 
at dA, after a larger number of reflections, for 
instance, after 2k reflections: 


és Cra pipt dFaa, addy, 2 4Ay. (6) 


The total energy emitted by dA, and arriving at 
dA, per unit area is obtained by a summation 


= 
Gey Pt pr dFaA,—-d Ap, 2%: (7) 
0 
The energy emitted by the whole surface area 2 
and arriving at a unit area of dA, is 


x 
. k ok 

€5 Cro a 1 pe Fa, Ag, 2k (8) 
0 


where Fia4,—4s, 2 expresses the angle factor for 
radiation leaving surface 2 and arriving at dA, 
after 2k reflections on surfaces 1 or 2. 

The surface element dA, receives also radiant 
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energy which originates at surface 1 and is 
reflected back to dA, by surface 2. The energy 
arriving is 


after one reflection 
€) Cy Faa,-Ay,1 Pe 
after three reflections 
€ Cn Faay—Ay, 3 Pi PS 
after 2k + | reflections 
ka 


r i 
€; Cn FaA,—Ay, 2h +1 Py Po 


(11) 


The total amount of energy originating at 
surface 1 and arriving at dA, is again obtained 
by a summation 

x 
x (12) 


bh Ba 
€) Cn Py Pg) Fay Aj, 2x+1- 


0 

The surface element dA, will also receive 
radiation which is emitted by any of the black 
surfaces of the enclosure and arrives at the 
surface element after one or several reflections 
at surfaces 1 or 2. Let us consider the radiation 
originating from one of the black surfaces 
denoted by i. That part of the radiation for 
which the first reflection occurs at surface 2 can 
be treated formally in the same way as the 
expression (12), when the proper angle factor is 
introduced. The energy flux arriving at dA, after 
one or several reflections is 


- i Joka 
~ Py Ps 1 Faa, Ag, 2k+1° 


0 


(13) 


That part of the radiation for which the first 
reflection occurs at surface 1 will be described 
again by the same form as expression (8). 


(14) 


i 


- 
Py Po Faa, Aj, 2k 


N 
Cy; 2 
0 


This expression also contains the radiation 
which arrives directly at dA. 

The total flux H arriving at a unit area of 
surface | at the location of dA,, either directly 
or after reflections from surfaces 1 and 2, can 
now be written as the sum of the expressions 


(8), (12), (13), and (14). 


x 


Y 
H, r €y Cb ~ 


“3° 
. k pe + 
+ €2€r & Py Ps Faa, Ag, 2h 
0 


nn x 
y os - - J 
mo Cp; [x Py Po 
6} 0 


t Faa,—Aj, 2k+1 


© 
- & pk pk Faa,-A;, 2x] 
0 Z 
The summation of radiation originating at 
black surfaces has to be extended over all n black 
surfaces. The net local heat loss per unit area at 
the element dA, finally can be expressed as the 
difference of the amount of radiation emitted 
by the surface and the amount absorbed by it. 


4, = en — 4 Fy. (16) 


The heat loss at any location of the reflecting 
surfaces can be calculated with equations (15) 
and (16) as soon as the various angle factors 
involved are known. 

The overall net heat loss O from surface | can 
be found from an equation similar to (16), with 
the modifications that the right side is multiplied 
by A, and the angle factors F.4,;—4;, Fa,—a,, 
are used in evaluating H. This same result can be 
obtained by integrating the local heat loss g over 
the area A). 


etc., 


Determination of angle factors 
The angle factor for direct 
dFas,-dAy, 9 IS given by the equation 


interchange 


n COS By COS 35 
dFa,A—dAs, 0 , dA, 


7S” 


(17) 


in which f denotes the angle between the line 
connecting the two area elements and the 
respective surface normal. s is the distance 
between the two surface elements. The angle 
factor Fa4,—4s, 9 1S obtained by an integration 
over the surface 2. 
’ cos B, cos fy 

As, —~dA,. (18) 


5) 
9 7S” 


Faa, 


The angles f and the distance s have, of course, 
to be considered as functions of the location of 
dA,. 
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The angle factor Fz.4,—4,, 2 is obtained by the 


following method, which is based on standard 
procedures in optics (see Fig. 2a). Consider the 
emitting area 2 as object and the planes | and 2 
as mirrors. Mirror | creates an image 2, (Fig. 2a) 


2) 


Fic. 2(a). Diagram illustrating angle factors 
I 141 —A2a,0 Fy 11 Aa, 2 Cle. 

of area 2. In turn, this first image 2, is reflected 
in mirror 2, creating image 2,. The angle factor 
F444, Ag, 2 is then identical with the angle factor 
between the area 2, and the element dA, for 
direct radiative interchange. It can be obtained 
from equation (18) when the area element dA, is 
located on the second image 2, and when the 
angle §, and the distance s are interpreted 
accordingly. Two more reflections on the mirrors 
1 and 2 create a fourth image and the angle 
factor Fa4,—4,, 4 1S again identical with the 
angle factor for direct radiative interchange 
between the image 2, and the area element 
dA). 

The angle factors Fa 4,—4,. 1. FaA,—Aj, 3» aNd so 
on, are in the same way obtained by determina- 
tion of the images 1,, 1, and so on. Fig. 2(b) indi- 
cates the construction of these images. 
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\ 
\ ™‘%, \ —- —Fan.-a,,1 


\ \ 
\ 
i AN 
dA, ~ | 
Fic. 2(b). Diagram illustrating angle factors 
Faay 11,1 etc. 


The angle factors Fa4,-a4,, of any black 
surface are finally determined in the same way 
by constructing the images of the surface / in the 
mirrors | and 2. 

In certain cases, the construction procedure as 
discussed above has to be modified to account 
for the fact that the participating areas may be 
too small to reflect the full images. Fig. 3 


Fic. 3. Diagram illustrating partial use of images. 
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illustrates this point. Only that part of the image 
2, between the rays a and + has to be used to 
determine the angle factor. Generally, that part 
of an image has to be considered from which the 
rays drawn towards the centre of dA, intersect 


area 2. 


ILLUSTRATIVE RESULTS 
It is useful to numerically illustrate the general 
method and, additionally, to make comparisons 
with results for diffusely reflecting surfaces. The 
particular situations treated below were selected 
on the basis of available exact solutions for 
gray, diffuse surfaces. 


Two parallel plates of equal temperature 


The sketch in Fig. 4 indicates two plates of 


width L arranged at a distance h. In the direction 











$2| >: 
—ere 





Fic. 4. Parallel plate system. 


normal to the plane of drawing, the plates are 
taken to be infinite in extent. It will be assumed 
that the two plates are made of the same material 
so that they have equal radiation properties and 
that they are kept at the same temperature 
(€, €5 €, Py Ps Ps ay Os a, 
C4) = Cng = @, = oT"). The surroundings of the 
plates may be at a temperature of absolute zero 
so that no radiation enters the space between the 
two plates from the outside. The same condition 
for radiative exchange holds when the two plates 
are connected at their rim by two black surfaces 
at absolute zero temperature. Later on, the 
results will be generalized to account for a black 
surrounding at arbitrary temperature. The angle 
factor for an area element dA located at a 
distance x from the rim of plate | is, according 
to Ref. 3, p. 401, 


F, = sin g, + sin qs). (19) 
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The angles y, and q, can be expressed by the 
length dimensions to obtain 


Xx ¥ Xx 


F, =} (20) 


U 


\ (x? t hh?) \ iL x) t jy?) 


It is not necessary to differentiate between 
radiation originating at surface 1 or 2 since 
both are at the same temperature. Accordingly, 
only one subscript is used for the angle factors 
to indicate the number of reflections. For 4 
reflections, the image is located at a distance 
(k + 1) h. The angle factor for this image is 


- (21) 

2 fp2 
The total flux H arriving at a unit surface area 
at the location of dA is obtained from equation 
(15) which simplifies to the following expression 
if use is made of the fact that the two emissivities 
and emissive powers are equal, that e,,; is equal 
to zero, and that no differentiation has to be 
made between the two types of angle factors in 

this equation. 
H ee, & p* F,. (22) 
0 

The relation (16) then determines the heat loss 
of the surface at location dA with the expression 
(22) for the incident flux H and the relation (21) 
for the angle factors. The following equation is 
obtained when, in addition, dimensionless 
parameters are introduced to characterize the 

length dimensions: ¥ = x/L, y = h/L 


Vv idl 


The total heat loss of each one of the two 
plates is obtained in the same way by introducing 
the following relation for the average angle 
factor between two parallel plates 


V {1+ (kK + 1)*y 
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into (22) and (16). The following 


relation is obtained in this way 


equations 


OL 
eo]? 


(25) 


(k+1 by]. 


The infinite series in equations (23) and (25) 
have been evaluated on an electronic computer, 
type Remington—Rand 1103. The local heat loss 
on any of the parallel plates, made dimensionless 


by the energy emitted from the surface, is 
plotted in Figs. 5 and 6 over the dimensionless 
distance from the plate rim. The first of these 
is for a wide spacing, h/L = 1, while the second 
is for a close spacing, /)/L = 0-05. Curves are 
presented for emissivities 0-1, 0-5, and 0-9 as 
dashed lines, and the heat losses encountered by 
diffusely reflecting plates are also shown for 
comparison purposes as full lines. This last 
information was taken from the analysis 
published in Ref. 4. 

The curves in Fig. 5 indicate that the heat loss 
of parallel plates is larger when the plates reflect 
diffusely. This can be explained by the fact that 


Local heat flux results for parallel plate system with y Aj 1-0. 


at each diffuse reflection the impinging ray is 
distributed in all directions and that by this 
process, in the average, the radiative flux has a 
better chance to escape through the opening 
between the plates. Additionally, the level of the 
curves increases with decreasing « (increasing 
reflectivity), since radiative energy escapes not 
only as direct radiation, but also in the subse- 
quent reflections. This increase in the heat loss 
in either reflection process is very slight for 
« = 0-9, as can be recognized by a comparison 
of the pertinent curves of Fig. 5 with the heat 
loss results for black surfaces (« = 1). A simple 
calculation determines the heat loss parameter of 
black plates as 0-646 for X¥ = 0 and as 0-552 for 
X = 4. 

Figure 6 presents, in the same way, the results 
for a close spacing of the plates (//L = 0-05). It 
can be seen that near the rim of the plates the 
relative position of the curves for specular and 
for diffuse reflection is the same as for the wider 
spacing of Fig. 5. In the inner part, however, the 
trend reverses and the heat loss of the plates with 
specular reflection is larger than the heat loss 
of the diffusely reflecting plates. This may be 
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Fic. 6. Local heat flux results for parallel plate system with ; 


explained by the fact that radiation originating 
at the inner part of the plates escapes through 
the opening between the plates in general 
only after a larger number of reflections. The 
number of reflections, however, will, in an 
average, be smaller if the plates reflect specularly. 
it is again found that the curves for « — 0-9 are 
located only slightly above the curve for « I. 
so that for this emissivity. reflections contribute 
degree to the heat 


only to a very small loss 


parameter 
The total heat loss from the surface of any 


plate has also been calculated from equation (25) 


and is presented in Table !(a). The average heat 
flux Q/L per unit area and unit time has been 
divided by the energy fl 
a black surface at the plate temperature 7. It is 


to be noted that the tabulated parameter has 


D 


ux leaving a unit area of 


not been normalized by « as were the ordinates 
of Figs. 5 and 6. Values for four plate spacings 
and for three emissivities have been entered for 
specular reflection as well as for diffuse reflection. 
Two sets of values for diffuse reflection were 
available from Ref. 4. One 
presents the solutions of an integral equation 
describing the energy exchange process exactly 
The values 
simplified 

variation of the reflected radiative flux and 


group oT 


series of results 


which 


second 


analysis neglects the 


places in this way the integral equation by 

algebraic one. According to the specific definitio1 
of the heat loss parameter, the values of 

parameter decrease with decreasing emissi\ 
as contrasted to the behavior of the pai 
5 and 6. The differe 
and diffuse 


presented in Figs. 
between specular reflection 
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Table 1. Overall heat loss, (Q/L)/(eT*) 


€ 0-1 
Ajl - - 
Specular a. — Specular 
isa va exact. simpl. . me 
1-0 0-08826 0-:09338 0:09340 0-3503 
0:5 0:07948 0-08576 0-08607 0-2622 
0-1 0:04735 0-0442 0-:05122 0-08575 


0-05 0-03220 0-0252 0:03388 0-04631 


(a) Parallel plate system (Fig. 4) 


€ 0-5 € 0-9 
Diff. en ee Diff. Diff. 
exact. simp! 1 aeanaunel exact. simp. 


0-3692 0:3694 0:5439 0-5500 0-5500 
0:2747 0:2764 0-3632 0-3658 0-3664 


(b) Adjoint plate system (Fig. 7) 


€ 0-1 
SEES Diff. i 
emo exact. simpl. a 
135 0-0992 0-:0992 0:0992 0-481 
90 0-0971 0-0958 0-0960 0-427 
60 0:0938 0-0899 0-0909 0-358 
45 0-:0906 0-0838 0-0861 0-304 


largest for a close spacing and for a small 
emissivity. For //L = 0-05 and « = 0-1, the heat 
loss of the specularly reflecting surface is larger 
by 28 per cent than the exactly calculated value 
for diffuse reflection. For this case, the error 
which is made by the use of the simplified 
analysis for diffuse reflection is even larger than 
the difference between specular and diffuse 
reflection. 

The information in Figs. 5 and 6 and in 
Table | can immediately be used to determine 
the heat loss from parallel plates for the situa- 
tion that they are in energy exchange by radia- 
tion with a black environment at a temperature 
T,. The only change which has to be made in 
equations (23) and (25) as well as in the figures 
and table is that the term o7* in the denominator 
has to be replaced by o(74— 7!). This is 
immediately evident from the fact that radiation 
entering from the environment consists of rays 
which experience exactly the same fate as rays 
starting from the plate surfaces and traveling 
to the environment. One can also consider the 
situation that the environment and the plates are 


0:07964 0-08677 0-09393 0:09269 0:09402 

0-04128 0:04649 0-04848 0:04751 0:04848 

€ 0-5 € 0-9 
Diff. Me a | Diff. 
exact. simpl. —— exact. simp. 
0-480 0-480 0-838 0-838 0-838 
0-412 0-414 0-663 0-655 0-656 
0-327 0-33: 0-484 0-472 0-474 
0-268 0-277 0-376 0-365 0-367 


at the same temperature. In this case the geo- 
metry corresponds to an isothermal, closed 
“hohlraum” and no net heat flux can exist in 
such an enclosure according to the second law 
of thermodynamics. 


Two plates forming a groove 
Figure 7 indicates two plates of width L 
arranged in such a way that they form a groove 
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Fic. 7. Adjoint plate system. 


with an opening angle @. It will again be assumed 
that the plates have infinite length normal to the 
plane of drawing, and also, to provide compari- 
sons with available diffuse results, that both 
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plates have equal and uniform temperatures. 
The angle factor under which an area element 
dA, sees the opposite plate is 


Faa, (26) 


x/L and @ 


As 4(1 + sin @) 
or expressed in the parameters XY 
Faa,—Ag 


cos @ : 


7 = > (27) 
-2Xcos@+ X?) 


A/C 


The situation in the present arrangement is 
different from the one in the previous section 
insofar that, after a finite number of reflections, 
an image is formed whose enveloping ray bundle 
as seen from dA, does not intersect the opposite 
surface. For an included angle of 90°, for 
instance, the image generated by the first reflec- 
tion is already subject to this condition. Corres- 
pondingly, the heat flux g is described by the 
following equation which contains only the 
angle factor for direct radiative interchange 


BETWEEN SURFACES 5] 


For an included angle of 45°, the enveloping 
ray bundles drawn from dA, to the first and the 
second images 1, and 2, intersect the opposite 
plate. However, the enveloping ray bundles 
drawn from dA, to further images do not 
intersect A,. Hence, the local heat loss qg per 
unit area is described by an equation which 
contains three angle factors including the one 
for direct interchange as well as for the first 
image, which is a plate inclined under an angle 
6 = 90°, and for the second image, which is a 
plate inclined under 6 = 135 


q 


— (29) 
eol4 


al Fy; pF 9° + p*Fi35°). 
The angle factors in equations (28) and (29) are 
obtained from equation (27) when the proper 
angle @ is inserted. 

The results of the calculation are presented in 
Figs. 8 and 9, respectively, for 90° and 45 
opening angles. The heat loss parameter has been 
calculated for emissivity values 0-1, 0-5, and 
0-9. The dashed curves indicate the heat losses 
for specular reflection, and the corresponding 
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losses for diffuse reflection have again been 
entered as full lines for comparison purposes. 
[These values have been taken from the analysis 
in Ref. 4. For both opening angles, the heat loss 
yf plates with specular refiection is larger than 
the heat loss of diffusely reflecting surfaces. This 
is explained by the fact that the angular arrange- 
ment of the plates makes it easy for specularly 


radiation t scape through the 


contains the average heat loss 


of the surfaces per unit area, divided by the 


energy emitted from a black surface at the 
specific temperature 7. It should be noted that 
this parameter is not normalized by e€ as were 
the ordinates of the figures. The results of 
calculations for four angles and for three 
emissivity values are presented. Results from 
Ref. 4 for diffuse reflection are also entered 
The two columns for diffuse reflection 

the results obtained by the solution of the 
equation and those from the simplified met 

The heat loss parameter in this table compares 


1 


the actual heat loss with the energy emitted by a 
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black surface, and it consequently decreases with 
decreasing emissivity values. The differences 
between specular and diffuse reflection are found 
to be largest for a small opening angle and for a 
low emissivity. The difference between the exact 
solution for diffuse reflection and the solution 
for specular reflection is 8 per cent for 6 = 45 
and « = 0-1. Because the 45° angle is still a 
relatively open configuration, this difference is 
considerably smaller than the differences existing 
for concentric cylinders or spheres and also 
smaller than the differences between the closely 
spaced parallel plates. 


ACTUAL DIRECTIONAL DISTRIBUTION OF 
REFLECTED RADIATION 
Figures 10 and 11 present the angular distribu- 
tion of reflected radiation for a few solid 
surfaces taken from Ref. 3. The curves have been 











Fic. 10. Directional distribution of reflected radia- 

tion (black incident energy): a—aluminum paint; 

h—iron, scraped; c—black iron; d—copper oxide. 

measured reflectivity, reflectivity of a 

perfectly diffuse white surface. (From Ref. 3, Fig. 
13-13). 


obtained by directing a bundle of radiant 
energy with nearly normal incidence and with an 
towards the surface. The 


opening angle of 6 
incident radiation came from a black body at the 
temperature 530°F and the reflecting surface 
was kept at atmospheric temperature. It can be 
recognized that the angular distribution of the 
reflected radiation for any of the surfaces is 


neither completely specular nor completely 
diffuse. The figures show that surfaces which 
appear specular to the eye approach more 
closely to specular reflection than to diffuse 
reflection for thermal radiation. But, even 
surfaces which appear diffuse to the eye (e.g. 
clay, scraped iron) may reflect a considerable 











Fic. 11. Directional distribution of reflected radiation 

(black incident energy): e iron; f—clay; 

g—wood. p; measured reflectivity. , re- 

flectivity of a perfectly diffuse white surface. (From 
Ref. 3, Fig. 13-14) 


cast 


portion of thermal radiation in the proximity of 
the specularly reflected ray. The measurements 
reported in Ref. 2 indicate that the distribution 
of reflected radiation depends considerably on 
the angle of incidence. 

A calculation which incorporates the actual 
distribution would be extremely involved and 
would be restricted to the specific surface. For 
this reason it is recommended that the data for 
specular and completely diffuse reflection be used 
to obtain limiting values for the heat loss. It 
is also possible to interpolate between these 
limiting values for a specific surface by assigning 
a certain fraction of the reflected energy to 
specular and the rest to diffuse reflection. 
Distribution curves like the ones presented in 
Figs. 10 and 11 may be used to make an estimate 
on these fractions. 
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Abstract—Schuh’s [1] theory of steady laminar flow above a line heat source in a fluid with P» 0-7 
is extended to fluids such as heavy oils. The solution is valid for all fluids of high Prandtl number, 
regardless of whether the viscosity is temperature-dependent or not. 


Résumé—Le théorie de Schuh de l’écoulement laminaire permanent, au-dessus d’une source de 

chaleur linéaire, dans un fluide dont Pr = 0,7, a été étendue aux fluides tels que les huiles lourdes 

La solution est valable pour tous les fluides 4 grand nombre de Prandtl, que leur viscosité varie ou 
non avec la température. 


Zusammenfassung—Die Theorie von Schuh der stationaren Laminarstr6mung uber einer linien- 

formigen Warmequelle in einer Flissigkeit mit Pr = 0,7 wird auf andere Fliissigkeiten wie Schwerd6le 

erweitert. Die Lésung gilt fiir alle Fliissigkeiten hoher Prandtlzahl, gleichgiiltig ob ihre Viskositat 
temperaturabhangig ist oder nicht. 


Annotranna—lITpisonmenne Teopnu MHlaxa 1 06 yeranopupulemMcAa JaMMHAapHOM TOTOKe Hay 

JMHeiHEIM HCTOWHMKOM Tella B ARUTKOCTH C Pr = 0,7 pacnpocrpanAercaA Ha Take *KUAKOCTH 

Kak TAKeTbIe Maca. STO pelleHe CiIpabeIMBO JWI BCeX *AUAKOCTell C OO1bUTMMM 4CraMi 
I[panATaAa HesaBNCUMO OT TOPO, 3aBICHT JIM BA3KOCTh OT TEMMepaTYpbI 


NOTATION fluid velocity in horizontal direction: 


specific heat of the fluid at constant 
pressure; 

s/AV5y 5x3/5: 

gravitational acceleration: 

thermal conductivity of fluid; 


m'(x) vertical mass flux per unit length; 


Pr « 


Copfto/ko, Prandtl number in the un- 
disturbed fluid; 

rate of heat transfer from unit length of 
source; 

fluid temperature; 

fluid velocity in vertical direction; 


* Professor of Heat Transfer. 
+ Present address—Rocket Propulsion Establishment, 
Westcott, Near Aylesbury, Bucks., England. 


vertical height above the heat source; 
horizontal distance from the plane of 
symmetry; 
volumetric thermal expansion coefficient; 
a small number; 
Al5/x2/5 [¥ o/p a+ dy; 
(t — tao)gBx*>/v2 AM; 
q gp Capal 7 
dynamic viscosity of the fluid; 
kinematic viscosity of the fluid: 
iter" 
fluid density; 
(7 tao); 
stream function; 


f'/f o- 
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Subscripts 

0 in the central plane; 

/ in the undisturbed fluid: 

(0). (1). (2)... . zeroth, first. second, ... 


mations 


approxi- 


1. INTRODUCTION 

1.1 The problem 

HrAvy oil stored in a tank is sometimes heated 
by horizontal steam pipes placed near the tank 
floor. When calculating the temperature distribu- 
tion which will be found in the tank after heating 
has continued for a given time, it is important 
to know how much oil is convected upwards in 


ihe plume of heated fluid which forms itself 


above the pipe. 

The present paper provides a theory for the 
steady laminar flow.in a plume above a long 
horizontal heat source in a large tank of stagnant 
oil. Although this system is idealized, as com- 
pared with tanks of finite size containing several 
heating pipes and with slowly changing bulk 
temperature, it is thought that the analysis may 
form a first step towards predicting what happens 


n practice. 


2 Previous work on the subject 

Schuh [1] has developed a theory for the 
laminar buoyant flow above a two-dimensional 
heat source in a fluid of Prandtl number equal to 
0-7. Since oils have Prandtl numbers which are 
very much greater than unity, we shall rework 
Schuh’s problem for the case of infinite Prandtl 
number. 


In Schuh’s work the transport properties of 


the fluid were taken to be uniform. Since oils 
have which depend steeply upon 
temperature, we shall take account of this 
dependence. It will be shown that this involves 
trivial difficulty when the Prandtl number is 
large 


viscosities 


3 Outline of main result 

The main result of the analysis is given in 
equation (19) below: this shows that the upward 
mass flow rate per unit length is proportional to 
the one-fifth power of the heat flux per unit 
length, the three-fifths power of the distance 
above the heat source, and the two-fifths power 
of the bulk viscosity of the oil. 


2. MATHEMATICAL ANALYSIS 
2.1 Equations and boundary conditions 
The velocity and temperature distributions in 
the fluid are described by the following equa- 
tions: 


Mass continuity 


(pu), (pv), 


Vomentum 


puu , puu 


Energ) 


pu(crT) pu(cT), (kr,,),. (3) 


Dimensional analysis indicates that the vari- 
ables are related by: 


px 


ev 


Equations (1), (2) and (3) are transformed by 
equations (4) into the following ordinary differ- 
ential equations, which are identical to Schuh’s 
[1] equations for the case of constant properties: 


sf’ 


pH re i 
“~ | 
P apt « 





pk 
ae 
p ok oo | 


where the prime denotes differentiation with 
respect to », and other notation is given in 
section 5 below. 

The boundary conditions may be expressed as: 


(7) 
and, in addition, 


fo f'@dn = 3. (8) 


The differential equations involve the usual 
boundary-layer assumptions. In addition it is 
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supposed that there is no influence of the force 
exerted on the fluid at the heat source. These 
assumptions are probably fulfilled in practice at a 
height which is sufficiently far above the steam 


pipe: they are responsible for the reduction of 


the partial differential equations to ordinary 
ones, i.e. for the existence of “similar” velocity 
and temperature profiles. Equation (8) equates 
the enthalpy flux through any horizontal plane 
to the rate of energy release from the heat source. 


2.2 Equations and boundary conditions for large 
Prandtl number 

The following argument shows that a solution 
to equations (5) and (6) may be obtained with 
little difficulty for the case of large Prandtl 
number. 

Step (i). When the Prandtl number is high, the 
thermal boundary layer is much thinner than the 
velocity layer. (This fact, which is familiar from 
other boundary-layer studies, is proved a 
posteriori in section 2.3.) 

Step (ii). Since the vertical velocity in the thin 
thermal layer is approximately uniform in a 
horizontal plane, we can write: 

i 


er 


nS (9) 


We assume that c, p, A are substantially in- 
variant with temperature for oils, since it is the 
rapid variation in viscosity with temperature 
which is of major concern (u« ~ f° approx.). 
Equation (6) now assumes the asymptotic form: 


oo *Pr ofy [nO] 0. (10) 


Step (iii). A further consequence of Step (i) 
is that 6 can be taken to be equal to zero in the 
region surrounding the thermal boundary layer, 
7 ~> e, where € 1s a small quantity. Equation (5) 
can therefore be re-written as: 


(11) 


if’ —if2=0. (12) 


Step (iv). The boundary conditions for (11) 
and (12) become: 
n i f = 0 


i 13 
eae £ (19) 


FLOW 
- (14) 


Conclusion. Our problem is thus reduced to 
the solutions of: equation (10) subject to the 
conditions (7) and (8), in the domain 0 ~~ 7 €; 
equation (11) subject to the conditions (13) in 
the same domain; and equation (12) subject to 
the conditions (14) in the domain 7 e. Only 
the last equation has to be solved numerically as 
will now be seen. 


2.3 Solution of the differential equations 
Equation (10) and its appropriate conditions 
are readily seen to be solved by: 


3Pr x 3Pr 


. 15) 
1Oxf , \ 


). exp | 


Were it not that f; is an as yet undetermined 
number, equation (15) would completely de- 
scribe the temperature distribution in the plume. 
It should be noted that the equation confirms that 
6 falls off rapidly with » when Pr is large. 
Correspondingly, the maximum value of @., 
which occurs when 7 = 0, increases as the square 
root of Prandtl number. 

Equation (11). By integrating with respect to 
7. We obtain: 


€ 


: AU f° 


(lla) 


Introducing the boundary conditions (13) and 
the integral condition (8), and noting that « is 
a small quantity, we see that equation (lla) 
reduces to: 


(16) 


fi f'’ +4=0. 


This result is independent of the mode of varia- 
tion of viscosity with temperature. 

Equation (12). Equation (16) can be used to 
displace f’’ from the conditions on equation (12), 
which can now be regarded as defining an 
eigenvalue problem, /, being the quantity to be 
determined. 

The procedure for solution of this problem is 
indicated in the Appendix; the equation has been 
solved by an iterative quadrature method after 
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the manner of Crocco [2]. For present purposes 
it suffices to note the result: 


f) = 0-9335. 


(17) 
Also calculated was fx, which took the value: 


f' dy 


J0 


1-346. (18) 


The variation of f’ with » corresponding to the 
solution is shown in Fig. 1 as the curve marked: 

















Non-dimensional velocity distributions 
heated line source in laminar steady flow. 


3. DISCUSSION 
.1 Interpretation of the result 
Equation (18), when translated into physical 
juantities, signifies: 
m'(a 2{ 


pu dy = 2°69[q'gB8 p22 x?/cx)*/*. (19) 


hus the mass flow rate in the plume increases 
in accordance with the one-fifth power of the 
heating rate, the two-fifths power of the viscosity 
in the bulk of the fluid, and the three-fifths power 
of the distance above the heat source. 


Neither the thermal conductivity nor the tem- 
perature-dependence of the viscosity have any 
influence on this result, the reason being that, 
when the Prandtl number is large, the region of 
non-uniform temperature is very thin and is 
moreover concentrated in a region of small shear 
stress. 

Equation (17) correspondingly signifies that 
the upward velocity of fluid at the symmetry plane 
of the plume, uo, is given by: 


Uo 0-934 [g'gp Ce P 5. [x p a oe L ls - (20) 


This equation implies that the peak velocity 
in the plume increases with the one-fifth power 
of the height above the source, and with the 
two-fifths power of the strength of the heat 
source. 

Equations (15) and (17), taken together, signify 
that the greatest temperature at any level in the 
plume is given by: 


q 4/5 [C cop o/k 0}! 3 
‘col —[gBp2u2]¥ox3> 


to = 0-32 (21) 

Hence we conclude that the maximum tem- 
perature in the plume falls off as the minus three- 
fifths power of the height; it is increased slightly 
(as the one-tenth power) by an increase in vis- 
cosity, but reduced by an increase in thermal 
conductivity. 

It might be noted that the present theory is 
most easily checked experimentally by way of a 
measurement of the peak temperature in the 
plume. 

Comparison with Schul’s [\] result for 
Pr = 0-7 

Figure 1 also contains, as a curve marked 
Pr 0-7, the result obtained by Schuh [1] for 
uniform transport properties. It is seen that the 
finite Prandtl number results in only modest 
changes in the f ‘(y) curve, which now exhibits a 
rounded peak because the buoyancy forces now 
operate over a region of finite thickness. 

It may be mentioned that Schuh found that the 
constant in the equation for (f fx) was 0-37, 
instead of the 0-32 indicated above. This results, 
no doubt, from the fact that for Pr 0-7 the 
average velocity of the heated fluid is less than 
the maximum velocity in the plume, instead of 
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being nearly equal to it as when the Prandtl 
number is very large. 
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APPENDIX 
Procedure for solving equation (7) by iterative 
quadrature 
The problem to be solved is the determination 
of f,, and f~ from the solution to the equation: 


I +2” (A.1) 


with the boundary conditions: 


if’*=0 


| 
2h o 

(A.2) 

We introduce a transformation similar to that 
of Crocco [2]: 

(A.3) 

(A.4) 

Equation (A.1) then reduces to the first-order 

form: 

_dé 


E QO  (A.5) 
dy 
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while the boundary conditions reduce to: 


Equation (A.5) can be integrated formally to 
yield, after substitution of equation (A.7): 
,e oa : 
~ dx dx + 75 x*. (A.8) 

x$ 
Now equation (A.8) can be used as an iteration 
formula for the determination of &(,). The 
zero’th approximation £,», is obtained by 
neglecting the quadrature expression entirely. 


Thus: 
(A.9) 


Eo) (+5 X ry .. 
The first approximation &,) is obtained by 
substituting & 9, for € in the quadrature of 
(A.8). Thus: 


~ 


| x}? dy dx 


S x’ . x* 


(A.10) 


which is a better approximation. 

Further approximations involve numerical 
work. We here merely tabulate the resulting 
values for €* at y = 1, so that the rapidity of 
convergence can be seen. (See Table 1.) 

The fifth approximation was regarded as 
sufficiently exact for our purposes. 


Table | 


Approxima- 


tion Zero’th First 
&* at x 33 0-293 
Ps 7 0-969 


Second 


0-334 
0-944 


Third Fourth Fifth 


0-346 0-3526 
0-937 


0-93356 
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Abstract—The effect of vibration on heat transfer from a horizontal copper cylinder, 0-344 in. in 
diameter and 6 in. long, was investigated. The cylinder was placed normal to an air stream and was 
sinusoidally vibrated in a direction perpendicular to the direction of the air stream. The flow velocity 
varied from 19 ft/s to 92 ft/s; the double amplitude of vibration from 0-75 cm to 3:2 cm, and 
the frequency of vibration from 200 to 2800 cycles/min. A transient technique was used to determine 
the heat transfer coefficients. The experimental data in the absence of vibration is expressed by 


Ny 0:226 Nr,”® in the range 2500 Nr, 15 000. 


By imposing vibrational velocities as high as 20 per cent of the flow velocity, no appreciable change 
n the heat transfer coefficient was observed. An analysis using the resultant of the vibration and the flow 
velocity explains the observed phenomenon. 

Résumé—Leffet des vibrations sur la transmission de chaleur a été étudié sur un tube de cuivre de 
0.344 in. de diamétre et 6 in. de long. Le cylindre, placé normalement au courant d’air était animé 
{une vibration sinusoidale perpendiculaire a l’écoulement. La vitesse de l’écoulement variait de 


19 ft's a 92 ft/s, Vamplitude des vibrations de 0,75 cm a 3,2 cm et la fréquence de 200 a 2800 cycles/mn. 
Une technique de mesure transitoire a été utilisée pour déterminer les coefficients de transmission de 
chaleur. En l'absence de vibration, les données expérimentales s‘expriment par 

Nx 0,226 Nr,®® pour 2500 N; 15 000. 


1 imposant des vitesses de vibration atteingnant jusqu’a 20°, de la vitesse de '@coulement aucune 
\dification des coefficients de transmission de chaleur n’a été observée. Une étude utilisant la 
résultante de la vibration et de la vitesse de l’écoulement explique le phénoméne observe. 


Zusammenfassung—Der Einfluss von Schwingungen auf den Warmeiibergang wurde an einem waage- 

rechten Kupferzylinder von 0,875 cm Durchmesser und 15,2 cm Lange untersucht. Der Zylinder 

irde quer zum Luftstrom angebracht und senkrecht zur Anstrémrichtung in sinusférmige 

vingungen versetzt. Die Stromungsgeschwindigkeit reichte von 5.8 m/s bis 28 m/s; die Doppel- 

nplitude der Schwingungen von 0,75 bis 3,2 cm und die Frequenz von 200 bis 2800 Schwingungen 

Die Warmeibergangszahlen wurden mit Hilfe eines Kurzzeitverfahrens bestimmt. Werden 
Schwingungen aufgebracht, lassen sich die Versuchsergebnisse im Bereich 

2500 < Re 15 000 durch Nu = 0,226 Re®.* 


driicken. Fir Schwingungsgeschwindigkeiten bis 20°, der Anstr6mgeschwindigkeit wurde keine 

nerkliche Veranderung der Warmeubergangszahlen festgestellt. Eine mit Hilfe der Resultierenden 

der Schwingungs- und Anstr6mgeschwindigkeit durchgeftihrte Analyse erklart das beobachtete 
Phanomen. 


I 


AnHOTannaA—IIccueqoBaHoO BIMAHHe BHOpallMn Ha TeNA0OOMeH TOPH3OHTaIbHOTO MejLHOrO 
LIMH Apa {Mametpom 0,344 jiolima uw jumHow 6 WHhiiMoB. InannAp pacnosaraica nepner 
UWIKV.1ApHO K MOTOKY BOSLyXa M BHOpMpoOBad 10 CHHYCOMMaIbHOMY 3aKOHY B HallpaB.leHin, 
NepneHAMKV.AAPHOM MOTOKY BO3sayxXa. CKkopocTbh noTOKa M3MeHALIach OT 19 fo 92 dyToR RB 
1BOHHaA aMILINTYa BHOpalMM M38MeHAAaCbh B HMHTepBate OT 0,75 Wo 3,2 CM., YacToTa 
BuOpanuuu—orT 200 yo 2800 KoneOaHnit B MMHYTY. /Lia onpeqertennaA KoodpuUMeHTOR TeMN.10- 
IMeHa HCNOIb30BaICH HECTAUMOHApHbit MeToy. I[pu oreyTCcTBAN BHOpalHn 9KCHEPHMeHTAaIb 
le laHHble OMMCLIBAWTCA 3ABMCHMOCTbWO 
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The 
paper: 
A 


EFFECT OF VIBRATION ON HEAT TRANSFER 


N Nu 


0,226 Nre®’® B uHTepBase 2500 - 


Nre < 15000 


IIpu ckopocTax BHOpalMn Jake paBHbIX 20 NpoleHTaM CKOPOCTH MOTOKAa, HHKAaKOro 3aMeTHOLO 


H3MeHeHHA KOaPPuMenTa Ten1000MeHa OOHApyKeHo He OnI0. Habofaemoe ABIeHHe MOET 


ObITh OOBACHEHO, @CIN yuecTb pe3y.IbTHPpyrOlly to cKo pocteli BHOpalun HM oWmoTOKAa 


NOMENCLATURE 
following nomenclature is used in this 


Area of the surface of the cylinder, ft?: 
Constant; 
Constant; 
Specific heat at 
Btu/Ib deg F; 
Diameter of the cylinder, ft; 

Amplitude of vibration, ft: 

Frequency of vibration in cycle/min, 
l/min; 

Heat transfer coefficient, Btu/h ft? degF: 
Thermal conductivity, Btu/h ft degF: 
Temperature, “F; 

Ambient temperature, “F; 
Temperature at 7 = 0, “F; 

Arithmetic mean of the temperature at 


constant pressure, 


cylinder axis at beginning and end of 


the cooling process, F; 

(t, + 1,)/2, Film temperature, F: 
Temperature difference, (t — 1), degF: 
Root-mean-square velocity in the direc- 
tion of the air stream, ft/h: 

Flow velocity, ft/h; 

Root-mean-square velocity in the direc- 
tion perpendicular to the air stream, 
ft/h; 

Resultant velocity, ft/h: 

Mass of the cylinder, Ib: 

Amplitude of vibration corresponding 
to a crank rotation of », ft: 

Unit of time, h; 

Yensity, Ib/ft*: 

Viscosity, lb/h ft; 

Crank angle with reference to bottom 
dead centre. radians: 


hD 


Nusselt Number dimensionless: 


DVF p 


i 


Reynolds Number 
dimensionless: 
dimensionless. 


velocities. 


Ratio O 


INTRODUCTION 


Heat convection is the transportation and 
exchange of heat due to the mixing motion of 
different parts of a fluid. Heat exchange by 
convection is promoted by the fluctuating 
motions in turbulent flow. Consequently heat 
transfer is higher in turbulent flow than in 
laminar flow. Vibration of the heat transfer 
surface may bring about the change from laminar 
to turbulent flow and hence result in higher 
heat transfer coefficients. 

Studies in this field can be broadly classified 
into two types—one in which the heat transfer 
surface is vibrated and the other in which the 
flow medium is subjected to pulsation, vibrations 
or agitation. 

Van der Hegge Zijnen [1] reported that the 
heat transfer from a tungsten wire, 0-0005 cm in 
diameter, to a normal air stream, 
when the wire was subjected to vibrations in the 
direction of the air stream. A maximum decrease 
of 4:3 per cent in the heat transfer coefficient 
was observed when the ratio of the root-mean- 
square velocity of vibration to the flow velocity 
was as high as 45 per cent. Anantanarayanan and 
Ramachandran [2] an 
130 per cent in the heat transfer from a vibrating 
0-018 in. in diameter, 
parallel to the wire. 
a vertical plane with 
[he ratio 


decreased 


observed increase of 
horizontal nichrome wire, 
to an air stream flowing 
The wire was vibrated in 
varying values of vibrational velocity 
of the vibrational velocity to the flow velocity 
used in their study varied from 0 to 30 per cent 
Tessin and Jakob [3] while studying the effects 
of starting length on heat transfer from a cylinder 
to a parallel gas stream found that the heat 
transfer coefficients were not appreciably altered 
when the cylinder was subjected to a vibrational 
velocity of about 2 per cent of the flow velocity 
While only the aboy 
been reported on the effects of vibrations on heat 


by forced 


e three investigations have 


convection, studies on the 


transfer 


effect of vibration on heat transfer by free con- 


vection were reported by Martinelli and Boelte 
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[4]. Lemlich [5], Tsui [6], Shine [7], Maxwell [8] 


1 > 
and R 
, 

I 


chards [9]. 

view of the meagre information available 
on the effect of vibration on heat transfer by 
forced convection, an investigation was under- 
taken to study the influence of vibration on heat 
transfer from a horizontal cylinder to a normal 
air stream. The basic vibrational parameters 
affecting the heat transfer are the amplitude and 
frequency of vibration. Previous investigations 
indicate that these three can be combined to give 
the following derived parameters: a vibrational 
velocity proportional to the product of amplitude 
and frequency of vibration, the ratio of the 
vibrational velocity to the flow velocity and the 
amplitude-diameter ratio. Besides the large 
accelerations and decelerations to which the 
heat transfer surface is subjected during the 
vibration, there appear to be other factors which 
decide whether the surface carries the boundary 
layer with it or vibrates in an enclosed fluid 
film. Indeed, the nature of the phenomenon 
associated with the vibration of the heat transfer 
surface is so complicated that a simple correla- 
)r analysis of the mechanism is not possible 


at this 


ution ¢ 


DESCRIPTION OF APPARATUS 
test apparatus consisted of a thermal 
tor” with a high thermal capacity, an 
nent for vibrating the cylinder at 
amplitudes and frequencies, provision 
yntrolled flow of air, and finally instru- 
to determine the temperature-time 
the capacitor during cooling. In 
shown the arrangement of the test 
[he honey-comb and the straightener 
he 8 in. square duct straightened out the 
lischarge from the blower. The duct discharged 
nto atmosphere and the test cylinder was placed 
from the duct. A pitot traverse indicated a 


uniform velocity profile at this section. The air 
velocity was measured with an impact tube made 
of standard dimensions. The velocity head was 
measured with a Meriam manometer, model 
A-750. The impact tube was swung into the plane 
of the test cylinder after each cooling run. This 
prevented the impact tube from disturbing the 
flow field around the cylinder during cooling. As 
the duct was discharging into the atmosphere, 
the impact tube directly gave the velocity head. 
In Fig. 2 is shown the solid copper rod, 6 in. 
long and 0-344 in. diameter, which was used as 
the thermal “capacitor” and which also provided 
the necessary heat transfer surface. The test 
cylinder constructed as shown in Fig. 2 satisfied 
the following conditions: 


(a) The test cylinder made of copper was 
essentially isothermal at every instant of 
cooling. 

(b) The end caps reduced the end leakage of 
heat to a negligible value. 

(c) The radiation effects were reduced by the 

highly polished electroplated surface of 
the test cylinder. 
The test cylinder and its “transite” 
supports were heated simultaneously, 
thus reducing any parasitic heat transfer 
from the supports to the cylinder or vice 
versa, to a negligible value. 


A 40 B and S gauge iron-constantan thermo- 
couple was inserted inside the test cylinder. The 
reference junction of the thermocouple was 
placed upstream of the cylinder. The temperature 
at that station was measured using a mercury-in- 
glass thermometer reading accurately to 0-05°F. 
The copper cylinder with its transite supports 
was held in a yoke support fixed to the recipro- 
cating member of the connecting rod and crank 
mechanism. A heater of a special design was 
used to heat the cylinder when fixed in position. 














Fic. 2. Thermal capacitor. 





Fic. 1. General arrangement of the test apparatus, 








EFFECT OF VIBRATION ON HEAT TRANSFER 


In Fig. 3 is shown the connecting rod and crank 
mechanism which vibrated the cylinder in a 
vertical direction. The large length of the 
connecting rod gave a sensibly sinusoidal motion 


tor drive for 


ve 


the disc crank 


Connecting rod 


Thermocouple 


|| “— Wind tunnel duct 


SSS 
Thermal 
capacitor 


Fic. 3. Connecting rod and crank mechanism. 


during vibration. A General Electric hand 
tachometer was used to measure the speed and 
the double amplitude of vibration was measured 
with a travelling telescope. 

The size of the cylinder was so chosen that the 
cooling curve at the maximum velocity could be 
easily determined using a potentiometer and a 
stop watch. A Leeds and Northrup portable 
precision potentiometer was used along with 
an Anglo-Swiss stop watch for this purpose. 

The transient technique adopted to determine 
the heat transfer coefficients was similar to the 
one suggested first by London et al. [10]. 


EXPERIMENTAL PROCEDURE 


The initial runs were conducted to establish 
the heat transfer data in the absence of vibration. 
The test cylinder was heated by placing the heater 
near it. The blower was started. When the test 
cylinder had reached a temperature greater 
than a pre-set value, the heater was removed and 
the cylinder allowed to cool. One of the stop 
watches was started when the potentiometer 
balance was obtained at the pre-set value as 
indicated by the galvanometer. Immediately 


afterwards, the potentiometer reading was 
reduced by a known amount. When the potenio- 
meter balance was reached at this value, the 
first stop watch was stopped and the second 
started. This procedure was repeated to obtain 
the complete cooling data. The temperature at 
the beginning of the cooling run was in the range 
140° to 220°F. The temperature-time history was 
recorded till the surface reached a temperature 
of 90°F. The potentiometer current was obtained 
from a battery of six cells so as to minimize the 
de-standardization of the calibration during the 
cooling run. Further, the calibration was checked 
and rectified as and when the cooling rate 
permitted. At the conclusion of the test, all the 
non-transient data were recorded. This was re- 
peated at various values of the flow velocity. 
The next set of runs was conducted with the 
cylinder vibrating. Keeping the amplitude of 
vibration and the flow velocity constant, the 
vibrational frequency was varied from 200 to 
2800 cycle/min. This was repeated at the same 
amplitude for different values of flow velocity 
ranging from 19 ft/s to 92 ft/s. Further test data 
were obtained for different amplitudes of vibra- 
tion. The range of parameters covered was 

Flow velocity 19 ft/s to 92 ft/s 
Double amplitude of 

vibration 
Frequency of vibration 


0-75 cm to 3-2 cm 
200 cycle/min to 


2800 cycle/min. 


ANALYSIS OF DATA 
The theory of the transient test technique [10] 
has been well established and will be briefly 
given here. 
Writing the heat balance of the test cylinder at 
any instant of cooling, 


WC, (‘") hA (t (1) 


Putting T 
we, (— 
(> 


Equation (1) holds 
following assumptions 
test cylinder loses all the heat 


hAT. (la) 
when the 
satisfied (a) the 
through its 


good only 


are 
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cylindrical surface only, i.e. no end conduction 
and radiation take place, (b) the test cylinder 
remains isothermal at every instant of cooling. 
Schneider [11] has pointed out that for the 
value of the modulus K/h 6, 10, where 4, is 
a surface radius, the temperature is nearly 
uniform through the cylinder. Under maximum 
heat flow conditions in this investigation, the 
value of the modulus is far in excess of 10, thus 


justifying the assumption that the cylinder is 


isothermal. 

Equation (la) can be integrated only when 
(i) / is independent of t and hence 7: (ii) C, and 
f,, are assumed constants. 

Equation (la) can be written as 

WC, 1dT . 

A T dr \¢) 
Assuming that the chord has the same slope as 
the tangent at the mid-point of the chord, the 
value of (1/7) (d7/dr) can be calculated from 
the temperature-time history. 

Integration of equation (1) with the boundary 
conditions 7=0, T=t)»—%t,; and +r T, 
| t — t,, yields 

f hA 
exp TI. (3) 


i i y <. 


This relation should yield a straight line when 
plotted on a semi-log sheet. Fig. 4 is typical 
plot of a cooling run. Departure from linearity 
would reflect combinations of end leakage, 
variation of / and possibly instrument lag 
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After obtaining /, the Nusselt and Reynolds 
numbers were calculated using the values of the 
physical properties at the film temperature 
ty = (t, + 1,)/2. 

As the length of the connecting rod was large 
the vibration was sensibly sinusoidal. The 
motion of the test cylinder under conditions of 
maximum amplitude is expressed by 


X 
d 


cos & + 0-026 cos 2 w. (4) 


The root-mean-square velocity of vibration was 
calculated from the equation 


V, = 6€0(V27f ad). (5) 


A similar equation was used by Martinelli and 
Boelter [4]. 

The ratio of the vibrational velocity to the flow 
velocity, V,,/ Ve, was then calculated in each case. 


ACCURACY OF INSTRUMENTATION 
The following summarizes the accuracies of 
the various measurements: 


Physical quantity Veasured accurate to 
Temperature difference 0-2 degt 
Time interval O-l s 
Flow velocity 0-6 per cent 
Frequency of vibration 10 cycle min 
Double amplitude of 

vibration 0-002 cm 


In some runs. a fluctuation of about 1-0 per cent 
in the flow velocity was observed. The cumula- 
tive error resulting from these inaccuracies was 
estimated to be 4 per cent. On this basis, the 
maximum error associated with the Nusselt and 
Reynolds numbers was 4 per cent under the 
most adverse conditions. A similar estimation 
indicated an error of 5 per cent in the vibrational 


velocity. 


DISCUSSION OF RESULTS 


The results in the absence of vibration are 


presented in Fig. 5. These can be expressed in the 
form 

Nx 0-226 Np, 6 (6) 
in the range 2500 NV; 15 000. 
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Fic. 5. Test results without vibration. 


McAdams [12] recommends a relationship of 
the form 


Nyy 0:24 Nr, (7) 


in the range 1000 < Np, < 50,000. 

The heat transfer coefficients obtained in this 
investigation are 6 per cent lower than those 
given by equation 7. 

In Figs. 6-8 are shown the results with 
vibration. In Fig. 6 is shown the test data for a 





3x10" I I 


FREQUENCY 

C.PM 
260 
460 
850 
980 
1800 
2000 





SYMBOL 


























a 





NUSSELT NUMBER-N,, 





























2 4 681 


REYNOLDS NUMBER-—N,, 


Fic. 6. Test results for a vibrational double amplitude 
of 1-244 cm. 
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7. Test results for a vibrational frequency of 
990 cycle/min. 


FIG. 


constant amplitude with varying vibrational 
frequency and flow velocities. In Fig. 7 is 
presented test data at constant frequency with 
varying amplitude and flow velocities. In Fig. 8 is 
presented the data of all the sixty-four runs 
conducted with different combinations of flow 
velocity, amplitude and frequency of vibration. 
In each figure the forced convection correlation 
without vibration is also shown to facilitate 
comparison. They indicate that the heat transfer 
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Fic. 8. Test results with vibration. 
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coefficients are not affected under the influence 
of vibrations in the range of parameters investi- 
gated. The root-mean-square velocity of vibra- 
tion was varied from 0-5 ft/s to 4-2 ft/s. 
Further increase was prevented by mechanical 
limitations of the connecting rod and crank 
mechanism. The ratio V/V varied from 0-04 to 
0-20. The trend of the results was the same in 
every run and no other characteristic behaviour 
was observed at the highest amplitude or at the 
highest flow velocity. A few runs were conducted 
wherein the frequency of vibration was varying 
throughout the cooling of the cylinder. Even 
these variations did not have any effect on the 
heat transfer coefficients. 

Van der Hegge Zijnen [1] using the resultant 
of the flow velocity and the vibrational velocity 
found that the heat transfer from a wire sub- 
jected to velocity fluctuations perpendicular and 
parallel to the direction of flow could be ex- 
pressed in the form 


9 


/ | ts 

N -h/(Vr)i 1 — 

Nu a \ I (\, 
(3) 


This was obtained by substituting the resultant 
velocity for the flow velocity in the equation 


Ny, =a + b (Vp). (9) 


u 


Higher power terms were neglected in the 
binomial expansion given in equation (8). His 
experimental results were in good agreement with 
equation (8). 

A similar analysis is made below using 
equation (6) which gives the heat transfer data 
in the absence of vibration. 


Nyy = 0-226 Nr.*® (6) 
Nnu K VS° (10) 


where 
; Dp 0-6 
K 0:226 ' 
be 


On imposing a vibrational velocity 
resultant velocity becomes 


K. SREENIVASAN and A. RAMACHANDRAN 


On substituting this value, equation (10) 
transforms to 


Ny, K (Vi | V 2)03 
V,.\21 93 
K vgs {1+ (;, ) . (12) 
F 


Writing the binomial expansion of the terms in 
the parentheses, we get 


Nv. = K VSS [ + 03 | 7) 


_ ] s 4 ] p 6 
0-105 ( .") + 0-06 {,.") 
Ve Ve 
As the highest value of V,,/Ve is 0-2, the third 
and the succeeding terms can be neglected. Then 
equation (13) reduces to 


Nyy = K VE* [ 03(;;) |. (14) 


Substituting (V,,/Ve) = 0-2 which is the maxi- 
mum used in this investigation, we get 


Ny, = 1-012 K V3 (15) 


thus indicating the improvement in heat transfer 
to be only 1-2 per cent. An increase of 1-2 per 
cent could not be observed with the instrumenta- 
tion used in this investigation. 


CONCLUSIONS 
(1) The forced convection heat transfer from 
a horizontal cylinder to a normal air stream can 
be expressed in the form 
Ny,, = 0-226 Nr,** 
in the range 2500 < Nr, 15 000. 


(2) In the above range of Reynolds number, the 
heat transfer from the cylinder subjected to 
vibration in a direction perpendicular to the 
direction of the air stream remains unaffected 
when the ratio of the root-mean-square velocity 
of vibration to the flow velocity is varied from 
4 to 20 per cent. 

(3) An analysis using the resultant of the vibra- 
tional and the flow velocity indicated that there 
will be no appreciable change in the heat transfer 
coefficients. 
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BOOK REVIEW 


Das Mollier ix Diagram fiir feuchte Luft und seine techni- 
schen Anwendungen. W. HAuss_erR, Hochschule fir 
Maschinenbau, Karl-Marx-Stadt. Verlag von Theodor 
Steinkopf, Dresden u. Leipzig, 1960. 167 pp. 


THE diagrams introduced by Mollier for the representa- 
tion of thermodynamic properties have been of great 
utility in engineering calculations; later workers have 
developed Mollier’s methods and extended their field of 
application. This is particularly the case with the so- 
called ix diagram for moist air, which forms the subject 
of the present book. It is Professor Haussler’s intention 
to show that, apart from some developments of his own, 
the “improvements” made by workers subsequent to 
Mollier have turned out not to be advantageous. 
Chapter 3 contains a review of published diagrams for 
moist air. The authors of presentations differing from that 
of Mollier are dismissed rather patronizingly, a per- 


formance that is made easier by complete omission of 


reference to the valuable contributions of Busemann and 
BoSnjakovic* in this field. Chapter 4 is devoted to the 
author’s extension of the Mollier diagram to pressures 
other than atmospheric. 

The remaining seven chapters contain discussions of: 
state changes, vaporization processes, humidity measure- 
ment, dehumidification, air-conditioning, drying, and 
the compression and expansion of moist air. There are 
twenty-six numerical examples, most of them solved with 
the aid of ix diagrams. More attention is devoted to the 
thermodynamic than the mass-transfer aspects of the 
problem. 


The chapter on vaporization contains an account of 


experimental researches carried out by the author on the 
temperature distribution in the gas and liquid boundary 
layers adjacent to a vaporizing water surface. These lead 
the author to the conclusion that the difference between 

* The entropy-composition diagram of BoSnjakovi¢c 
does get a reference; but even here doubt is cast on its 
accuracy. 


the interface temperature and the bulk-water temperature 
is about one eighth of the difference between the bulk- 
water temperature and the wet-bulb temperature; he 
recommends that this should be taken as valid for other 
circumstances than those of his experiments, in place of 
the “pure guesses” which have had to be used hitherto. 
Apparently he is not aware that very satisfactory methods 
have been long available for calculating the interface 
temperature as a function of the ratio of the conductances 
on the gas and liquid sides. 

The author's method of calculating the gas-side mass- 
transfer conductance is equally primitive: he recommends 
use of a linear function of air velocity alone, and states 
that this has been satisfactorily confirmed experimentally 
in Germany and the Soviet Union. The standard equa- 
tions involving the density and viscosity of the air, and 
the size and shape of the water surface, are entirely 
disregarded. 

Chapter 6 also contains a remarkable discussion of the 
Lewis number (used in the older sense of the conduc- 
tance ratio a/oc,, rather than the more recent sense of a 
diffusivity ratio). Here some of the pioneering work of 
Merkel is described, very much in the tone used (it is 
hoped with more justice) in the present review. According 
to the author, Merkel’s work showed that the Lewis 
number may vary between 1-45 and 4-12; Merkel never- 
theless founded his theory on the brave declaration (‘mit 
der mutigen Aussage’’) that the Lewis number was unity. 
Presumably Professor Haussler has misinterpreted Mer- 
kel’s notation or the description of his data; for the val 
of the Lewis number, and the factors influencing it, re 
now well established; and current understanding of the 
phenomena supports Merkel rather than Haussler. The 
author admits that Merkel’s theory has shown itselr to be 
useful for calculating vaporization processes, but states 
that further investigations are needed “to bring clarity 
into the relationships’. The reviewer agrees, in a sense. 

Nine large-scale diagrams are contained in a pocket at 
the end of the book. These will be useful. 

D. B. SPALDING 
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TURBULENT HEAT TRANSFER IN LIQUID METALS- 
FULLY DEVELOPED PIPE FLOW WITH CONSTANT WALL 
TEMPERATURE 


N. Z. AZER* and B. T. CHAO+ 


*University of Alexandria, UAR (Egypt), and ¢ University of Illinois, Urbana, Illinois 


(Received 11 July 1960, and in revised form 27 January 1961) 


Abstract—This paper is a continuation of the authors’ earlier work on a mechanism of turbulent heat 
transfer in liquid metals [1]. Nusselt number and temperature profile for low Prandtl number fluids 
of constant properties flowing in a smooth pipe with constant wall temperature have been evaluated. 
Use is made of the theoretical expression for the ratio of eddy diffusivities for heat and momentum 
deduced in [1]. For practical calculation of film coefficient of heat transfer, an interpolation formula 
is proposed: 

Ny 5 + 0:05 Np,***> Np,*°77 


which fits the calculated data with a maximum deviation of less than 11 per cent for Np, < 0-1 and 
Np, 15 000. Temperature profiles for several Prandtl and Reynolds numbers were compared with the 
case of constant wall flux. 


Résumé—Cet article est la suite d’un travail précédent des auteurs sur le mécanisme de la transmission 
de chaleur turbulente dans les métaux liquides. Le nombre de Nusselt et le profil des températures sont 
déterminés pour des fluides, 4 propriétés constantes et faible nombre de Prandtl, s’*écoulant dans une 
conduite lisse a température de paroi constante. On a utilisé expression théorique obtenue en [1] pour 
la détermination du rapport des diffusivités turbulentes de la chaleur et de la masse. Pour le calcul 
pratique du coefficient de transmission pariétale de chaleur, une formule d’interpolation est proposée 


Nyu = 5 + 0,05 Np? Np,%77 


dont les résultats different des données calculées de moins de 11°, pour Np O,1 et Ny 15 000 
Les profils de température ont été comparés, pour plusieurs nombres de Prandtl et de Reynolds, avec 
le cas d’un flux de paroi constant. 


Zusammenfassung—Eine friihere Arbeit der Autoren uber den turbulenten Warmeiibergang in fliissigen 
Metallen wird fortgefiihrt. Fir Flissigkeiten konstanter Eigenschaften und kleiner Prandtlzahlen, die 
in glatten Rohren von gleichbleibender Wandtemperatur fliessen, wurden die Nusseltzahlen und die 
Temperaturprofile ermittelt. Von dem in [1] abgeleiteten theoretischen Ausdruck fiir das Verhaltnis 
der Austauschgréssen von Warme und Impuls wird Gebrauch gemacht. Die praktische Berechnung 
der auftretenden Warmeibergangszahlen kann nach der Interpolationsformel 


Nu = 5 + 0,05 Pr°s?5 Pe%77 


erfolgen. Im Bereich Pr 0,1 und Pe 15 000 ist die Maximalabweichung von den errechneten 
Werten geringer als 11 °¢. Fiir verschiedene Prandtl- und Reynoldszahlen wurden die Temperatur- 
profile mit denen bei konstantem Warmefluss an der Wand verglichen. 


Annotanna—Hacioaujan craTbaA ABIAeTCA NMpo_oKeHueM paHHeii paboTH aBTopa no 
HCC1e{OBAHHW MeXaHli9Ma TYpPOY1eHTHOrO NepeHoca Tema B RKUAKUX MeTaaax [1]. Berauccie 
HbI Kputepuiit Hyccerbra u npo@uab, TeMMepaTypbl WIA MOTOKOB C HU38KUM YNCcIOM IITpanyran 
M MOCTOAHHBIMH CBOMCTBAaMH B raayKoii Tpy6e, TemmepaTypa CTeHOK KoTOpoii nocTOAHHA 
licnoab30BaHo TeopeTiIueckKoe BLIPakeHHe, IpuBeenHoe B [1] aA OTHOMeHUA KOsdPuMHe- 
HTOB BUXpeBoll WU@Pyoun Tera MW KONMYeCTBa ABuKeHHA. ITpequomena NHTepnoOTAUMOHHAs 
PopMyla JIA MpakTHMYeCKOro BLIYMCIeCEHUA KOs Pulnenta M1eHOUHOTO TemI000MeHa: 


Nwu = 5 + 0,05 Np,®.*> Np,°.7? 
77 
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KOTO Ppadh COPr.1acveTcCH ¢ 


waa ouncaa N; 0.1 nu Np, 15 000. 


BLIYMCICHHLIMH JlaHHbIMI C 
JlanHo 


11% 
Just 


MaAKCHMa.IBHbIM OTRK.IOHCHHeEM B 


cCpapHeHne mpodusei TemmepaTypbi 


HeCKOIbRUX yncel IpangTia mu Peiinonbyaca co CryyaeM NOCTOAHHOrO NOTOKa OT CTeHKH. 


NOMENCLATURE 
pipe inside diameter, 2r,, (ft): 
surface conductance (Btu/ft® h degF) 
thermal conductivity of fluid (Btu/ft h 
degF): 
heat flux at pipe wall (Btu/ft® h): 
inside radius of pipe (ft): 
axial velocity (ft/h): 
eddy diffusivity for heat transfer (ft?/h): 
eddy diffusivity for momentum transfer 
(ft®/h): 
thermal diffusivity of fluid (ft?/h): 
kinematic viscosity of fluid (ft®/h). 


Dimensionless quantities 
hD 


Vy. Nusselt number. j 
v 


u,,D 


K 


Vp,, Peclet number. Ne, Np 


2 
Prandtl number, 
- 


U) D 


t 


Reynolds number, 


H ; ii se . 
. ratio of eddy diffusivity of heat to 
ev 
momentum. 


Subscripts 
b, bulk; 
c center of pipe: 
wall. 


1. INTRODUCTION 
THE EFFECT of wall thermal conditions on surface 
conductance for fully developed turbulent flow 
in pipes was first reported by Reichardt [2]. 
For fluids whose Prandtl number is comparable 
to, or greater than, that of air, Reichardt found 
only small differences in heat transfer coefficient 
when results for constant wall flux were 


compared with those for constant wall tempera- 
ture. Reichardt’s findings have recently been 
confirmed by Siegel and Sparrow [3]. For fluids 
of low Prandtl number, such as liquid metals, 
Seban and Shimazaki [4] reported that the 
influence of wall-temperature variation was 
significant. In the latter analysis, the eddy 
diffusivity for heat «7; was assumed to be identical 
to the eddy diffusivity for momentum, .¢y,,;. 
However, experimental data indicate that this 
assumption is, in general, not valid [5, 6]. 
Based on a modification of Prandtl’s mixing- 
length hypothesis, the authors [1] obtained an 
expression for the diffusivity ratio a [= (e/€,,)). 
It depends on Npr,. Np, as well as radial location 
across the pipe. The theoretical expression gives 
fair agreement with available experimental 
data. In the following, Seban and Shimazaki’s 
analysis is repeated but without the assumption 
of a being unity. 


2. NUSSELT NUMBER AND TEMPERATURE 
PROFILE 

For fully developed velocity and temperature 
distribution in constant property fluids flowing 
in pipes, with dissipation effects and axial 
conduction neglected, Seban and Shimazaki [4] 
showed that the Nusselt number and temperature 
profile are given respectively by: 


Np 


\ 
NNy (1) 


ui(Z) 
u(1) 
where 


od ¢(Z)dZ 


ui Z ) Np, Z{I 
JoF 


- a(eyz/v) Np,] 


u(“—") zaz. 
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Since the evaluation of ¢ (Z) requires knowledge 
of the very temperature profile being sought, 
Seban and Shimazaki employed an_ iterative 
process in which the temperature profile ob- 
tained by Martinelli [7] for the case of constant 
wall flux was used as the first approximation. 
The ratio (€);/v) was calculated from the universal 
velocity profile suggested by von Karman [8]. 
They expressed their calculated values of Nusselt 
number by an interpolation formula of the 
form: 

Nn, 5-0 + 0-025 Np,*'®. (5) 


In the present analysis, values of « are calcu- 


lated from: 
1+ 135 N,°* exp [— (v/r 
eV | 380 N, 0-58 exp [ (V/i 


which is formulated from Prandtl’s 
length hypothesis but modified for a continuous 
exchange of momentum and energy during the 
flight of the eddy. A detailed exposition is given 
in Ref. 1. Also, for reasons there expounded, 
the ratio (€;;/v) was evaluated directly from the 
velocity profile measurements of Nikuradse. 
In the first iteration, use was made of the 
temperature profile previously calculated for 
wall = flux, given in Ref. 1. 


: 6) 
pi ( 


mixing- 


constant also 


Table 


Sufficient convergence was obtained after two 
iterations. Table | gives the results of computa- 
tion. It is seen that the difference between the 
first and second iteration is small. Corresponding 
values for the constant wall flux case were also 
listed. Invariably, the Nusselt number is smaller 
under the constant wall temperature condition. 
Percentagewise, the difference is larger for 
smaller Prandtl numbers. For the highest Prandtl 
number considered, i.e. Np, = 0-100, the differ- 
ence becomes insignificant at large Reynolds 
numbers. These findings are in accord with those 
reported by Seban and Shimazaki. Fig. | 
compares the results obtained in this analysis 
with those reported in Ref. 4. The lower values 
of Nusselt number predicted are primarily due 
to the abandonment of the assumption that 
eddy diffusivities for heat and momentum are 
identical. While the use of such assumption 
definitely results in higher Nusselt number for 
both the constant flux and constant temperature 
wall condition, their ratio is not appreciably 
affected by variations in a, particularly for low 
Np, fluids. (See last two columns in Table 1.) 
As is also seen from the Table, the Nusselt 
number tends to be insensitive to changes in 
Vr, for vanishingly small Prandtl numbers. It 
ranges only from 5-16 to 5-35 while Np, varies 


1. Calculated values of Nusselt number 


1 (Nw. wan. | 


Seban and 
Shimazaki* 
(a 1) 


Ist 2nd Present 


Iteration Iteration analysis 


0:74 
0:74 
0-75 
0:85 


4-98 5-16 
5-01 5-18 
5-82 6-01 
22-14 


0-75 
0:76 
0-85 
0:95 


5-08 

396 7: 5:48 
3960 14-12 
39600 102-48 


0 5:16 


3240 10-01 
32400 60-49 


* Taken from Fig. 2 in Ref. 4. 
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Fic. 2. Comparison of Seban and Shimazaki’s equation with the present analysis. 
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nearly a hundredfold. It is interesting to note 
that the corresponding value of Nusselt number 
is 7 under constant wall flux condition. If, in 
addition, as Nr, «©, the limiting Nusselt 
number has been found to be 5-88 which is the 
result obtained after three iterations. Under 
conditions of constant wall flux, 


lim Ny,. ; § 
Np, -0 
Ne, » GO, 


Equation (5) asserts that the Nusselt number 
depends solely on Peclet number. The present 
reveals. an _ independent 
For Np, < 0-1 and 


however, 
number effect. 


analysis. 
Prandtl 


Vp, 15 000 which cover the usual range of 


turbulent liquid metal heat transfer encountered 
in practice. the computed data shown in Table | 
could be represented by: 


Nw, 5 + 0-05 Np,*?> Np, 77 (7) 
which gives a maximum deviation of less than 
11 per cent. Fig. 2 compares graphically 
Seban and Shimazaki’s equation (5) with the 
proposed relation (7). 

The difference in temperature profile for 
constant heat flux and constant wall temperature 
is illustrated in Fig. 3(a, b and c). Fora given wall 
to center line temperature difference, the constant 
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Fic. 3(a) Temperature profiles under conditions of 
constant wall flux and constant wall temperature. 
Np, 0-1. 
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Fic. 3(b) Temperature profiles under conditions of 
constant wall flux and constant wall temperature 
Np 0-01 
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FiG. 3(c) Temperature profiles under conditions of 
constant wall flux and constant wall temperature 
Np 0-001. 


heat flux condition yields a steeper temperature 
gradient at wall and thus a higher rate of heat 
transfer. The deviation is most pronounced at 
the smallest Np,. For a given Np,, the deviation 
becomes less at higher Np,. 

Experimental data of heat transfer coefficient 
for fully developed turbulent flow of liquid 
metals in circular tubes under constant wall 
temperature conditions are practically non- 
existent. Gilliland er a/. [9] reported some results 
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for mercury. Heating was done by dropwise 
condensation of steam on the outside of a 
vertical nickel tube, 0-319 in i.d. and 14-4 in 
long, thus approximating constant wall tempera- 
ture condition. The Nusselt number reported 
was not for fully developed conditions but rather 
an overall average. For purpose of comparison, 
a small correction was introduced to take into 


account the finite length to diameter ratio of 


the test section [(L/D)=—45 in Gilliland’s 


experiments] using the theoretical results of 


Deissler [10]. Fig. 4 compares their data so 
modified with the proposed correlation. Should 

















Pe 


FiG. 4. Comparison of re-evaluated experimental 
data due to Gilliland er a/. with the present analysis. 


their raw data be used, the agreement would 
be even better. Shown also is a 
equation (5) due to Seban and Shimazaki. At 
the present time, the authors do not construe 
that the proposed equation (7) gives a better 
correlation than equation (5). More experimental 
data are needed before a definite conclusion 
could be made. 

Heating and cooling coefficients for mercury 
with and without sodium addition have been 
measured by Doody and Younger [11]. Their 
arrangement resulted in a wall condition some- 
where between uniform wall temperature and 
uniform wall flux for some of the test runs. 


plot of 


Others approximated more closely to uniform 
flux condition. Their heat balance indicated 
discrepancies as great as 140 per cent. Bailey 
et al. [12] reported cooling coefficients for 
mercury flowing in 0-437 ini.d. steel tube. At low 
Peclet numbers, their method of cooling re- 
sulted in approximately constant wall tempera- 
ture condition. Unfortunately, the reliability 
of their data was open to question since no 
provision was made for mixing before exit 
temperatures were measured. Similar difficulty 
occurred in Doody and Younger’s experiments. 
For these reasons, no attempt was made to 
compare these data with the theoretical predic- 
tions of equation (7). 


3. FLUID BULK TEMPERATURE 
It would be interesting to compare the fluid 
bulk temperatures under conditions of constant 
wall flux and wall temperature. A 
general expression for the temperature-difference 


constant 


ratio is: 


“) uz az 


i a (3) 

11 UZdZ 
which holds true irrespective of wall conditions. 
The numerator of equation (8) is seen to be 
¢(1). In Ref. 1, it has been demonstrated that 
the value of the integral (7 UZ dZ is insensitive 
to changes in Nr, and could be closely approxi- 
mated by (Z}"*°/2) for Np, ranging from4 « 10° 
to over 3 = 10°. Using this approximation, the 
denominator of equation (8) assumes a constant 
value of 1/2. The results of computation are 
briefly indicated below. Details may be found 
in [13]. 

The temperature-difference ratio, #, defined 
by equation (8) has been found to be invariably 
smaller for the constant wall temperature 
condition when compared to the constant flux 
case. For instance, at Np, 3-96 10°. Np, 
0-001, # is 0-470 and 0-504 respectively for the 
two wall conditions. However, as Np, increases. 
the ratio tends to be equal. As an illustration, 
we may cite that for Np, = 0-1 the corresponding 
ratios are 0-740 and 0-742 at the said Np,. 

Under the condition of constant wall flux, 
Martinelli [7] computed and reported values of 
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? for a = 1. Values of # have also been evaluated 
by Lykoudis and Touloukian [14] using variable 
a. However, unlike the authors’ expression for 
diffusivity ratio, Lykoudis and Touloukian’s 
expression for a shows only Prandtl number 
dependency. The following compares the 
temperature-difference ratios evaluated for 
Nr, = 3-96 x 10°. 


Lykoudis 
Martinelli and 
Touloukian 
Np, 0-1 0-79 0-76 0-742 
Vp, — 0-001 0-60 0-55 0-504 


Present 
analysis 


For very small Np,, # tends to become in- 
sensitive to Reynolds number variation. In the 
limit, as Np, - 0, Vr, 0, [i]. const. 0-5 
and [#],,. = const. 0-446. The former has 
also been reported in Ref. 14. 
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Abstract 


Results of experimental investigations are presented for the wake region behind a plate 


(placed across the flow) in immediate proximity to this plate and at short distances from it. 


Résumé 


Cet article présente les résultats d’expériences faites dans le sillage d’une plaque normale a 


un écoulement, immédiatement derriére la plaque et a une certaine distance. 


Zusammenfassung—Es werden Versuchsergebnisse fiir die von Luft quer angestrémte Platte mitge- 
teilt, und zwar fiir den Bereich unmittelbar dahinter und in einiger Entfernung stromabwarts. 
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NOMENCLATURE 

width of the plate: 
dynamic pressure loss in mm of water 
column; 
flow rate component (along axis x): 
flow temperature in deg C: 

=, co-ordinates; 

x/d, ¥ y/d, relative longitudinal and 
transversal co-ordinates; 
width of the wake; 
dioxide gas volume 
(per cent); 
temperature gauge reading; 
excess temperature in deg C. 


concentration 


Flow parameters 
0, at the wind tunnel inlet; 
m., axis of the wake; 
max, in undisturbed potential flow down- 
stream of the aerodynamic body. 


1. EXPERIMENTAL 
INVESTIGATIONS were carried out in a flat wind 
tunnel. A flow velocity of up to 40 m/s on a 
plate was obtained with this wind tunnel. 

Measurements of the intensity of turbulence 


were carried out by apparatus of the ETAM 


type operating on the principle of an electro- 
thermoanemometer. 

Pickups previously evaluated by a known flow 
velocity were used for determination of pulsation 
values. 

A steel plate 10 mm wide and 1-5 mm thick 
placed across the flow was heated by electric 
current up to a temperature ~500 °C for investi- 
gation of heat transfer in the region of a wake. 
Constant heat supply was ensured at the expense 
of heat transfer between the plate and the flow 
in the region of an aerodynamic wake. 

High air heating in the region of the wake 
could lead to essential change of air density. 
The search for the influence of gas compressi- 
bility on transfer processes in the region of the 
wake was not considered to be a purpose of 
the investigation, therefore heating of air in the 
wake did not exceed 20°C. 

In a flat-parallel flow, gas parameters along a 
plate (along the ordinate z) must preserve a 
constant value. However, intensive heat removal 
from the heated plate into cold lateral fins 
through which the current was supplied, led to 
the fact that flow temperature in the wake 
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gradually decreased from the centre of the tube 
to the periphery and particularly sharply near 
the walls. In order to level the temperature field 
near the plate slots were cut in the bracing 
positions of the lateral fins which decreased 
essentially heat removal through lateral fins 
and temperature constancy was ensured in the 
centre of the tube on rather a greater distance 
along the co-ordinate z, i.e. the flow with all its 
parameters may be considered here to be 
flat-parallel. 

Temperature measurement was made by two 


thermocouples (chromel—copel) the junction of 


which was 0-8 mm in diameter. Thermocouples 
were joined into a block for direct determination 
of the difference between the temperature ¢ at a 
measurement point and that of a running flow 
t, which changed somewhat—by 0-1 °C—while 
testing. Chromel terminals of both thermo- 
couples were joined together and the copel 
terminals were attached to a measuring gal- 
vanometer. One of the thermocouples was 
placed in the running flow, the other at the 
measurement point. Thermocurrents with a 
different direction were reciprocally neutralized. 
In a small temperature range the relation 
between the electromotive force generated in 
the junction, and the temperature may be con- 
sidered to be linear and the same for both 
thermocouples. Therefore, it was assumed that 
the resultant current supplied to the gal- 
vanometer. and indications // were proportional 
to excessive temperature 6 = 1 te 

In all cases with different errors of the indica- 
tor the calibration of the thermocouple block 
showed a linear dependence 6 = k/1. 

Temperature fields were plotted graphically 
for each section (at a fixed distance from the 
plate x = const.) as follows: 6 = &y) where y is 
the distance of the measurement point from the 
axis of the wake. 

Calculation of flow velocity was carried out 
according to measurements, both of total and 
Static pressures and direction streamlines at 
each point where temperature measurements 
were made. 

To measure carbon dioxide gas concentration 
the plate placed in the flow was made with an 
internal hollow. On the rear part of the plate holes 
0-3 mm were drilled in chess-board order. The 


ADMIXTURES 


carbon dioxide gas was supplied through lateral 
tubes from both sides to the internal hollow of 
the plate, and through the holes entered the zone 
of reverse flow motion and was drawn away by 
air currents to the edges of the plate. The rear 
part of the plate (with openings) was pasted with 
a triple layer of tape that decreased the outflow 
velocity of the carbon dioxide gas and reduced 
its deep penetration into the zone of reverse 
currents. 

The carbon dioxide gas was supplied to the 
plate from bulbs with a liquefied industrial gas 
through two reducing valves placed in succes- 
sion. Precise regulation of gas consumption was 
carried out by the second reducing valve. The 
consumption was controlled by the pressure 
drop on a throttle plate and maintained constant 
while testing. Gas concentration remained 
constant in the centre of the wind tunnel over 
rather a wide zone along the co-ordinate 2. 

The removal of gas samples was carried out by 
T-shaped pickups whose receiving part was 
installed in each measuring point along the 
streamline. The air was pumped out by a 
vacuum-pump from an air main between the 
pickup and aspirator, after this the gas sample 
entered the aspirator. The determination of the 
carbon dioxide gas percentage in the sample was 
carried out on the VTI indicator to within 
0-05 per cent. 

Results of concentration measurements as a 
percentage (by volume) of the carbon dioxide 
g were plotted graphically for 
each section as follows: « = «()y). 

Comparison of the fields of total and static 
pressures at plate heating and at supply of the 
carbon dioxide gas to the zone of reverse currents 
with fields of these parameters under conven- 
tional conditions (i.e. without plate heating and 
gas supply through it) showed that in all cases 
the difference did not exceed the precision of 
measurements (1 mm water column), conse- 
quently, neither flow heating, nor the introduc- 
tion of admixtures into it noticeably influenced 
the structure of the turbulent wake behind the 
plate. 


gas in the air, x, 


2. RESULTS OF MEASUREMENTS OF THE 
TURBULENCE INTENSITY 


According to the results of measurements the 
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turbulence intensity of the flow, «, (ratio of a 
velocity component to its averaged 
value) changed considerably both over the 
vidth of the wake and its length. 

Since the change of all the flow parameters 
behind the plate is closely connected with the 
gasodynamic structure of the turbulent wake, it 
S necessary to distinguish the following flow 


] 
nitlcino 
puising 


regions downstream of the plate: 

(a) The region of a potential flow between the 
boundary of the turbulent wake and a boundary 
layer on the wall of the wind tunnel. Turbulent 
pulsations of the flow generated by the plate 
do not penetrate into this region: here total 
pressure remains just the same as in the up- 
stream flow and, consequently, the measured 
losses of the total pressure, /*, remain constant 
to those of /* at the inlet into the 
const.|. In the region 

h* in contrast to that 


t 
and equal 


rf 


vind tunnel |h* = /h* 
“the turbulent wake h* 
f the potential flow. 


(b) The initial portion of the wake where 
boundary layers which left the edges of the plate 


lave not yet managed to close up on the axis of 


Thus, in the initial portion of the 
wake it is necessary, in turn, to distinguish 
between two symmetrical regions of boundary 
layers and a core region of the reverse flow [2]. 
Moreover. because of values of the flow velocity 


the flow. 


in the initial portion, it is necessary to dis- 
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tinguish a region where the velocity component 
along the axis x (an expense component of the 
velocity u) has just the same direction as the 
approaching flow (u > 0) and a zone of reverse 
currents where (u < 0). 

(c) The main portion of the wake behind the 
section where boundary layers close up along the 
axis of the flow as a result of which the change of 
velocity and total pressure in the wake region 
acquires a monotonous character both along the 
axis of the flow and in the direction of y. 

Dealing with a more detailed consideration of 
the wake structure it is also necessary to single 
Out a transient portion in it (between the initial 
and main ones). However, in the present paper 
we are confining ourselves to the description of 
only the qualitative picture of variation of flow 
properties, we shall not, therefore, distinguish 
the transient portion from the main one. 

As measurements showed (Fig. 1), the inten- 
sity of turbulence « was very low ( per cent) 
in the potential flow. Here, its precise value was 
not measured because for measurement of such 
low qualities of ¢« it is necessary to work at 
rather high amplification coefficients, at which 
the apparatus was unsteady. 

In the wake region the intensity of turbulence 
increased sharply, achieving the value of 60—70 
per cent at a short distance from the plate, 1.e. 
pulsations of flow velocity, generated by a 
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Intensity of turbulence in different wake sections behind a plate d 
m/s, < —wUp 


40 mm, 
28 m/s. 





INTENSITY, TEMPERATURE AND CONCENTRATION OF 


streamlined body, approached according to the 
order of magnitude the averaged value of the 
velocity. 

In the initial portion of the wake region the 
intensity of turbulence increased while approach- 
ing the axis of the flow and achieved maximum, 
then it decreased noticeably immediately near 
the axis (in the core of the reverse flow), how- 
ever, still preserving here rather high values 
(40-50 per cent). In all cases the maximum of « 
coincided with a point where u = 0. In the main 
portion of the wake the variation of « acquired a 
monotonous character with a very low maximum 
near the axis. While moving away from the plate, 
the turbulence generated by it attenuated gradu- 
ally but rather slowly (« decreased); and at a con- 
siderable distance from the plate it still differed 
noticeably from the turbulence in a_ potential 
flow. 

In all cases the region of high turbulence 
coincided with the region where total pressure 
decreased in comparison with its value in the 
approaching flow (where h* > h*). 


3. TEMPERATURE AND CONCENTRATION OF 
ADMIXTURES IN THE WAKE REGION 
According to the results of measurements (Fig. 
2), temperature in the whole region of poten- 
tial flow was equal to that of the approaching 
flow (@ = 0), i.e. heat spreading was limited by 
the region of the turbulent wake. From com- 


ADMIXTURES 

parison of fields of temperature and total 
pressure it is seen (Fig. 3) that in all cases the 
region of temperature change coincided rather 
precisely with that of a total pressure change. 
At transition from the region of potential flow 
to that of the wake the flow temperature in- 
creased more sharply the closer the section was 
to the plate i.e. the thinner the boundary layer 

In the initial portion of the wake the tempera- 
ture while approaching the axis of the wake, 
it had achieved maximum, somewhat 
decreased. The temperature maximum 
responded here to the point where u = 0, i.e. tem- 
perature decrease occurred partially in_ the 
region of the boundary layer and partially in 
the region of the reverse flow core. 

Such a character of the temperature change in 
the initial portion of the wake is closely con- 
nected with the existence of the zone of reverse 
currents downstream of the plate. as a result of 
which all the heat washed off by the flow from 
the front and back faces of the plate is carried 
away to its edges and thrown out into the flow 
by streams which leave the edges. In spite of a 
considerable temperature difference between 
heated streams and the approaching flow, 
practically all the heat carried away by the flow 
is distributed only in the boundary layer, since 
the intensity of turbulent exchange is consider- 
ably higher here than in the approaching un- 
disturbed flow. Increase of wake width while 
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Temperature change in different wake sections behind a plate d 
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Fic. 3. Comparison of boundaries of a heat wake 
behind a plate d 10 mm, us 38 m/s, » is 
distance of measuring point from the fixed one in the 
flow, in mm; /A*-mm water column, 1 —X= 4, 


Z ¥ = 2D. 


moving from the plate leads to decrease of the 
flow temperature in the boundary layer since 
the total heat remains constant, and the region 
of its distribution increases. 

In the zone of reverse currents where u < 0, 
the flow is formed in each section by streams 
having come not from the plate but from the 
portions of the boundary layer being farther from 
the body than the mentioned section. These 
streams brought to each section lower tem- 
peratures than the maximum temperature of the 
flow in this section. With such a mechanism 
of heat exchange the lower temperature cor- 
responds to the axis of the wake, since here the 
flow is formed by streams having come from 
the sections which are removed further from the 
body. 

While moving away from the body the 
difference between the maximum temperature 


KHUDENKO and I. 


S. MAKAROV 


in a section and that along the axis must 
decrease. 

All these peculiarities of temperature distri- 
bution in the initial portion of the wake con- 
ditioned by flow structure are confirmed by 
experimental data. 

In the main portion of the wake the tempera- 
ture along the axis is gradually levelled. At rather 
great distances from the body (¥ x/d > 25, 
where d is the width of the plate) temperature 
profiles acquire a form with one maximum at the 
axis of the wake. 

In well-known present works [3, 4, 5] on 
investigations of temperature fields in the region 
of a turbulent wake behind bluff bodies at great 
distances from them (f 100) it was deter- 
mined that the ratio of the excess temperature @ 
in a measurement point to that of @,, along the 
axis of the wake is a universal function of the 
dimensionless co-ordinate 7 — y/4 (dis the width 
of the wake) for all sections, i.e. 6/6,, fr(»). 
It has also been determined that the analogous 
universal function f(») is valid for a velocity 
change in the region of the wake: 


(Umax U)/(Umax — U,,) f(y). 


Moreover, there is a ratio fr \/f between 
these functions for which a physical explanation 
has already been given in Taylor’s works [6]. 

This fact facilitates a solution of the heat 
conductivity equation in the region of the wake 
and allows one to reduce rather simply a 
differential partial equation to an ordinary one. 
the solution of which is as follows: 


6 = 8,,(x) . fra). 


As the results of the present work show, 
velocity fields preserve their universality at short 
distances from the plate. The universal function 
f() is valid both for the whole wake region in 
its main portion and for the boundary layer in 
the initial portion of it. 

At the same time, near the body the tempera- 
ture profiles change qualitatively along the 
wake, and the similarity of temperature fields 
does not take place here, as a result of which 
the solution of the heat conductivity equation 
must have the most general form @ 6 (x, y) 
and only at x - & does it take the form 


iy 8 ,,.(x). fr(). 
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Fic. 4. Concentration change of carbon dioxide gas in different wake sections behind a 


plate d 


The results of measurements of concentrations 
of the carbon dioxide gas which was introduced 
into the zone of reverse currents behind the 
plate, are shown in Fig. 4. 


All the mentioned peculiarities of temperature 
fields are also valid for concentration fields. 


4. CONCLUSIONS 
(1) The maximum speed pulsations immedi- 
ately behind the plate reaches the values having 


the order of magnitude identical with that of 


averaged speed of flow. 

(2) In the presence of slight turbulence in 
the approaching flow the heat and diffusion 
processes taking place behind the plate are 
restricted by the wake region. 

(3) The similarity of temperature and con- 


10 mm, us 


38 m/s. 


centration fields is absent immediately behind the 
aerodynamic body. 
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BOILING HEAT TRANSFER BETWEEN IMMISCIBLE LIQUIDS 


KENNETH F. GORDON, T. SINGH* and E. Y. WEISSMAN 


Department of Chemical and Metallurgical Engineering, 
University of Michigan, Ann Arbor, Michigan, U.S.A. 


(Received 20 September 1960, and in revised form 3 February 1961) 


Abstract—An investigation, apparently the first, was made of boiling heat transfer coefficients between 

nmiscible liquids. Mercury with one of water, methanol or ethanol was used. The apparatus was a 

in diameter glass tube with mercury heated by an external heating wire and the pool boiling liquid 

ve. The data covered the range JT = 7°-103 °F, q 1500-110 000 Btu/ ft’ h with A = 200-1800 
Btu/ft? h °F. Neither a peak flux nor a decline in / were reached. 


Résumé—Une recherche, apparemment la premiére, a été effectuée sur le coefficient de transmission 
de chaleur par ébullition entre des liquides non miscibles. Le mercure avec de l'eau, de l’alcool éthylique 
ou de l’alcool méthyl que a été utilisé. L’appareil est un tube de verre de 2,5 in. de diametre contenant 
du mercure chauffé par une résistance extérieure; la nappe de liquide en ébullition se trouve a la sur- 
face du mercure. Les données couvrent le domaine 47 7-103°F, q 1500-110 000 Btu/ft® h avec 
h = 200-1800 Btu/ft? h “F. Aucune décroissance n’a été observee, ni pour le flux de chaleur, ni pour /1 
Zusammenfassung—Offensichtlich zum ersten Male wurden Warmeibergangszahlen beim Sieden 
zwischen nichtvermischbaren Flissigkeiten ermittelt. In der Versuchsapparatur, einem Glasrohr von 
6,35 cm Durchmesser wurde Quecksilber durch einem um das Rohr gewickelten Heizdraht erwarmt. 
Uber das Quecksilber war die siedende Fliissigkeit Wasser, Methanol oder Athanol geschichtet. Die 
untersuchten Werte erstreckten sich von JT = 4~—57 gerd und q 4000-300 000 kcal/m* h mit / 
980-8800 kcal/m*? hgrd, wobei kein Abfall des Warmeflusses und der Warmeiibergangszah! zu 
beobachten war. 
AnnoTanmaA—B craTbe, BOSMO;KHO BHepBble, aHbl pesy.ibTaThl HCCIeLOBAHHA TO onmpe;e 
leHHIO «KOOP PMUNeEHTOBR TemonepeHoca MeAtLY HeCMCLUIMBaIOWIMIMHMCA KU KOCTAMH Tpit 
Kunenun. Jian stoi wean Gpadn CMecn PTYTH C BOAO, METHIOBLIM HIM 9THAOBLIM CIMpTOM 
Veranopka CcocTosaa M3 CTeKIAHHON TpyOKM WuamMeTpoMm 2,5 juoliMa, 3al0JTHeHHO! PTYTbhH, 
KOTOPaH CHapYARM TOLorpeBadach XTeEKTpUYeCKUM HarpeBatesem. Hay TpyOKoii Haxowmaca 
pesepByap C KUNMAIel AI[KOCTbIO, ORCHCPUMCHTAaJIbHble LaHHble COOTRETCTBYIOT 3HaUeHHAM 
AT 7-103°F, q 1500-110.000 Bre/ke. (yr uac nu h = 200-1800 Bre/ke. pyr aac ~F 
Oynako He ObLio BaMeyeHO YMeHbIUeHHe KOadPpuUMNeHTAa TeEMIOOOMeHAa OT TOTOKAa Tel.da.- 


NOMENCLATURE to have an unusual type of nucleation because a 

boiling heat transfer coefficient, Btu/ft? nucleation site at the interface might become 

h °F; displaced by the agitation from boiling, unlike 

A, thermal conductivity, Btu/ft h “F; that on a solid heat transfer interface. Nucleation 

q. heat flux, Btu/ft® h; with highly purified mercury, and another non- 

AT, temperature difference, “F; reactive liquid, might reasonably be expected 

4x, distance, ft. to be closer to homogeneous rather than the 

usual heterogeneous nucleation. The required 

THE scarcity of published data on boiling from a purity may be difficult to achieve and maintain. 

liquid-liquid interface prompted a preliminary Because the mercury—boiling liquid surface 

investigation using mercury with one of water. might be greatly increased in area and constantly 

methanol and ethanol. This topic is of interest renewed by natural or mechanical agitation, by 

from both the fundamental and applied view- fluidization or by allowing the hot mercury 

points. A liquid such as mercury would appear to flow through the boiling liquid, there is the 

possibility of technological improvements in 

“* Present address: Nylonge Corp., 1294 W. 70th St., boiling equipment where increased capacity is 
Cleveland 2, Ohio, U.S.A. desired, or where fouling presents a problem. 
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BOILING 


Only one study of the topic has been found. 
As a portion of an investigation of two-phase 
boiling. Bonilla and Eisenberg [1] measured 
fluxes to butadiene boiling off water under 


pressure. The only temperature given is that of 


the metal surface heating the lower water phase 
which, with the boiling temperature of butadiene, 
gave a heat transfer coefficient. As most of the 
temperature drop occurred across the water the 
coefficients do not approximate the boiling heat 
transfer coefficients at the liquid-liquid interface. 

There are several studies of related pheno- 
mena, the vaporization of liquid superheated 


drops in a second liquid [2] or at the interface of 


two other liquid phases [3, 4]. Fluxes are not 
measured for such discontinuous behavior. In 
these works it appears that homogeneous rather 
than heterogeneous nucleation is important. 


EXPERIMENTAL 

The apparatus (Fig. 1), consisted of a hard 
glass test-tube (2:5 in diameter and 21 in long) 
with the lower 6 in wrapped with nichrome 
reating wire plastered with asbestos cement. 
The top of the test tube was connected to two 
glass condensers in series to condense the 
boiled liquid and a separating funnel for filling 
the test-tube which was enclosed in a glass wool 
filled box. Reagent grade triple distilled mercury 
was used without purification between runs. 
Distilled water and reagent grade alcohols were 
employed. 

After steady-state had been reached the boil- 


over was measured by timing the collection of 


condensate in a graduated cylinder. At high fluxes 
the batch hold-up of boiling liquid was relatively 
small compared with the rate so that the runs 
were from | to 30 min. The heat flow from con- 
densation measurements ranged from 70 per cent 
of the electrical input at low fluxes to 100 per 
cent at high fluxes, fifty-fold greater, where the 
heat leak becomes of much less relative impor- 
tance. The condensate rate yielded the heat 
flux while thermocouples in each phase gave the 
temperatures and differences. The mercury 
thermocouple was 0-5 in below the level inter- 
face, that in the boiling liquid was 2 in above 
the boiling interface as one 0-5 in above oscil- 
lated violently at high fluxes due to contact with 
the bouncing mercury. 
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Fic. 1. Apparatus 


The temperature difference used employs the 
temperature of mercury 0-04 ft beneath the 
oscillating surface. The resistance of the mercury 
to heat transfer is unknown. If it were stagnant 
it would correspond to a k/dx of about 115 
Btu/ft? h °F but as it is mixed due to convection 
currents and oscillation of the surface the effec- 
tive value of A/4x may be more than an order of 
magnitude greater than this as indicated by heat 
transfer coefficients up to 1800 Btu/ft* h. 

Despite great care a clean liquid-liquid inter- 
face could never be achieved during a run. Under 
a strong light a superficially clean surface would 
show many very small particles like white dust. 
most probably glass from the tube. Presumably 
these served as the nucleation sites. At low fluxes 
streams of bubbles rose from the center of the 
interface with no preference for bubbling at the 
wall. Droplets of the liquid being boiled would 
often form on the glass wall an inch or more 
below the interface remaining for tens of seconds 
before disappearing. 

Runs were made on a roof with operators on 
the up-wind side with a mercury meter betwee 
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Fic. 2. Heat flux as a function of temperature difference. 


themselves and the apparatus. There was an 
open metal box at the bottom of the wooden box 
to catch mercury in case of a break or leak. No 
trouble with mercury vapors was encountered. 
Future investigations might employ guard 
heaters, continuous addition of the boiling phase. 
several thermocouples in the mercury, and a 
‘ger tube to reduce the possibility of appreci- 
le entrainment at high boil-up rates. The 


/¢t® hr °F 


RESULTS 


In Figs. 2 and 3 the heat fluxes and transfer 


coefficients, based on the constant, level, super- 
ficial area, are shown as a function of the tem- 
perature difference between the two phases, JT. 
Even up to a 47 of 100°F neither the heat flux 
nor the transfer coefficient have started to 
decrease. This is possibly due to the violent 
oscillations of the interface increasing the actual 
interfacial area for heat transfer as MIT is in- 
creased until at high fluxes there is violent 10 20 40 60 
churning with mercury droplets passing into the AT °F 
lighter liquid then falling back. 
For submerged tubes in atmospheric pressure Fic. 3. Heat transfer coefficient as a function of 
pool boiling, previous investigators [5] have temperature difference. 
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BOILING HEAT TRANSFER BETWEEN IMMISCIBLE LIQUIDS 


found peak fluxes of about 400000 Btu/ft? h, 
at 4ST of about 50°F for water; about 126000 
Btu/ft? h at about 55-90°F for ethanol and 
about 124000 Btu/ft®? h at about 100°F for 
methanol. In the present work, no evidence of a 
heat flux peak or for a decrease in / may be seen 
up to a ST of 100°F leading to a belief that the 
use of a liquid pool rather than a solid surface 
for pool boiling might lead to record fluxes 
based on the horizontal area. Because boiling is 
such a strong function of surface condition, it is 
dangerous to generalize. 
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Abstract—Analytical solutions are obtained of transient heat transfer for unsteady incompressible 

laminar flow between parallel plates. The transient is caused by simultaneously changing with time the 

driving pressure of the fluid and the wall temperature. The solution is first obtained for the case where 

the inside surfaces of the channel walls undergo a specified step in temperature, that is, the heat- 

transfer resistance of the wall is neglected. Then some results are given where the temperature is speci- 

fied at the outside surfaces of the walls and the transient heat conduction through the walls is taken 
into account. A few numerical examples are carried out to illustrate the method. 


Résumé— Des solutions analytiques sont obtenues pour la transmission de chaleur en régime transitoire, 
dans le cas d’un écoulement laminaire incompressible non permanent entre des plaques paralléles. Le 
régime transitoire est provoqué par des variations simultanées dans le temps de la pression motrice du 
fluide et de la température de paroi. La solution est tout d’abord obtenue dans le cas ou les faces 
internes des parois du conduit subissent un saut donné de température, c’est-a-dire lorsque la résistance 
thermique de la paroi est négligée. Puis quelques résultats sont donnés dans le cas ou la température 
des faces extérieures de la paroi est connue et ou I’on tient compte de la conduction de chaleur transi- 
toire a travers les parois. Quelques exemples numériques sont effectués pour illustrer la méthode. 


Zusammenfassung—Fiir den veranderlichen Warmeiibergang einer nichtstationéren inkompressiblen 
Laminarstrémung zwischen parallelen Platten werden analytische Lésungen angegeben. Die An- 
derung wird dadurch hervorgerufen, dass man abhangig von der Zeit zugleich den Flissigkeitsdruck 
und die Wandtemperatur variiert. Die Lésung ist zuerst fiir den Fall angegeben, dass die Innenflache 
der Kanalwand eine bestimmte sprunghafte Temperaturanderung erleidet, der Warmeleitwiderstand 
der Wand also vernachlassigt wird. Fir einige weitere Ergebnisse ist die Temperatur auf die dussere 
Wandflache bezogen und die veranderliche Warmeleitung durch die Wand beriicksichtigt. Einige 
numerische Beispiele veranschaulichen die Methode. 


\HHOTAaLHA 3 CTaTbe JlaeTcAH ahHacduTHyueckoe pemeHite sataun HeVCTAHOBHBINeCrOCH TerL10- 
nepeHoca LIA HeCTauMOHAPHOTO <TaMMHAPHOrO WOTOKA HecAUMaeMOH AKMKOCTH Mek, 1) 
Mapa. Lie.IbHbIMH M1acCTHHAaMit. Heycranopupmeeca COCTOAHHHE AUAROCTH BBISbIBaeTCH H3Me- 
HeHHEM ab JIeHHA KRU TRKOCTH H TeEMMepaTypbi CTCHKI BO BpeMeHH. Saaya pelmteHa L1H CLV 4aes , 
KOPAa TEPMHYeECKHM COTPOTHB.TeCHHEM CTCHKIT MO7RHO mpenedpeub, a TakKKe, KOPa ero HYAKHO 
VUHTBIBATb. $bIBe TCH H bIe pac4eTHbie (popMy-1bl H.A.1TOCTPHPYIOTCH YHCICHHBIMH MpHiMepamMit. 


NOMENCLATURE eigenvalue, (i + $)7; E,, = (m + 3): 


half-width of spacing between parallel 
plates; 

constants in series expansions of steady- 
State eigenfunctions, equation (6): 
specific heat of fluid at constant 
pressure; 

specific heat of channel walls; 
thickness of channel walls; 


function in problem where both pres- 
sure gradient and wall temperature 
change, equation (7); 

constant defined in equation (15a): 
function in problem where pressure 
gradient changes and wall temperature 
does not change, equation (18); 
thermal conductivity of fluid; 
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thermal conductivity of wall; 

Prandtl number of fluid, c,y/k 

static pressure: 

local heat transferred per unit area from 
channel walls to fluid; 

Reynolds number, i#4a/v; 

friction coefficient defined by equation 
(3); 

shear stress at wall; 

dimensionless temperature, (/ to) 
(1 Io); 

temperature: 

temperature of fluid entering 
(a constant): 

temperature at inside surface of wall 
in contact with fluid; 
specified wall temperature 
transient: 
specified 
transient: 
temperature at outside surface of wall; 
fluid velocity: 

mean velocity before transient; 

final mean velocity after transient: 
dimensionless co-ordinate, 8x/3a RePr: 
value of X¥ at O = 0 at beginning of a 
characteristic line; 
axial distance from 
section of channel; 
dimensionless co-ordinate, v/a: 
transverse co-ordinate measured from 
centerline of channel. 


channel 


before 


wall temperature during 


start of heated 


Greek symbols 
thermal diffusivity of fluid, // p< 
thermal diffusivity of wall, k,,/ p,,¢,,: 
constant defined in equation (16): 
dimensionless time, tv/a?Pr; 
value of O at X¥ = 0 at beginning of a 
characteristic line; 
dimensionless time, 7v/a?; 
steady-state eigenvalue; 
absolute viscosity ; 
kinematic viscosity; 
fluid density; 
density of wall; 
constant defined in equation (11a); 
time; 
expansion for steady-state eigenfunc- 
tion, equation (7a); average values, 


p? 


INCOMPRESSIBLE 


LAMINAR DUCT FLOW 


INTRODUCTION 


Unsteady internal flows with unsteady heat 
transfer are encountered in a wide variety of 
heat transfer devices. Some examples are the 
starting of a rocket engine, shutdown of a 
nuclear reactor, or during changes in propulsive 
power of a vehicle powerplant. There have been 
a number of papers dealing with unsteady heat 
transfer to flows in tubes and ducts, and [1] and 
[2] provide several references on this subject. 
These papers have been restricted to situations 
where the fluid velocity does not vary with time. 
For unsteady velocities, some information for 
flow in a circular tube with a constant wall 
temperature is given in [3]. 

In a previous paper [4] the authors con- 
sidered heat transfer in the thermal entrance and 
fully developed regions for unsteady flow between 
parallel plates where the walls had either a 
constant temperature or had a uniform heat 
flux transferred from them. The transients were 
initiated by simultaneously changing with time 
the fluid pumping pressure and either the wall 
temperature or the wall heat flux. In [4] the 
problem was simplified by using a one-dimen- 
sional (slug flow) approximation for the velocity 
distribution in the channel. Within the limitation 
of this assumption, exact solutions for the fluid 
temperature distributions were obtained. One 
objective in the present work is to try to account 
for the variation in velocity across the channel 
cross section. A second objective is concerned 
with the heat conduction through the channel 
walls. In [4] the heat transfer resistance of the 
channel walls was neglected so that the thermal 
boundary conditions were assigned at the inside 
surfaces of the walls where they are in contact 
with the fluid. This restriction will be discussed 
in a later section of the paper, and some results 
for a finite wall resistance will be given. 

The configuration selected for analysis is 
shown in Fig. i. It consists of two parallel 
plates of thickness d with incompressible 
laminar flow between them. An unheated hydro- 
dynamic entrance region is provided between the 
entrance of the channel and the start of the 
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heated section, so that within the heated section 
the velocity is no longer a function of axial 
position along the channel length. The first 
problem that is considered is the transient 
resulting from a step change in time of both the 
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Fic. 1. Parallel-plate channel. 


fluid pumping pressure and the temperature at 
the inside surface of the wall, 7,.. The method 
used does not provide an exact solution of the 
governing partial differential equation, but 
involves an integral approximation at one step 
in the analysis. The validity of this approxima- 
tion is tested by comparisons with exact results 
that are available for part of the solution. Then 
the results are extended to consider a change in 
temperature at the outside surface of the wall, 
rt, and illustrative examples are given. 


TRANSIENT VELOCITY DISTRIBUTION 
Since the convective term in the energy equa- 
tion contains the fluid velocity, the transient 
velocity must first be determined. The equation 
of motion for fully developed incompressible 
laminar flow between parallel plates is given by 


cu l op Cu 


- + (1) 

CT p ox oy” 
where cp/€x is a function of time. In the transient 
considered here, the fluid is moving initially with 
a steady mean velocity #,. Then the driving 
pressure difference is suddenly changed so that 
the velocity adjusts to a new mean value #. 
The solution for the transient has been given in 


exp (—E?@)cos E;Y (2) 
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where the dimensionless variables are defined in 
the nomenclature. In this solution the time 
required for the step pressure change to be 
transmitted throughout the fluid is neglected 
compared with the duration of velocity adjust- 
ment. The final pressure gradient imposed in 
the channel does not appear explicitly because it 
has been taken into account by the steady-state 
relation, 


dx 


a’ dp . 


* 
a Fi 
“a 


Equation (2) will apply for all transients except 
those where the final velocity # 1s zero, which 
occurs when the pressure gradient is dropped to 
zero. For this case we multiply equation (2) by 
fiy/t, and then let @ = 0 to obtain the result, 


exp (— E?@)cos E, ¥. (2a) 


E? 


Equation (2a) has been plotted as a function of 
Y in Fig. 2 for various @ values. From these 
results all other transient velocity distributions 
can be found by using equation (2). 


1.0 











0 


Fic. 2. Transient velocity profiles for case where 
pressure gradient is dropped to zero. These can be 
used to find all other profiles by using equation (2). 
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Wall friction 

During the velocity transient, part of the 
pressure drop is used to change the momentum 
of the fluid and the remainder is used to over- 
come the fluid friction. As a matter of general 
interest we shall look at how the wall friction 
deviates from the steady value during the 
transient. A wall friction coefficient for laminar 
flow is defined as 


S,a@ 
pu 


where s,,. is the shear stress at the wall: 


and @ is the instantaneous mean velocity. By 
using the velocity as given in equation (2) we 
obtain the expression 


This is plotted as a function of @ in Fig. 3 for 
various pressure gradient ratios. For steady flow 
the value of S is 3. For a flow that is being 
accelerated (dp/dx), (dp/dx),, the friction 
coefficient rises above that for fully developed 
flow and then decreases to the steady value. 
This is caused by the fact that the fluid near the 
wall has a small momentum because of its low 
velocity and hence responds more quickly when 
the pressure force is changed. As a result, during 
the early part of the transient, the wall shear 
stress approaches the final value more rapidly 
than the mean fluid velocity, resulting in higher 
instantaneous values of the ratio S. During a 
deceleration the derivative at the wall decreases 
more rapidly than the mean velocity, and hence 
the friction coefficient goes through a minimum. 


TRANSIENT HEAT TRANSFER FOR ZERO WALL 
RESISTANCE 

The transient heat transfer results given in 

this paper are caused by a step change with time 
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of the wall temperature in the heated section of 
the channel. In this section we consider a wall 
that is either very thin or has a very high thermal 
diffusivity so that the inside surface of the wall 
in contact with the fluid instantaneously reaches 
the value of the imposed wall temperature. The 
most general solution for this case is formed 
by superposing two more elementary results. 
These will be given first, and then the super- 
position will be described. 


Step change in time of both pressure gradient and 
wall temperature from an unheated initial 
condition 

Before the transient begins, the fluid is moving 
in a steady fashion with a mean velocity i, that 
can also be zero as a special case. The walls of 
the channel are unheated, and the whole system 
is at the entering fluid temperature f,. Then the 
pressure gradient in the channel is abruptly 
changed so that the fluid velocity undergoes a 
transient to a new mean velocity #. At the same 
instant that the pressure gradient is changed, the 
temperature at the inside surface of the wall in 
the heated section of the channel is changed to a 
new value f,,.9. It is desired to compute how the 
heat transfer to the fluid varies with time and 
location along the channel. 

In the analysis it is assumed that the fluid has 
constant properties. Axial heat conduction and 
viscous dissipation are neglected compared with 
heat conduction in the direction across the 
channel. With these restrictions, the energy 
equation for forced convection in the channel 
can be written as 


(4) 


The unsteady velocity distribution equation (2) 
is then inserted, and the resulting equation is 
placed in the following dimensionless form: 


oT 
oO 


1)’ — OE 
B3 exp (— E*Pr@)cos E; ¥ ey 


1 


ON 
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Fic. 3(a) Friction coefficients as a function of time 
for various pressure-gradient ratios. 
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Fic. 3(b) Friction coefficients as a function of time for various pressure-gradient ratios. 
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This equation is to be solved subject to the 
boundary conditions: 


0 for all Y and 0, 
entrance condition 
0 for all Y and X, 
initial condition 


1 for all ¥ and for 90 > 0, 
specified wall temperature 


T=—Oat X 
(Sa) 


OatO 
(Sb) 


lat Y 
(5c) 


Oat Y = 0 forall ¥ and 0, symmetry (5d) 


cy 

To obtain a solution to equation (4a), we first 
consider the steady-state solution in the thermal 
entrance region for flow between parallel plates 
with a constant surface temperature. One form 
of this solution has been given in [2] as 


T,=1 


4 4 
i \ ra 7 ~ , 
— S (> * cos E,, Y Jong Exp ( 2X). (6) 
—\o b 0 


The summation in parenthesis is a series expan- 
sion for the eigenfunctions that arise from the 
product solution of the steady-state partial 
differential equation. The coefficients J,,,,,/b,9 
and h,», and the eigenvalues A? are given in 
Table | for a five-term expansion. This form of 
the steady solution is convenient for the present 
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analysis as it enables the transient solutions to 
be carried out analytically rather than 
numerically. 

Following the method given in [2], a transient 
solution is tried of the same general form as 
equation (6): 


T = Bus us,,( Y) F(X O) 


where for convenience we let 
4 
"Bea 
wb, Y) ~ Y. 


cos E,, 
bh 


no 
m=O 


(7a) 


Equation (7) already satisfies the boundary 
conditions (5c) and (5d). When @ is very large, 
F, should converge to the steady result, 
exp (— A?2X). To obtain the F,,, an approximation 
is made that the transient solution is only 
required to satisfy an integrated form of the 
energy equation. The validity of this approxima- 
tion will be discussed a little later. The integrated 
form of equation (4a) is 


oT pays <2) overn os 8 
rec = ze (8) 

|. 3 6X Jo the CY ly-, 

The trial solution equation (7) is substituted into 

equation (8), which yields a partial differential 

equation for F,,: 


Table 1. Coefficients in five-term approximation for flow between parallel plates 


bro bry/no 
0-0211834 
5-37195 
4-00649 
3-59673 
3-32432 


1:17776 
0-0579815 
0-0165696 
0-00706883 
0-0138607 


p 


2:82776 
32-1475 
93-4792 

187-388 
414-761 


0-001 13896 


Bn2/bno bn3/Pno brsg/bno 
0-0000586707 
0:00930795 
0-101483 
7-12402 
13-7624 


0-000207037 

0-0230766 

3°31526 
12-0113 
11-0745 


0838971 
945808 
7:94700 
661879 


fn 


1-22564 
2:70975 
3-82421 
4-75764 
6°57754 
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du, 
"dYly- 
(9) 
This type of equation can be treated by using 
the method of characteristics (Ref. 5, p. 371). 
According to this method, the following set 
of auxiliary ordinary differential equations is 
formed from the coefficients in equation (9): 
dF, 
F dy,, 
“dy Y =1 


(10) 


where a bar has been used to abbreviate the 
integral notation (e.g. &, iv, dY). If the first 
two terms of equation (10) are integrated. 
equations for characteristic curves on the X,0 
plane are obtained as shown schematically in 
Fig. 4. There is a different set of characteristic 


REGION Il 
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7 \YPICAL REGION | 
7 CHARACTERISTICS 


where 


. (lla) 


Numerical values of o, are given in Table |. 
The condition that F,, | at O = 0 is imposed 
to fulfill the initial condition (5b) which is satis- 


4 
z b,, ohn K Y) 


fied because | 0 as given by 


equation (6) at ¥ = 0. The indicated integration 
in equation (11) is carried out to yield F,, in 
region I: 


a,). 


F,, = exp ( (12) 


To determine F,, in region II, the first and last 
terms in equation (10) are equated and then 


REGION || CHARACTERISTICS 





Fic. 4. Characteristic lines on X—@ plane. 


curves for each value of m. The characteristics 
beginning at the origin divide the plane into two 
regions: In region I the curves originate at the 
X axis, while in region II they originate from the 
Q axis. By equating the last term in equation (10) 
with either of the other two terms, an equation 
for the F, variation along the characteristic 
curves is obtained. 

To determine F,, in region I, the first and last 
terms in equation (10) are equated and inte- 


grated: 
F, dF, 6 
| - C,, dd (11) 
1 F, 


/0 


integrated along a region II characteristic curve: 


The boundary condition F,, lato —),. 
where 0 Q, corresponds to X 0 on the 
characteristic curve, fulfills the entrance con- 
dition (5a). Integrating yields 


F,, = exp [—o,(0 — O,)). (14) 
The arbitrary starting value 0, must now be 


eliminated, and this is accomplished by utilizing 
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the equation of the characteristic curves origi- 
nating at O,. This is found by integrating the 
first two terms in equation (10): 


Px 


) 


After carrying out the integrations, this becomes 


dX (15) 


ES 
< [exp (— E2 PrO) — exp(— E2 PrO,)) (15a) 


where 


4 
Xt (=D™ bam 


E 


— m 


ia] 

4 
™~ 4 
———— 
mm 0 


bio 


4 
J A (—)1* 6.4 


£. b, 0 , 


—d m 


Numerical values of f,, are given in Table |. 
Equation (14) is then solved for O,, and this is 
substituted into equation (15a) to yield the 
following implicit expression for F,, as a function 
of X and @ in region IT: 


The values of §? are given in Table |. At steady 
state, since @ is very large, the solution is found 
in region IT, and equation (16) applies. When 0 
is very large, the exponential term drops out and 
the equation reduces to 


F,, = exp (—f2X). 
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The steady-state solution equation (6) gave 
F,, exp (—A2X), and it is shown in Table | 
that the £? values are in good agreement with 
the A? except for large n. If a larger number of 
terms were used for the series expansion in equa- 
tion (6), then the agreement would improve, since 
the series approximation, y,,, for the eigenfunc- 
tion would more closely approximate the exact 
function. As discussed in [2], if the exact eigen- 
functions had been used, then §? would equal 
A?. Hence, within the limitation of the five-term 
approximation used here, the solution equation 
(16) approaches the exact solution at large time. 
The steady state results for the five-term approxi- 
mation agree within a few per cent with the 
results in [6] and [7]. 

We can now summarize the solution. For each 
value of n, the X,0 plane is divided into two 
regions by the characteristic curve passing 
through the origin. This dividing curve is given 
by equation (15a) with O, set equal to zero. 
For early times so that the solution is found in 
region I (Fig. 4) below the dividing characteristic, 
equation (12) is used for F,,. For later times so 
that the solution is found in region II above the 
dividing curve, equation (16) is used for F,,. 
For each F,, there is a different dividing charac- 
teristic curve. The F,, are then summed according 
to equation (7) to yield the transient temperature 
distribution. 

The heat transferred from the wall to the fluid 
is obtained from Fourier’s law: 

ct 
g=fi ayl, 
By differentiating equation (7) and substituting 
into this relation, the heat flow becomes 


ga 


a ; 
E w(—1)™ F,.- (17) 


), 
no b, ‘ 


To provide an illustrative example, this 
expression has been evaluated for a case when 
i, — 0; that is, initially there is no flow and both 
the channel and fluid are isothermal at f,. Then 
a pumping pressure is suddenly applied, and 
simultaneously the wall temperature in the 
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heated section is stepped to /,,... The resultant 
transient wall heat transfer for a fluid with 


Pr = 0-7 is shown in Fig. 5. At each axial loca- 
tion the heat transfer goes through a minimum 
and then rises to the steady-state value. This 
type of behavior has been previously demon- 
strated in [4]. where a slug-flow approximation 


4r- 
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convection term drops out of the energy equa- 
tion. Hence, if the solution were exact, the curve 
moving downward at the left side of Fig. 5 
would be in agreement with the transient heat 
conduction into a solid slab of thickness 2a, 
which is initially isothermal at temperature f,) 
and then receives a step in the surface tempera- 


CONDUCTION SOLUTION 


AXIAL POSITION, 


_8 x 
X=3 oRelo7) 
03 





! | 





2 


DIMENSIONLESS TIME, @ = —t¥_ 


{ >? 


eo” O73 


Fic. 5. Transient wall heat flux after a step change in pressure gradient and 


wall temperature. Pr 


was used for the velocity distribution. As pointed 
out in [2], for early times the heat transfer 
results for the example treated here can be 
predicted from the transient heat-conduction 
equation. This is due to the fact that after the 
initiation of the transient, the heat transfer at a 
given location proceeds as if the tube were of 
infinite length until fluid that was outside the 
entrance of the heated section at the start of the 
transient reaches that location. For this early 
part of the transient, there is no variation in 
temperature in the axial direction, and the 


0-7; initially: u uy 
u = Us, 


0, 7, hos to; finally: 


tw,2- 


ture. This conduction solution is shown dashed 
in the figure, and the approximate solution is in 
good agreement with it. Thus, the transient 
solution obtained here yields good results for 
small times and also for large times as dis- 
cussed earlier. 


Step change in pressure gradient with no change 
in wall temperature 
Another type of transient will now be con- 
sidered that can be superposed with the results 
in the previous section to solve a very general 
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case. The channel walls in the heated section are 
initially at a constant temperature different from 
that in the isothermal hydrodynamic entrance 
region, and there is a steady-state heat transfer. 
Then the pumping pressure is suddenly changed 
so that the flow velocity undergoes a transient 
change to a new steady value. Throughout the 
process the wall temperature is maintained at its 
original value. 

A solution is tried that has the same form as 
equation (7): 


by ph) Y) G(X). 


n 0 


(18) 


The boundary conditions to be satisfied are the 
Same as equations (5), except for the initial 
condition (5b). Since at time zero there is a 
steady heat transfer taking place, we have from 
the steady solution equation (6) that 


A2(i/i1,)X] at O = 0, 


initial condition. 


G,, = exp [ 
(19) 


The ratio #,/%, appears because X has been non- 
dimensionalized on the basis of #, while at 
— 0 the fluid mean velocity is @,. The trial 
solution equation (18) is substituted into the 
integrated energy equation (8), and the resulting 
partial differential equation yields the same 
auxiliary ordinary equations as in equation (10), 
with F, being replaced by G,,. Since the only 
boundary condition that has been changed is the 
initial condition, the expressions for the charac- 
teristic passing through the origin and for G,, in 
region II are the same as those for the F,, in the 
previous section. Hence, we only have to be 
concerned with region I. 

For a characteristic curve in region I, the 
first two terms of equation (10) are integrated 
starting from a point 9 = 0, ¥ = X54. This gives 


Pr ds, 


i he b,, m - 
. e Bs [exp (— EE? PrO) — 1). 
pa | m no 


m 0 


(20) 
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To obtain the variation in G,, along a charac- 
teristic in region I the first and third terms of 
equation (10) are integrated as follows: 


dG, he 
0, dy. 


21 
A2(tiy/ti,)X 9} G,, ; 6) 


Gn 
bap 
This gives 
a,0 (21a) 


G,, = exp [ A2( ti, /t4,) Xo). 


This is solved for Xo, and the result is substituted 
into equation (20) to eliminate the arbitrary 
starting point X,. The final expression for G,, in 
region I then becomes 


” 


< [exp (—EZPr0) —1}. 


(22) 
Now that the G, are known, we can use 
equation (17) with G, substituted for F,, to 
evaluate a numerical example. The example 
chosen is where the pressure gradient is given a 
step from an initially zero value. This means 
that, before the transient begins, there is no 
flow; and hence the heated section of the channel 
is filled with fluid at the wall temperature, which 
is different from the outside fluid temperature, 
and there is no heat transfer taking place. When 
the flow begins there is a transient period during 
which the fluid in the heated section of the 
channel is being swept out by fluid entering at 
t,. During this early transient period no heat is 
being transferred. After this period, which 
occupies region I, heat flow begins, and the heat 
transfer rises toward the steady value. The 
results for a few axial locations and for Pr = 0-7 
are shown in Fig. 6. The slight discontinuities 
in derivative on the curve for X 0-03 occur 
where successive terms of the series in equation 
(17) are added together. 


Step change in both pressure gradient and wall 
temperature with initial steady heating 
The results given in the two previous sections 
can now be superposed to solve a more general 
situation. In this instance, there is initially a 
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Fic. 6. Wall heat transfer after a step change in pressure gradient with the 


wall temperature kept constant (/,,,5 


tes) FT 


0-7; initially: « = u, = 0; 


finally: u = Wy. 


steady heat transfer taking place. Then both the 
wall temperature in the heated section and the 
pressure gradient are suddenly changed to new 
values. The superposition used for this solution 
is illustrated in Fig. 7. The solution for the first 
part of the figure is given by the results of the 
first of the two preceding sections: 


(tu.e — tw,,) [I 


4 
E Dot Y) F,(X.0)]. 


, 


The solution for the second part of the figure is 
given by the results in the preceding section: 

4 , 

X bit Y) G,(X.9)] + to. 


n 


(twa — to) [1 


These results are then added to yield the general 
solution: 


4 
L byt Y) G,(XO)). 


n ) 


") 0 (23) 


lo 


TRANSIENT HEAT TRANSFER FOR FINITE WALL 
RESISTANCE 

For the solutions in the previous section, the 

temperature /,, at the inside surface of the wall 
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Fic. 7. Superposition of solutions for changing both pressure gradient and wall temperature 


solution for this transient-conduction solution 


was specified in the boundary conditions. We 
would now like to investigate the influence of a 
channel wall of finite thickness and finite thermal 
diffusivity where the temperature ¢, at the out- 
side surface is specified. In what follows we shall 
obtain part of the transient solution, and this 
will give an indication of how the additional 
factor of heat transport through the wall 
influences the transient response in the fluid. 

The situation considered is as follows. The 
channel walls and fluid are initially isothermal 
at f, and there is no flow. Then both the outside 
surface temperature of the wall 7, in the heated 
section and the pressure gradient are simul- 
taneously stepped to new values. As discussed 
previously, there follows an initial transient 
period of pure conduction in the fluid, and this 
continues at a given location until fluid that was 
originally outside of the heated section when the 
transient began reaches that location. Hence, for 
this initial period, if free convection is neglected 
the problem can be treated by considering the 
transient conduction through a two-layer slab. 
The first layer is the channel wall, and the 
second layer is the fluid contained between the 
wall and the center of the channel cross section. 
The boundary conditions are that the outside 
surface of the composite slab is suddenly given a 
step in temperature while the inside surface is 
kept perfectly insulated, which corresponds to 
the zero derivative in the fluid temperature dis- 
tribution at the channel centerline. An analytical 


has been given in [8]. The heat transferred from 
the inside surface of the wall to the fluid is given 
by the relation 


qa Ki NO PulwN, pc,No 
A(t ly) kd P dD, pc, Do 


(A,,, cot A,,,) exp (— 627 
where the coefficients are found from 


d 


[sin A,,, + cot A,,(cos A, 


[sin A,, tan A,,(cos A, 1)] 


cot?/,,,) A, 


cot?/,,,) sin A,,, cos A,,, 


2 cot A,,, sin?/,,,] 


tan?A,,,) Ao, 


tan?A,,,) sin Ag, - 


2 tan A,,, sin? Ay, }. 


The A,,, are eigenvalues, which are determined 
from implicit equation 


ceicte\*™ a fa, 
tan A,,, cot ( Ar, ). 
kpc, dj a 
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When the 4,,, are known, the A,, are then 


obtained from 


Jn = a\ a 


and the 6, are given by 


Two numerical examples were carried out to 
illustrate the transient process. The fluid in the 
channel was taken to be air at 170 F with the 
following properties: c, 0-241 Btu/lb °F, 
po — 0-0623 Ib/ft®, and é 0-01735 Btu/h ft °F. 
The channel walls were taken to be stainless 
steel (18 Cr—8 Ni) with the following properties: 
( 0-11 Btu/lb “F, p 488 1b/ft®, and 
k 10 Btu/h ft ~F. The channel half-width 
was fixed at a ! in and two wall thicknesses 


were used: d = + and } in. The heat conducted 


fe 





PERLMUTTER and R. SIEGEL 


from the wall to the fluid is given as a function 
of time by the solid lines in Fig. 8. The series in 
equation (24) was evaluated for the first four 
terms, which brought the conduction curves 
back to sufficiently early times for the examples 
given here; and the curves were then extended 
approximately to the origin. These conduction 
curves give the exact transient solutions for the 
forced-convection problem during the initial 
transient period. This period ends when fluid 
that was originally outside of the heated section 
starts to affect the heat transfer at a given point, 
and the time at which this occurs is given by the 
characteristic curve passing through the origin 
of the X—O plane for n = 0. These times corres- 
pond to the minimum points of the curves for 
d — 0 obtained earlier and shown again in Fig. 8. 
For each axial position, the pure conduction 
curve in the complete solution terminates at the 
time corresponding to this minimum point. 


—---- PRESENT THEORY FOR d=0 
CONDUCTION SOLUTION i 

—--— APPROXIMATE TRANSIENT FOR d=32 

— — APPROXIMATE TRANSIENT FOR d=7e 


AXIAL POSITION, 
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Fic. 8. Effect of channel wall thickness on transient heat flux from stainless steel walls 


to air for a step change in pressure gradient and outside wall temperature. Pr 
to; finally: u 
in. 


initially: «= u, = 0, r= = ¢?, 


a 


0-7; 
t*® ,. Channel half width, 


Us, tS 
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For large times, steady-state results must be 
achieved. For a finite wall resistance, the steady 
solution has been given in [6]. For the numerical 
examples given here, the wall resistance is 
sufficiently small that the final steady-state 
solution is uninfluenced by it, and the results 
for large times are the same as for the case with 
d — 0. For finite wall resistance we now have the 
solution for small and large times, and the time 
is known at which the initial period of pure 
conduction ends. For zero wall resistance we 
have the complete transient solution. Using this 
complete solution as a guide, the results for 
intermediate times are faired in for the finite wall 
resistance examples as shown in Fig. 8. 

In some instances the presence of the wall 
has a considerable influence. Consider for 
example the curves for ¥ = 0-1. For d = 0 the 
heat flux starts from infinity, decreases with time 
to a minimum during the initial period of pure 
conduction, and then increases to the final 
steady value. When a wall of thickness d = 4 in 


is introduced, the heat transfer to the fluid is 
initially zero. Then during the initial conduction 
process the heat flux rises rapidly to a maximum 
and then begins to decrease as the fluid tempera- 


ture approaches the imposed outside wall 
temperature. For this example the fluid convec- 
tion does not begin to have an influence until 
after the maximum in the pure conduction 
curve has been reached. Hence the heat transfer 
goes through a minimum and then the convection 
raises it to the final steady value. For d = 4 in 
the heat comes through the wall so slowly that 
the heat flux by pure conduction is still increasing 
at the time that the convection begins to have an 
effect. Consequently, the heat flux rises from 
zero toward the steady value without passing 
through a minimum. 

To have an indication of the actual time 
response in the channel, we note in Fig. 8 that, 
for the axial positions considered, the important 
transient effects occur during a dimensionless 
time © of about 1-0. Using a 4 in and 
v = 22:38 10-° ft?/sec, this yields a value for 
t of about 4 sec. Hence for this example the 
transient period is quite short. 


CONCLUDING REMARKS 
Results have been presented for transient heat 
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transfer arising from simultaneous changes with 
time of the channel wall temperature and fluid 
pumping pressure. In a previous paper [4] this 
type of transient solution was found for a one- 
dimensional velocity distribution in the channel, 
and the present work takes the two-dimensional 
velocity distribution into account. The present 
solutions exhibit the same general transient 
behavior as those in [4]. A method for investi- 
gating the effect of the heat-flow resistance of 
the channel walls has been demonstrated; and, 
as would be expected, this resistance can cause 
substantial changes in the heat transfer response. 
This is due to the fact that during the time delay 
required for the heat to flow through the wall the 
velocity is completing part of its transient. 

This type of analysis is not restricted to abrupt 
pressure changes as considered here, but can 
also be carried out for other timewise pressure 
variations. Other types of boundary conditions 
can be treated for specified wall temperatures, 
such as one wall at uniform temperature and 
the other insulated. The analysis can be carried 
over in a straightforward fashion for the circular 
tube geometry. 
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HEAT TRANSFER IN MAGNETOHYDRODYNAMIC FLOW 
BETWEEN PARALLEL PLATES* 


R. A. ALPHER 
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(Received 17 October 1960, and in revised form 27 January 1961) 
Abstract—An analysis is presented of convective heat transfer in the fully developed laminar flow of 
an incompressible conducting fluid between parallel plates through a transverse magnetic field. In 
particular the earlier analysis of Siegel involving non-conducting plates is corrected and extended to 
plates of finite conductivity. 


Résumé—Cet article présente une étude sur la transmission de chaleur par convection dans un écoule- 
ment laminaire pleinement établi d°un fluide conducteur incompressible, entre des plaques paralleles a 
travers un champ magnétique. En particulier, l’étude la plus récente de Siegel est corrigée et étendue a 
des plaques de conductivité finie. 
Zusammenfassung—Es wird der konvektive Warmeiibergang in einer inkompressiblen elektrisch 
eitenden Flissigkeit untersucht fiir voll ausgebildete Laminarstr6mung zwischen parallelen Platten 
nd einem dazwischen angelegten Magnetfeld. Insbesondere wird die friihere Analyse von Siege! fur 
nichtleitende Platten verbessert und auf elektrisch leitende Platten ausgedehnt. 


\HHOTAaANNA B eTatbe MpOBOANTCH aHadhs WTpollecCa KOHBERTHBHOTO TepeHoca Teflia pi 

VCTAHOBHBILDEMCH faMHHAPHOM ABMAREHHH HeC7RHMaeMOH OTeCRTPOTMpPOBOTALILeEH A TROCTH 

Mew AV Mapale.IbHbIMH WlacTHHaMit Yepes MoMepeqHoe MarHHTHoe TMO.1e. Vrounsetca MeTO 

la (LTH HeEMPOBOTAUIUNX TWtacTHH H OCVINECTB.1AHeTCH TlepeHoc ero Ha C.IVY4al TBHAKeHITA 
Me@*AKRLY TTacTHHaMit ¢ KOHeUHOT MpOBOTMMOCTbHO. 


Cure 


NOMENCLATURE ” heat flux: 
thermal diffusivity: . density: 
mean temperature gradient: . hydrodynamic Reynolds number; 
magnetic induction; . magnetic Reynolds number: 
velocity of light: . electrical conductivity; 
fluid specific heat at constant pressure; ; fluid velocity: 
electric field intensity; 1, mean fluid velocity: 
magnetic field intensity; cosh M/(cosh M-i) times centerline 
thickness of channel wall: velocity; 
current density; ratio of electrical resistances of channel 
thermal conductivity; walls and fluid; 
magnetic viscosity ; x, co-ordinate in flow direction: 
half-height of channel; y. co-ordinate transverse to flow and 
magnetic permeability; magnetic field; 
Hartmann number; é, co-ordinate in magnetic field direction. 
kinematic viscosity ; Subscripts 
ea il sia p, confining walls or plates: 
pressure gradient; f fluid. 


Prandtl number: 
INTRODUCTION 


RECENTLY an analysis was presented by Siegel 
[1] of the convective heat transfer for fully 


* This work was supported in part by the Ballistic 
Missile Division, U.S. Air Force, under Contract No. 
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developed laminar flow in a parallel plate 
channel with an imposed uniform wall heat 
flux, in the situation that the fluid is incom- 
pressible and electrically conducting, the plates 
are electrical insulators, and there is an impressed 
magnetic field transverse to the flow. The 
magnetic field flattens the parabolic velocity 
distribution usual to such a flow so that one then 
finds relatively higher fluid velocities near the 
wall as in turbulent flow [2]. As a consequence 
of this and of ohmic heating arising from induced 
currents in the fluid which provide an internal 
heat source, the temperature difference between 
wall and fluid is altered. 

The problem becomes considerably more 
complex if one considers the plates to be 
electrically conducting. Now the fluid is not in a 
net-current-zero state, the magnitude and distri- 
bution of current in the fluid depends on the 
relative resistance of fluid and plates, and there 
is ohmic heating in the parallel plates as well as 
in the fluid. One can consider the plates to be 
electrically conducting without providing heat 
to the fluid by replacing them conceptually with 
plates of infinite conductivity connected in a 
coplanar sense (to preserve one-dimensionality) 
through an external load resistance [2, 3]. The 
situation is of some interest in that it provides a 
very crude model to a portion of the heat 
transfer problem in magnetohydrodynamic 
power-generating ducts of large aspect ratio, in 
the case when the walls normal to the applied 
field are nominally insulators but do in fact 
conduct under operating conditions. 

It is the purpose of this note to extend Siegel’s 
analysis to this case of plates of arbitrary 
electrical conductivity. For convenience and 
the sake of completeness some of the back- 
ground is summarized. The results are presented 
only formally for the reason that they are 
complex and in practice one would doubtless 
resort to machine computation in such heat 
transfer problems in order to take into account 
more of the physical variables. 


FLOW DESCRIPTION 
Consider the steady laminar flow of a viscous 
incompressible fluid of constant conductivity 
o, through a parallel plate channel of height 2L. 
(c.g.s. units are used throughout this paper.) A 


H 
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uniform magnetic field B B. is applied. The 
walls parallel to the field are at y ©. Con- 
tinuity requires that the velocity u u,(z) be 
uniform in x, with wu, u. 0. Then one can 
show [3, 4] the fully developed velocity profile 
to be 


cosh Mz/L 


Mo | : cosh M (I) 


where w,, which is cosh M/(cosh M 1) times 
the fluid velocity on the channel center line, is 
given by 

Ml W) 


Wu tanh M’ 


Po 
o, B? 


Uo (2) 


the quantity P cp/cx is the uniform pressure 
gradient in the channel, M is the Hartmann 


number, defined as M (B.L/c) [o,/(vp)P?, 


with v and p the kinematic viscosity and density, 
respectively, and W is the ratio of the electrical 
resistance of the fluid to that of the plates. Thus, 
with plates of equal thickness /; and uniform 


conductivity o,, one may write 


lps an ’ 
VW 5, OL (3) 


If one is dealing not with parallel plates con- 


© but with coplanar connection 
1 


nected at } 
through an external load, the quantity (2/c,) 
should include the series resistance of the 
external load per unit channel length. The 
average fluid velocity in the channel is found 
from equations (1) and (2) to be 


i ‘ \ 
yy tanh 1 


P¢ 2 
a, B? 


W)(M tanh M) 


Mv tanh M 


With the assumption that the induced magnetic 
field in the z-direction is small compared to the 
applied field, one obtains from the usual mag- 
netohydrodynamic equations and _ boundary 
conditions [5] the following expression for the 
induced fields, current distributions and pressure 
gradient: 





R. A. 


(xH,), (uH,),, QO. (7) 
(nH y 
Re,, B. 
Mest 


sinh M./L z MW + tanh M 
cosh M L 1+ WwW 


uB. 
(uH,), 


and 


. (12) 
in which u is permeability, Re,, = 2Lu,/A is the 
magnetic Reynolds number, and A = c?/(4zp,0;) 
is the fluid magnetic viscosity. Implicit in 
equations (5) through (9) is conservation of 
current within any element of channel length. 
VIZ. 

J... Gaz 2h j.,), 0. 
Ohmic heating in the fluid and in the plates is 
computed as /?/o from equations (10) and (11). 


HEAT TRANSFER ANALYSIS 

Suppose that the externally imposed heat 
flux g through the confining walls is uniform 
with x, consistent with the fluid velocity being 
independent of x. If one neglects viscous dissipa- 
tion compared to the transverse heat transport 
and. further, disregards any temperature effects 
due to ohmic losses in the plates, then the 
temperature gradient, A, in the channel can be 

written 
ae 
Li pc 


re ns 
1 Jy)? 
\, OF 
A 


where 7, is the mean fluid temperature and C,, is 
the fluid specific heat at constant pressure. It 
follows that one can take 


X CX 


1 AX,Z) Ax G(z). (14) 


The balance for the system can be 


written as 


energy 


lL th s 
: (15) 


ALPHER 


or, using equation (14), as 
dG l (j,)5 
dz* pC OC; ; 


Dp 


uA a (16) 
with boundary conditions consistent with equa- 
tion (14) being 


G& = ¢ +E: dGidz=0, z=0. (17) 


The choice G = 0 rather than G = constant is 
purely for convenience. The quantity a is the 
thermal diffusivity which for present purposes 
is defined by 

(18) 


where & is the thermal conductivity. (The 
validity of this definition for a must be examined 
in any real calculation, since replacing k by 
apC, in developing these results requires that 
pC, be constant in the fluid). Integration of 
equation (16) yields 


G(z) = C, Pe 1) + CI 
C, tote 2Mz/L 


cosh 2M 


a. k (pC,), 


cosh Mz/L 
cosh M 


where 
UAL? wu? PrM? | 


Ia 2C 


sech? M 
C, 


1+ Wu, 


UAL? 2u?Pr u 
aM? ic ul + W)]’ 


usPr_ h 2A he A 
8¢ cosh 2M sech? M, 


(22) 


in which Pr = v/a is the Prandtl number, and the 

quantity A, the mean temperature gradient 

defined in equation (13), can be written 
(LipC,)*<q + P®L?/(pv) 


W) tanh M 


| 2(1 
| VM? M*MW —tanh™M) 


sinh M cosh M + M 


(1+ Ww) , 
cosh? M(MW + tanh Mp2] “”? 


2M 
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From equation (14), together with the obvious 
definition of mean fluid temperature, one may 
write the difference between wall and mean 
fluid temperature as 


ifs 
rt 7 T,(x,z)u(z)dz 


1 fe 
| G(z)u(z)dz. (24) 
L 


2Liu 


Carrying out the indicated integrations yields 


3 ou : ; 
(, a tanh? M) c 


uytanh 2M sech? M\ _ . 
5 (25) 


u 6M 

and C, are as 
Inserting these 
makes it 


where the coefficients C,, Cs, 
defined in equations (20-22). 
coefficients and rearranging terms 
possible to write equation (25) as 


(MW). 


(26) 


. b(M) - o— 


in which the Reynolds number is defined as 
uL/v, and the function 4(./) can be written as 


Af VU ) 


1 /u,\2/2M 
oul i | 3 


a 


I h? M 2 ) 

tanh? 5 , 
| 0 
One can show ¢4(M) to be the same as that 
defined by Siegel. The function y(\7, W) is given 
by 


(MW) ey. “n( 


Mi tanh M | Uo f; 


l a) 


u 


sinh M cosh M + M 


(1+ W)?M 
-tanh M) 3 


2 cosh? M(MUu 


Uy 
- tanh? M| | | — 
u 


tanh? oni 5 


| 
u | , 
ul + W) + 
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Siegel’s function yx(M), which should be the 
same as x(M, 0) evaluated from equation (28), 
is not correct; the error in his paper apparently 
occurs in the steps between obtaining G(z) and 
T,, — Ty. 

To illustrate the interplay of the quantities 
gq. M, and W it is instructive to obtain an 
approximation for 7, T, with W arbitrary 
and M large (it appears that M may be of the 
order of 100 in typical magnetohydrodynamic 
power ducts). One finds for 4(./) the following 


l 
A( VU)~= 3 (30) 


and for x(M, W) 


(MW) = 


17W? 


5 | (31) 


For M sufficiently large, one finds that y(/,W) 
becomes independent of W and equation (26) 
can be written 


(RePr)* va 


1 gL Vv = 
6c, 


~ 
3k 


To illustrate the magnitude of T T,;, one can 


rewrite equation (32) for mercury, viz., 


T,, — T, = 22gL — 1 #M, 


(33) 


with g in cal/cm? s, Z in cm, and @ in cm/s. 
It is interesting to note that equation (33) 
indicates a possibility of sign change in T T, 
for a given g as M is increased. This is physically 
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MV 


W)tanh M 


] 
V> Vl? | tanh M 


2 var sech? M ii 
. ve) M ' 2 l+Wu, 


u tanh 2M tanh? M 


Uy 6M 


< cosh 2M sech? M 
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reasonable when one notes from equations (13) 
and (14) that for M = 0, with q as defined, the 
temperature difference corresponds to heat 
conduction into the fluid. If, on the other hand 
the magnetic field becomes high enough so that 
ohmic heating in the fluid exceeds the energy 
supplied to the fluid through g, the temperature 
difference should change sign. 

Consider now the case when the term in y ts 
negligible compared to that in ¢, as for example 
would be the case for a very low velocity flow 
through a strong magnetic field. Then one finds, 
as did Siegel, that 7 T, is reduced from its 
value with no field. In the case of M large, the 
decrease is from (17/35)gL/k to (1/3)qL/k, or 
nearly 50 per cent. 

One final comment with respect to equation 
(31) is that the value VV | corresponds to the 
optimum operating point of idealized mag- 
netohydrodynamic ducts, i.e. W l 
ponds to equality of external load and internal 


corres- 
generator resistances. 


DISCUSSION 

The foregoing is in some respects an exercise, 
insofar as its applicability to heat transfer calcu- 
lations in real magnetohydrodynamic flows is 
concerned. Working fluids are generally com- 
pressible, conductivities are temperature and 
density dependent, uniform wall heat fluxes are 
only a convenient fiction, flows are in fact three- 
dimensional (side wall effects [4, 6] with or 
without power extraction) and also radiative 
heat transfer will play a role. Most important 
however, is the high probability that flows of 
real interest will be turbulent [7]. In power- 
generating devices the walls to which this parallel 
plate analysis refers will be nominally insulators 
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when cool, but will conduct in operation as a 
result of property changes at high temperatures 
and possible reaction with seeding materials 
added to the working fluid to render it con- 
ducting. Moreover this conduction may be in 
addition to that provided by side wall electrodes. 
It would appear on the basis of preliminary 
studies made of magnetohydrodynamic power- 
generating devices that in practice one will be 
dealing with M large and W = 0. 
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Abstract—Steady state two-dimensional temperature distribution and heat flow in prismatic bars with 
sothermal boundary conditions and various external geometry were computed and tabulated. The 


method of conformal mapping was used. 


Résumé—Le flux de chaleur et la distribution de température bidimensionnelle, en régime permanent, 
dans des barres prismatiques avec des conditions aux limites isothermes et des géométries extérieures 


variées ont été calculés et tabulés. La méthode de la représentation conforme a été utilisée 


7 usammenfassung—Mit Hilfe der konformen Abbildung wurde die stationdre zwei-dimensionak 
lemperaturverteilung und der Warmefluss in prismatischen KOrpern mit isothermer Begrenzung un 
verschiedenen dusseren Abmessungen berechnet und in Tabellen angegeben 


\HHOTalia Jlano ahHaJsTHuTHYeCcKoe pemlenhe CTAUMOHAPHOPO TBYXMePHOTO TeMITepaTyYpHOrO 

NOTH W OnpeyeieH Tem1loBOH MOTOK B TIpHhsMaTHYeckKnx Opyt KaX pH H30TeCPpMHYeCKHX Ppa 

HUMHBIX VCIOBNAX H pasvINYHOW BHelmHeH reOMeTpHH Opye KOB Pemenne COTIPOBOMMAeT CHA 
pacdeTaMil, MpeeTaB.TeHHbIMH B BILE radi PHCVHROB 


NOMENCLATURE n sided regular polygon 


General hes coefficient of the n’th term in a poly- 


k, 


thermal conductivity: nomial; 

the axial dimension of a prismatic , the shortest distance from the center 
bar; to a side of a regular polygon: 

heat flow rate: , running index; 

shape factor: number of sides of polygon; 
temperature at a point (x,y): p. non-dimensional ratio of radii as 
temperature at the inner boundary: defined by equation (4.1). 
temperature at the outer boundary: 
complex number in the ¢,¥ plane; 
Cartesian co-ordinates of a point; 
complex number in the x,y plane; 
Laplacian operator: 

difference: 

polar co-ordinates of a point; 
Cartesian co-ordinates of a point in 
the mapping plane; Eccentric circle 

values of ¢ and ¥ at the outer €. eccentricity ratio as defined in Fig. 9. 
boundary: ° : 
values of d and YW at the inner _ Ellipse 

boundary. a, the major axis of the inner ellipse: 


Rectangle 
a, one half of the shorter side of 
rectangle; 
b, one half of the longer side of 
rectangle; 
K, a constant term as defined for a 
rectangle by equation (5.5a). 











M. 








the minor axis of the inner ellipse; 
the major axis of the outer ellipse; 
d, the minor axis of the outer ellipse. 


STATEMENT OF THE PROBLEM 

[THE steady state temperature distribution and 
heat flow in prismatic bars of various cross- 
sections are to be investigated. The bar material 
is assumed to be homogeneous, isotropic and 
temperature-independent properties. The 
heat flow is due to central heat sources uniformly 
distributed along the bar axis maintaining uni- 
form surface temperature. 


[he geometrical shapes considered are: 


with 


Class 1—*‘n-sided” regular polygon with small 
circular hole in the center. Special 
cases: triangle, square, pentagon, hexa- 
gon, heptagon, octagon, nonagon, 
decagon, circle. 

A circular bar with an eccentric hole 

Class 2—Rectangle with small circular hole in 
the center, and with variable “aspect 
ratio”. 

Class Elliptical cross-sections with a confocal 


elliptical hole, and with a confocal 
slit (a slit connecting the foci of the 


ellipse) as inner boundries. 


PFHEORETICAL CONSIDERATIONS 
Solutions of the problems will be obtained by 
conformal mapping. A 


the method of short 


review of the method follows [I |. 
[he temperature distribution in the systems 
satisfied Laplace’s equation, 


‘ o*T o*] 
V-l 0 


n the domain of the x,y plane with the tem- 
perature 7 T, and T T; along the boun- 
daries ¢,(x,v), the outer boundary, and ¢,(x.y), 
the inner boundary, respectively. 

It can be shown if ¢ and ¥Y form a new co- 


ordinate system given by 


p ¢ P(X.) 
ed . 
ES ¥ Y(x.y) 
¥ - 
such that 
o+iP? T(x 1 ) f ( pe’”) f(z) 
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with the conditions that f(z) is analytic and 
f ‘(z) is not equal to zero, then the temperature 
distribution in the new co-ordinate system also 
satisfies the Laplace’s equation 
VT 0 

and the temperature at the boundary ¢ do IS 
T,, and correspondingly, at d = ¢; is T, {2-4}. 

The application of this method is done by 
choosing a known solution in the ¢,¥ plane. 
and by an appropriate choice of the mapping 
function, f (x iy). 

The simplest solution in the ¢,¥ plane is for 
one dimensional heat flow, with the boundary 
conditions that along ¢ = ¢», the temperature Is 


T,, and along ¢ = ¢,, it is 7;. Then 
— re - - @ Do 
7 foe =i, Ty) 5 r (1) 


The heat flow for the one dimensional case 
between the flow lines ¥,, and YW, is, according 
to Fourier’s Law, equal to 


yA va 


O=kKT. Ty) L (2) 


where L is the width of the bar and 4¥ ?.. 
VY 

. 

It can be shown that the resultant heat flow 
computed in the ¢,¥ plane is identical to the 
heat flow in the x,y plane. The heat flow pet 
unit width is 


~ 


kA 


elites 
~ 
| 


or 


~~ 


AKS(T Ty) 


( 
L 
where the shape factor, S, is defined as: 


AY 


STEADY TRANSVERSE HEAT FLOW IN 
PRISMATIC RODS WITH ‘‘n-SIDED” REGULAR 
POLYGON CROSS-SECTIONS 

Consider a long regular prismatic rod with 
a concentric circular hole, Fig. 1. The tempera- 
tures at the inner circular boundary, and at the 
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n=Number of Sides of Polygon 


Fic. 1. Prismatic rod with “‘n-sided” regular poly- 


gonal cross-section. 
outer prismatic boundary are 7; and 7, respec- 
tively. 
The mapping function which transforms the 
one dimensional heat flow in the 4,¥Y plane into 
the configuration of Fig. 1 is 


iv’ 2Inz (4.1) 


number of sides of polygon, 

’ 

a 
[he choice of this particular mapping function 
was due to: 

(a) The influence of the power series 

diminishes toward the center. The lowest 
power of 3, for the case of a triangle, does 
not appreciably distort the temperature 
near the source. 
The ‘‘n” fold symmetry accounts for the 
geometry of the “v-sided” polygon. On 
the outer boundary the contribution from 
the source is small compared with that 
from the power series. 


The real part (¢) is: 
In p? + Ay 


As p=’ 


cos ng 


cos 2n@ + A, p®" cos 3né 


3 


and the imaginary part (') is: 


Y = 20+ A, p 


sin n@ 


Az, p*™" sin 2n8 +- Ag, p*" sin 3né (4.3) 


The coefficients Ay, A,, Aso,, and Ag, can be 
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computed to yield the value of 7, or (4, 0) at 
the points A, B, C, and D, considering only the 
first five terms of the solution, (4.2). 
The values of these coefficients are given in 
Table 1 for various values of “‘n’’. 


series 


Table 1. Coefficients Ao, An, As», and Ax, for various 
values of **n” to be used with equations (4.7) and (4.8) 


1-13916 1-83402 1-09469 


0-54159 0-59131 0-05767 0-:00796 


0-29838 0-O1111 0-01183 


0-18145 0-01839 


0-12233 0-01704 0-0127¢ 


0-08818 0-01457 0-01123 


0-08832 0-06642 0-01218 


0-00972 


0-07076 0-05201 0-01029 0-00841 


Itc 


The method described above results in an 


approximation, and the outer boundary tem- 
perature is equal to 7, at the few points selected 
The maximum from the 


value (7,) were computed for the triangle and 


constant 


deviations 


Square, expecting the largest error in these cases 
The deviation is less than (7 T,)/150 in the 
case of the triangle, and (7, T,) 
square. Therefore, for all practical c: 


the outer prismatic boundary, the \ 


Q. 


0 


Along the inside circular boundary 
values of pp; < 1) 


In s f 


0 


resulting in a constant temperature along the 
inner circular boundary. 

Since @ varies from 0 to 27 in the x 
then from (4.3) 


plane, 


AY — 4n. (4.6) 
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$205 





- Te 
2 
+ 1.13916 





3. Temperature distribution in a prismatic rod with 


triangular cross-section 








a 5 6 8 93 10 


n- Number of Sides of Polygon 


rsus number of 








Tj - Te 





T- Te = -¢ 


In (ay + 0.54159 











Fic. 4. Temperature distribution in a prismatic rod with square cross-section. 
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Fic. 5. Temperature distribution 
in a prismatic rod with penta- 


— m _ 
gonai cross-section 








Fic. 6. Temperature distribution 


in a prismatic rod with hexagona 


cross-section 


%-T 
* + 0.21339 


pe 
T./ 








M. J, 


The temperature distribution is then obtained 
by substituting (4.2), (4.4), and (4.5) into (1). 


0 


(In p? 


cos né cos 2né 


A. p”’" COS 3n@) (4.7) 


ind substituting (4.4), (4.5), and (4.6) into (3) 


| tha na far ~ 
leids tne shape factor 


(4.8) 
Ao 


~ 


It should be noted that A, is the only coefficient 


iffecting the value of the shape factor for r;/r 
sufficiently small. 
Values of the shape factor versus the number 
sides of the polygon, “‘n”, appear in Fig. 2. 


temperature distribution for the triangle, 


tC! 
pentagon, and hexagon are shown in 
ss. 3, 4, 5 and 6. 


[5] used an electrical analogue to 


Smith et al. 
determine the shape factor for a square with a 
central hole. From the graphical data, an 


empirical equation for the shape factor (written 


k 


1ere with the notation used in this paper) was 


lefined 
ICUTICaG as 


(4.9) 
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It is interesting to notice the close similarity 
of this equation to the equation (4.8) as re- 
written in the form 

6:28318 
S (4.10) 
In ~° — 0-27079 
The agreement between the analysis and the 
experimental findings is excellent. 

Moore [6] used field maps to study the prob- 
lem of a square with a central hole. The result 
reported by Moore and Smith et a/. show not 
only an excellent agreement for small values of 

but the agreement is even for 
0-7. 


close 


STEADY TRANSVERSE HEAT FLOW IN 
PRISMATIC BARS WITH RECTANGULAR CROSS- 
SECTIONS 

The configuration under study is represented 
in Fig. 7, and consists of a rectangle with sides 
2a and 2/, having a circular inner boundary. The 
temperatures at the inner and outer boundaries 
are T; and 7, respectively. 

The mapping function which transforms the 
one-dimensional heat flow in the ¢,¥ plane with 
constant temperatures at 4; and ¢, to the con- 
figuration of Fig. 7 in the x,y plane is 


coth — (z 
4a 





Tj - To 
‘ae a ey 
2in (Fr) - 0.01492 











Temperature distribution in a prismatic rod with rectangular cross-section (b/a 
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This form of the mapping function was obtained Table 2. Values of K for various b/a ratios to be used 
by filling the x.y plane with an infinite matrix of with equations (5.7) and (5.8) 

sources and sinks spaced by 2d in the x direction 

and by 2a in the y direction. 


The real part (4) is: 
— 0-08290 


0-03963 


cosh 0-01781 





0-008 16 
0-00373 
0-00170 


cosn 


: 0-00078 
The imaginary part () is: 
0-00016 


4:00 


5-00 


ad 2S \ 1)"+! tan- 
—_—— 


1-0 sinh > 


10-00 


[he value of 4 at the outer boundary of 
rectangle is: 

4,=0 (5.4) 
at the inner circular boundary, when r;/2 < | 


(or x/a < 1, y/a < 1), dé converges from (5.2) to Che variation of @ in the x.) 


corresponds to a variation 
from ¥, = Oto ¥, 


AY 4x 


The temperature distribution is then g 
 Sech" a’ — substituting (5.2), (5.4), and (5.5) into (1 
] Ty 
The double-summed term can be shown to be 
convergent and it will henceforth be denoted 
by A, so that 


7 4a 
2 In 
vr 


where: 





The values of K are listed in Table 2 for various 
b/a ratios. 





120 mm. 2. 
The shape factor is obtained by substituting 
(5.4), (5.5) and (5.6) into (3): 


2K 


Ihe temperature distribution is illustrated for 
2 in Fig. 7, and the values of the shape 
tor versus aspect ratio b/a are plotted in 


ge & 





Gs k S(T, - Te) 





S - Shape Factor 











3 4 


2 aspect Ratio 


8. Shape factor versus aspect ratio of rectangular. 


When d/a tends to infinity, the temperature 
distribution of (5.7) and the shape factor, S. 
as given by (5.8), describe the case of an infi- 
nitely long strip with an inner circular boundary 
on the center line of the strip. 


STEADY TRANSVERSE HEAT FLOW BETWEEN 
ECCENTRIC CIRCULAR CYLINDERS 

Consider a bar with a circular outer boundary, 
and an eccentric circular inner boundary. The 
outer and inner boundary temperatures are 7, 
and 7; respectively. 

This problem is briefly discussed in Carslaw 
and Jaeger [2], and is quoted here briefly for the 
sake of completeness only. 

The values of the shape factor versus eccentri- 
city ratio, «, are plotted in Fig. 9. 
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S$ - Shape Factor 











& . ; 
a: Eccentricity Ratio 
rs 


Fic. 9. Shape factor versus eccentricity ratio. 


STEADY TRANSVERSE HEAT FLOW IN 
PRISMATIC BARS WITH ELLIPTICAL CROSS- 
SECTIONS 
Consider a prismatic bar with confocal 
elliptical inner and outer boundaries. The 
temperatures of the outer and inner boundaries 

are 7, and 7;, respectively. 

The mapping function which transforms the 
one-dimensional heat flow in the 4,¥ plane with 
constant temperatures at 4; and 4, to the con- 
figuration of Fig. 10 in the x.y plane is [7]: 


iv isin~! , (7.1) 


The expressions for ¢ and ¥ are given in the 
implicit form 
x* y’ 
f?cosh?é ° f?sinh? 6 
# y* 
J 2 sin” W y 2 cos” WwW 


Along the outer boundary 
d 


¢d, = tanh"? 
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oF Of 


or of 
w 
°o 
wa 
o 


” 
° 
“_ 
ow 


c = 
Fic. 10. Temperature distribution in a prismatic rod 


with confocal elliptical cross-section (c/d 1-058: 
h/d 0-10). 


and along the inner boundary 
h 
tanh 


where 


The values of ¥ undergo a change of 
AY =2n 


The temperature distribution is given 


substituting (7.4) and (7.5) into (1): 


The appropriate value of ¢ can be determined 
from (7.2) for particular values of x and y. 

The shape is obtained by substituting (7.4), 
(7.5), and (7.6) into (3): 


(7.8) 
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The temperature distribution is shown in 
Fig. 10, and the shape factor is plotted versus 
the ratio of major to minor axis, c/d, in Fig. 11. 

The case of the inner boundary degenerating 
into the focal slit, a slit connecting the foci of the 





S- Shape Factor 














Semi-minor Axis 


Fic. 11. Shape factor versus c/d ratio of confocal 
ellipses 


outer elliptic boundary, is given by the curve 
b d 0. 


SUMMARY 


The temperature distribution and the heat 
flow for long prismatic bars with constant tem- 
peratures at the outer and inner boundaries 
were computed and the results are summarized 
in Table 3. 
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Table 3. Summary of results 


Shape factor, S$ 
Shape and notation Temperature distribution Q ee t 
KS (T, 7.) 


in(“) + 1-13916 
; 


T.—% 
In (“) + 1-13916 
: 


0 


1:83402 g ) cos 36 1-09469 (’ ) cos 66 
. 


0 ro 


ri? 
0-39984 ( } cos 96] 
r 


T; — Tp 
r,\? ¥ 
In{—} + 0-54 
ro 


( 


[in ( ") + 054159 
/ 
159 ° 


.\4 
0-59131 (" } cos 44 0-:05767 (- } cos 84 " 0-27079 





, 12 
0:00796 { —} cos 126] 


i 


T To . 
In (! } + 0-32131 


In(“!) + 0-32131 0 
/ 


T, 


0-29838 (" ) cos 54 0-0111 d } cos 106 0- 16066 
ro ro 
r \15 ] 

0-01183 { } cos 150] 
r | 


fee 
In (“!) + 0:21339 


0 


6 12 ; 
0 13145 (‘ } cos 66 0:01839 (" } cos 124 I 0-10669 
ro r 
0-01355 (“) cos 186] 
ro j 


Hexagon 
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Table 3—continued 


Shape factor, S 
Shape and notation Temperature distribution Q 
I 


kS (7 Ty) 


ir 
A, | } cos né 
ro 


Az» (~ } : cos 3no| 


“n-Sided” regular polygon 


. of elie (See Table 1 for Ap, An, 


Concentric circles 


Where 


Eccentric circles 





Shape 


and notation 




















Infinite strip 


M. 
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Table 3—continued 


Temperature distribution 


. =) 
cosh ™ 2nb) 





cosh > 


(See Table 2 for K) 


; y? 

Compute ¢ from: 
if > ; " " 

f* cosh? d 2 sinh? d 


Compute ¢ from: —, — , _ 
f* cosh? ¢ f? sinh® d 


Shape factor, S 


kS (T, 


T,) 
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APPROXIMATE CALCULATION METHOD FOR 
HEAT TRANSFER IN LAMINAR BOUNDARY LAYERS WITH 
CONSTANT SURFACE TEMPERATURE 


A. G. SMITH* and V, L. SHAH* 


Department of Aircraft Propulsion, College of Aeronautics, Cranfield 


(Received 20 January 1961) 


Abstract—A simple method for the calculation of heat transfer in a laminar, constant property and 

constant surface temperature flow, was described by Smith and Spalding [1]. In the present paper, the 

method is extended to the range of Prandtl numbers 0-7 to 10. Examples are given of heat transfer 
calculations for ellipses of 2:1 and 4:1 fineness ratio. 


Résumé—Une methode simple de calcul de la transmission de chaleur dans un écoulement laminaire 

a propriétés constantes et température de surface constante a été décrite par Smith et Spalding [1]. 

Dans cet article, la méthode est étendue au doma'ne des nombres de Prandtl compris entre 0,7 et 10. 

Des exemples de calcul de transmission de chaleur sont donnés pour les ellipses d’excentricité 2:1 
et 4:1. 


Zusammenfassung—Smith und Spalding [1] beschrieben eine einfache Methode zur Berechnung des 

Warmeiberganges in einer Laminarstr6émung mit gleichbleibenden Stoffeigenschaften und konstanter 

Temperatur der Berandung. Diese Methode wird hier auf den Bereich der Prandtlzahlen von 0,7 bis 10 

ausgedehnt. Als Beispiel wird der Warmeibergang an Ellipsen vom Achsenverhaltnis 2:1 und 4:1 
berechnet. 

AnHoTanna—Cuut nu Cnosuur [1] qari ommcanue mpoctoro MeToya pacuéra Temo006mMeHa 


B JaMMHapHOM TOTOKe C MOCTOAHHLIMH @u3H4eCKHMHM XapakTepHCTHKaMHM HM ToOcTOAHHOM 
TemMnepatypoli nopepxHoctTn. B my6aukyemoili crarbe 9TOT MeTO, pacnpocTpaHéH Ha OOacTb 
yncea I[panyraa or 0,7 go 10. I[pueoxatca mpumMepht pacuéta Teni006MeHa WIA 9.1TMTICOB 


, 


€ COOTHOWeHHeM OCeil paBHbIM 2:1 Hm 4:1 
NOTATION fluid viscosity ; 
number defined in equation (2): kinematic viscosity of the fluid; 
thermal diffusivity, k/pC,,: ; heat: 
number defined in equation (2); Reynolds number, Uc/v; 
characteristic length of body, e. Reynolds number, U,x/v: 
chord or major axis; radial dimension of axisymmetric 
specific heat; body: 

“heat flux thickness” density: 


S 


defined by 


k=k/d,: 

error term defined in equation (2): 
heat transfer coefficient: 
conductivity of the fluid; 

Nusselt number, /ic/k: 

Nusselt number, /1x/k: 


* Professor of Thermodynamics, University of Not- 
tingham, Nottingham. 
+ Department of Aircraft Propulsion, College of 
Aeronautics, Cranfield. 
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Prandtl number, v/a: 

temperature: 

mainstream velocity at a point on 
the surface; 

approach or reference velocity: 

fluid velocity within the boundary 
layer: 

vectorial length: 

distance along surface from stagna- 
tion point; 

distance normal to surface. 
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1. INTRODUCTION 
Exact solutions of the boundary layer equations 
are possible only for a limited range of main- 
stream velocity distributions. To solve a problem 


involving the flow of a fluid round a body of 


arbitrary shape, approximate methods are 
necessary. Numerous approximate methods are 
available to calculate heat transfer in a laminar 
boundary layer with constant fluid properties 
and constant wall temperature. 

Frossling [2] carried out the calculations of the 
temperature distribution by assuming a power 
series for mainstream velocity distribution, 
velocity distribution in the boundary layer and 
the temperature distribution in the boundary 
layer, and solved the differential equation. The 
method is very cumbersome. 

Eckert [3] solved the temperature equation by 
assuming that the rate of growth of the tempera- 
ture layer is the same as for a wedge flow with 
the same temperature thickness and the same 
value of a certain pressure gradient parameter. 
However. by this method, the calculations for 
the thermal boundary layer are considerably 
more tedious than those for the velocity layers. 

Squire [4] derived an approximate method by 
solving an approximate heat flux equation. The 
Blasius velocity profile was taken, but the dis- 
placement thickness was allowed to vary with x 
in a manner appropriate to the mainstream. 
The temperature profile was taken similar to the 
velocity profile but with scale in the y direction 
altered in a manner to be determined from the 
energy integral equation. 

This method will give good results only for a 
streamline body because the profiles are assumed 
to be that of flat plate. Further the method 
involves more calculation than that of Smith and 
Spalding [1]. 

Ambrok [5] has solved an approximate heat 
flux equation by assuming that a relation of the 
type Nu, — A’(Re,)" which is true for flat plate, 
is also valid for a flow over a body of arbitrary 
shape. This method, though simple, gives lower 
values of heat transfer when compared to those 
of Eckert [3]. 

Allen and Look [6] have applied Reynolds 
analogy to calculate heat transfer from shear 
stress for fluids with Prandtl number unity. 
Frick and McCullough [7] extended this method 


for any Prandtl number by suggesting a simple 
multiplier for Prandtl number. This method 
gives very high values of heat transfer. 

The simplest of all the methods appears to be 
that of Smith and Spalding [1] whose simple 
quadratures give results identical with those of 
Eckert [3]. The Smith and Spalding method is 
limited to fluid with Prandtl number = 0-7 which 
is adequate for air and some other gases. How- 
ever, to meet the case of liquids, the method has 
been extended in the present paper to cover a 
range of Prandtl numbers up to 10. 


2. EXTENSION OF SMITH AND SPALDING 
METHOD TO A RANGE OF PRANDTL NUMBERS 

From vectorial dimensional analysis, it can be 
shown that the rate of growth of a thermal 
boundary layer is dependent on the thickness of 
the layer and on the mainstream velocity 
gradient, i.e. 


U, d(42) 


V dx (1) 


In deriving the above relation, the following 
assumptions are made in addition to the boun- 
dary layer assumptions: 


(1) The rate of growth depends only on local 
conditions. 

(2) Any dependence of the rate of growth on 
velocity layer shape or thickness can be 
ignored. 


These assumptions lead to 


d4, dU, . 
: f (44 U,, =~ 0, Ce 
dx dx 
and when dimensionless groups are formed 
allowing a separate identity to the X, Y, Z, 
length dimensions, equation (1) follows. The 
dimensions Q7-'@'X"! YZ" and MT'X- 
YZ~! assigned to k and yw respectively, assert 
the usual boundary layer assumptions that & and 
w “act” only through ¢@@/cy and ¢cu/cy. This 
assertion leads to equation (1) instead of a more 
general and less useful relation obtained when 
the three length dimensions are undistinguished. 
The unknown function in equation (1) can be 
obtained from the exact solutions of the thermal 
boundary layer equations. From exact solution 





128 A. G. 
for the thermal boundary layers in “wedge” 
flows by Eckert [3] (Fig. 1), it can be seen that 
the relation between the two quantities is nearly 


uneal 


Fic. 1. Typical graph showing relation between 


U, da? 4? dU 
+ —! and -! — fore = 5. 
dx dx 


Writing the relation 
A? ) 


-E (2) 
v dx : 


B| 
where F£, is the error of the linear approximation, 
and is a small number dependent on 

(7s dl 
l dx }’ 


we may integrate, using the integrating factor 
U® 1 to 
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SHAH 
UB A? 4 (UP ; — . 
. A ft x + [x U24 E,dx. (3) 


From this quadrature, knowing A and B, 4, 
may be calculated everywhere, U, being a 
known function of x, and v being known. The 
calculation is in principle iterative since F, 
cannot be found until a first approximation to 
4, has been obtained. This first approximation, 
called 4,4) is calculated by omitting the last 
term from equation (3). From 44), £4¢) is 
calculated, and hence 44). Actually £44) is 
often so small that the first approximation 4, 
suffices. 

From 4, the heat transfer coefficient may be 
found by the equation: 


h = k/d,. (4) 


It is preferable to work with the dimensionless 
forms of equations (3) and (4). They are: 


LM] 


E, is now dependent on 


“) (F 


d(U,/U) 
v d(x/c) © 


r: 


At the front stagnation point, equation (5) 
becomes 


A,\? (Uc A/B 
(2) (5) = aay 
d(x/c) 


Eckert [3] gives data sufficing for the calcula- 
tion of A, B, and E, for o = 0-7, 0-8, 1-0, 5-0 and 
10. Smith and Spalding [1] gave A, B, for 
o 0:7 and the values for other o are added 
below, in Table 1. 
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Table | 


0-7 0:8 1-0 


11-68 10-61 9-07 


2:87 2:90 2:95 


4:07 3-66 3:07 


Figure | shows the relation between 


U, d(4?) , A? dU, 
and - 
1 dx vy dx 
for ¢ 5, as an example. Similar graphs were 
drawn for other o values to obtain the A and B 
values of Table 1. 
E, is given in Table 2. 
Tables 1 and 2 give all the numerical data 
necessary for computing heat transfer in laminar 
layers over the range o 0-7 to 10. For con- 
venience in using the method at intermediate o 
values, the dependence of A and B on a has been 
plotted in Fig. 2. 
Equations (5) and (6) have been computed by 
the authors, for flow over ellipses of major 
minor axis ratio 4:1 and 2:1, and for Prandtl 


numbers 0-7, 0-8, 1-0, 5-0 and 10. Integration was 
performed by Simpson’s rule using 0-01 intervals 
to x/c 0-1, then 0-05 intervals to x/¢ 0-7 
An extract from the computation for o = 5, for 
the 4:1 ellipse, is given in Table 3. The results of 
these calculations are shown in Figs. 3 and 4, and 
the velocity distributions which were used are 
shown in Fig. 5. 

Comparison of these calculations with other 
theoretical results is not possible except at 
o 0:7, where results from Eckert [3] and 
Schuh [8] are available. These results are in too 
close agreement with those of the present paper 
for differences to appear when plotting to the 
scale of Figs. 3 and 4. 


3. AXISYMMETRIC FLOW 
By the use of Mangler’s transformations [9]: 


Table 2 


3-663 


0-011 


3-074 


0-002 


0-919 


0-917 


0-614 
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« o 
5 6 


Prandtl number, oc 
Fic. 2. Variation of A and B in equation (2) with Prandtl number. 


Table 3 


1-246 


0-561 


0-023 0-164 a 0:59] 


* 


Ist approx. 
) 


Uc d(U,/U) 


0-919 "232 0-041 0-011 0-027 0-098 
d(x/c) 


0-105 0-02 0-043 0-685 


0-018 0-044 0-063 0-085 0-084 0-004 


0-023 0-038 0-038 0-002 


1 Ue). e 
JI — } 2nd approx. 6-601 55 1-13 0-995 0-893 0-813 0-738 


No further cycles are needed. * From the front stagnation point relation. 
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Fic. 4. Distribution of Nusselt number on the surface 
of a 4:1 ellipse for various Prandtl numbers. 


Fic. 3. Distribution of Nusselt number of the surface 
of a 2:1 ellipse for various Prandtl numbers. 








Fic. 5. Velocity distributions on the 2:1 and 4:1 ellipses. 





mi. Gy 


the method given above can be used for axi- 
symmetric flows. Given U,(x) and r(x), U,(*) 
may be tabulated and / determined from 


equations (5) and (6) and hence h. 


4. CONCLUSION 


1ethod described and illustrated in 


gives a very rapid calculation of 


heat transfer in the two-dimensional or axi- 


symmetric cases to which it can be applied. It is 
difficult to assess the accuracy of the calculations: 


for ““wedge” flows the results should be exact, 
those of Eckert. The basis of the 
present method is in fact simply that on a sur- 


as should 


face with an arbitrary U, distribution, the rate of 


growth of thermal layer thickness is the same as 
it would be in a wedge flow with the same 
thermal thickness, U, and dU,/dx. The present 
method is very unlikely to give highly misleading 
predictions of heat transfer: stagnation point 
solutions are exact within the usual boundary 


layer assumptions, and often large portions of 


subsequent velocity distributions are similar to 
“wedge” flow distributions. The method should 
be used with some regard for the velocity- 
ayer phenomena—it would be fortuitous if the 
method gave accurate results in a region of flow 
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separation, but the authors believe that it can be 
used with some confidence to near the calculated 
separation point. 
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Abstract—The work described in this paper is a continuation of that done by Kestin and Maeder on 
the influence of free-stream turbulence on the coefficient of heat transfer from cylinders in cross-flow 

he present work is concerned exclusively with the flat plate and deals at length with the case of zero 
incidence, i.e. of zero pressure gradient. The effect of adding a favorable pressure gradient was 
investigated in a preliminary way. 

Kestin and Maeder have demonstrated the existence of two effects produced by an increase in the 
turbulence intensity of the free-stream in the case of cross-flow past a circular cylinder. (1) An increase 
in turbulence intensity causes earlier transition, and, generally, affects the flow pattern about the 
body. (2) An increase in turbulence intensity causes /ocal changes in the coefficients of heat transfet 
and, presumably, in the flow pattern in the boundary layer. The existence of the local effect has als 
been observed by Kestin, Maeder and Sogin, Giedt, Sato and Sage, Sage et a/., Seban, and van det 
Hegge Zijnen. 

The present investigation shows that the local effect is completely absent in the case of a flat plate at 
zero incidence, in good agreement with the work due to Edwards and Furber and Kline ef a/., but in 
contradiction to the findings of Sugawara and Sato. This is a remarkable difference between the 
present case and that of a cylinder. A qualitative explanation of this difference was suggested 
by Kestin et al. The main conclusion reached by them was that large effects from changes in 
the free-stream turbulence can be produced only in the presence of pressure gradients. This con- 
clusion was tested by imposing a favorable pressure gradient on the plate. It was found that small 
changes in the turbulence intensity of the free stream cause large changes in the coefficient of heat 
transfer in the laminar range. Experiments with a pressure gradient were carried out in a pre- 
liminary way, and no exhaustive measurements were undertaken at this stage. In particular, the effect 
on turbulent boundary layers as well as the effect of adverse pressure gradients were not investigated. 

The experimental arrangement and the techniques used in measurement are described in detail; the 
accuracy is carefully examined and detailed check-measurements, in particular, measurements of 
velocity profiles were undertaken in order carefully to correlate the heat transfer measurements with 

the different flow regimes which are possible in the boundary layer. 


Résumé—Le travail décrit dans cet article fait suite 4 celui de Kestin et Maeder sur linfluence de la 
turbulence de l’écoulement libre sur le coefficient de transmission de chaleur de cylindres places 
normalement a l’écoulement. Le présent travail concerne exclusivement le cas de la plaque plane 
et traite en détail le cas de l’incidence nulle, c’est-a-dire du gradient de pression nul. L’effet de l’addi- 
tion d’un gradient de pression favorable a été étudié de fagon préliminaire. 

Kestin et Maeder ont démontré, dans le cas de écoulement perpendiculaire a un cylindre, que 
l‘augmentation de l’intensité de la turbulence dans l’écoulement libre avait pour effet 

1° d’avancer la transition et de modifier écoulement autour du corps: 

2° d’affecter localement les coefficients de transmission de chaleur et probablement aussi l’écoule- 
ment dans la couche limite. L’existence d’un effet local a également été observé par Kestin, Maeder, 
Sogin, Giedt, Sato et Sage, Sage et ses collaborateurs, Seban et van der Hegge Zijnen. 


La présente recherche montre que l’effet local est inexistant dans le cas d’une plaque plane a inci- 
dence nulle. Cette conclusion est en bon accord avec le travail de Edwards, Furber, Kline et se 
collaborateurs, mais en contradiction avec les résultats de Sugawara et Sato. C'est une différence 
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remarquable entre le cas présent et celui du cylindre. Une explication qualitative de cette divergence 
a été suggérée par Kestin, Maeder et Wang. Leur conclusion principale est que la variation de la 
turbulence du courant libre n’a d’influence notable que s’il existe des gradients de pression. Cette 
conclusion a été contrélée dans le cas de la plaque, en imposant un gradient de pression favorable. 
On a trouvé que des petites variations de l’intensité de la turbulence entrainaient de grandes variations 
du coefficient de transmission de chaleur dans la zone laminaire. Les expériences effectuées avec 
gradient de pression sont préliminaires, aucunes mesures completes n’ont encore été entreprises a ce 
stade. En particulier, l’effet sur les couches limites turbulentes aussi bien que l’influence de gradients 
de pression défavorables n’ont encore été étudiés. 

L’appareillage et les techniques utilisés pour les mesures sont décrits en détail; la précision est 
étudiée avec soin et les mesures de contréle bien détaillées, en particulier, les mesures des profils de 
vitesse ont été effectuées pour les comparer aux mesures de transmission de chaleur pour les dif- 

férents régimes d’écoulement dans la couche limite. 


Zusammenfassung—Die Arbeit von Kestin und Maeder iiber den Einfluss der Freistromturbulenz auf 
den Warmeiibergangskoeffizienten bei Zylindern im Querstrom wird hier fortgesetzt fiir die ebene 
Platte im Fall der Null-Inzidenz d.h. fiir einen Druckgradienten von Null. In vorlaufigen Versuchen 
wird der Einfluss giinstiger Druckgradienten untersucht. Beim querangestrémten Kreiszylinder haben 
Kestin und Maeder zwei Effekte nachgewiesen, die von einer Erh6hung der Turbulenzintensitat des 
Anblasstromes stammen. (1) Die Erhéhung der Turbulenzintensitaét verursacht einen vorzeitigeren 
Umschlag und beeinflusst ganz allgemein das Str6mungsbild in der Umgebung des KGrpers. (2) Die 
Erhéhung der Turbulenzintensitat bedingt Grtliche Veranderungen des Warmeiibergangskoeffizienten 
und wahrscheinlich auch des Stromungsbildes in der Grenzschicht. Diesen lokalen Effekt stellen auch 
Kestin, Maeder und Sogin, Giedt, Sato und Sage, Sage und andere, Seban und van der Hegge Zijnen 
fest. 

Die vorliegende Untersuchung zeigt, dass ein lokaler Effekt bei der ebenen Platte vollkommen 
fehlt, was mit der Arbeit von Edwards und Furber und Kline und andere tbereinstimmt, jedoch den 
Ermittlungen von Sugawara und Sato widerspricht. Dies bedeutet eine bemerkenswerte Abweichung 
des hier behandelten Falles vom Zylinder. Eine qualtitative Erklarung der Verschiedenheit geben 
Kestin, Maeder und Wang. Ihre Schlussfolgerung besagt, dass grosse Effekte durch Anderung der 
Freistromturbulenz nur in Gegenwart von Druckgradienten hervorgerufen werden k6énnen. Dies 
wurde mit Hilfe eines giinstig gewahlten Drucksgradienten an der Platte geprift. Es ergab sich, dass 
kleine Anderungen der Turbulenzintensitat des Freistromes grosse Anderungen des Warmeiibergangs- 
koeffizienten im laminaren Bereich hervorrufen. Die Versuche mit dem Druckgradienten waren nur 
vorlaufiger Art, es wurden noch keine eingehenden Messungen durchgefiihrt. Insbesondere ist noch 
nicht der Einfluss auf turbulente Grenzschichten und der Effekt weniger giinstiger Druckgradienten 
untersucht. 

Die Versuchseinrichtung und die Messmethode werden im Einzelnen beschrieben. Eingehende 
Kontrollmessungen sorgten fiir gute Genauigkeit. Besonders exakt wurden die Geschwindigkeits- 
profile ermittelt, um die Warmeiibergangsmessungen mit den verschiedenen, in der Grenzschicht 

méglichen Str6mungsarten in Beziehung setzen zu k6nnen. 


AHnHOTalnaA—Martepnadbt, W3.107KeHHEIe B HacTosmulel CTaTbe, ABAAIOTCH MmpooskeHneM 
padoTH, mpogeranHoit Kecruupim u Mngepom no sompocy 0 BaMAHHM TypOyeHTHOCTH 
Haberawllero MoTOKa Ha KoaPPUNMeHT TenIooTaW WianHApoB. B yannoit paboTre mpuBe- 
eHbI Pe3y.1bTATH UCCUeELOBAHNA TeMIOOTAAYM MIOCKON M1acTHHbI pH YCAIOBUM, Kora yro. 
aTakH pape Hy.0. B oTom Cayyae rpaMeHT WaBNeHUA paBeH Hy.10. Banaue BeM4HHE! 
rpawqueHTa LaBlleHHA HCCAeLOBaANIOCh OTTEAbHO. 

Kectuh u Mugep nmokasaim cymecTrnopanue jiByx oadxpeKkTOR, KOTOPbIe BOSHMKAaWT B 
pesy.1bTaTe NOBMIMeCHHA HHTeCHCHBHOCTH TYpOy1eHTHOCTH HaGeralollero NOTOKA JIA Cyyas, 
Kora IWLIMHIp pacnonomen nmonepér. (1) Ilopsnmenue mHTencuBHocTu TypOy1eHTHOCTH 
BLISbIBaeT Oouee paHHHii Mepexoq u, BooOme, BINAeT Ha CTpyKTYpy NOTOKAa Hajl TesIOM 
2) Ilopsnmenne MHTeEHCHBHOCTH TYpOyAeHTHOCTH BEISHIBAeCT JOKaIbHbIe M3MeCHEHMA B KOOd)- 
(PMINMeHTAX TeN1000MeHa, NOBMAUMOMY, B CTpyKType NoTOKa B NOrpaHHYHOM C10e. ITO 
rakme HaOmofamm Kecrnn, Mugep uw 3ormn, Tugat, Caro nu Care, Care u apyrue, Ce6an 1 
Ban yep Xerre I[nnen. 

HactTonulee nCCueqoBaHHe NOKasblBaeT XOpouree COBMaeHHe C TaHHbIMM, MpHBe_eHHLIMH 
B padotax Jzpapaca, Dypbepa, Katina nu Ap., HO MpoTHBOpeYNT aHHbIM, ONYOAMKOBAHHEIM 
B padotax Carapapa mu Cato, QA Cy4an MIOCKOi MAacTHHbI C YriOM aTaKM paBHbIM Hy. 
Ip MOJHOM OTCYTCTBUM JOKaIbHOrO addekta. B arom 3akouaeTCA CYMeCTBeEHHOe pasanune 
Me*KLY HAaCTOAMIMM Culy4yaeM M Crryyaem C WMIMHEpOM. HKayectBennoe OObACHeHHe 9BTOTO 
pasiM4nAd ObII0 Mpeqaoneno Kecrnnpim, Mugepom u Yourom. Ocnopnoit BEIBOA, K KOTOpOMy 
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OHM MpHULIN, 3aKTIOUAeTCA B CreAYOULeM: GorbIUIMe adPeKTH, BOBHUKAlONNe pu H3MeHeHMM 
TYpOy1eHTHOCTH HaGeraiollero MOTOKA, MOrYT MMeTb MeCTO TOJIBKO MPH HaJIM4MM PpajlieHToR 
(aBIeHHA. ITOT BLIBOL MpoBepAICA MyTéM BBEeCHUA NOLXOLAULerO TpaMenta jaB.reHus. 
Buw10 Haiijeno, TO HeOONbUIMe M3MeHCHHA B MHTeCHCHBHOCTH TypOyaeHTHOCTH HaGeraloulero 
NOTOKA BLI3bIBAOT OOJTbINMe M3MeHeHHA B KODPPULMEHTe TeN.1000MeHa B JaMMHapHolt oO1acTH 
ONBITLE € PpayMeHTOM aBJIeEHMA MpOBOTMINCh NpHOTMAKEHHEIM MeTOZIOM, a TIlaTeJIbHBIe 
H3MepeHHA He MpOBOAMAINCh Ha aTOM aTane. B yacrHocTH, BAMAHMe Ha TYpOyJeHTHHIe Norpa- 
HHMYHbIe CON, a TAKAKE BIMAHME HEOMAPONPHATHEIX PpalHeHTOR jaB1eHMA, HE UCCAeLOBANOC, 

B craTbe avo jleTabuoe onucanue okcnepuMeHTatbHOlt ycranopKu. TounocTn eé 
npobpepena, H, B YaCTHOCTH, ObLIN TpoBeeHbt OCO6O TOUHBIe H3MepeHUA Mpoduseli CKOpoCTH 
WIA KOppeTAMMM TenIO0OMeHAa C PasTM4YHBIMM pexwAKHMaAMHM, KOTOPHIe MOFYT MMeTb MeCTO B 

NOrpaHH4HoM C.10e. 


aa 


a 
~ 


Nn 


ZT FSA ARAARKR 


~ 


LIST OF SYMBOLS 
area of heater: 
half-width of heater; 
numerical factor in equation (31); 
numerical factor in equation (10); 
numerical factor in equation (12); 
Stefan—Boltzmann radiation constant; 
coefficient of skin friction: 
correction factor, equation (27); 
current flowing through heater; 
thermal conductivity (average); 
thermal conductivity (at temperature 
T); 
length of plate; 
Nusselt number (based on length co- 


ordinate for plate): 
atmospheric pressure; 
radiation correction; 


static pressure; 

Static pressure in free stream; 

total pressure; 

dynamic pressure in free stream: 
Reynolds numbers (based on length co- 
ordinate for plate): 

pressure ratio, equation (3); 
temperature ; 

air temperature; 

air temperature in free stream: 

wall temperature; 

temperature difference (—T,, | Ao 
intensity of turbulence (based on longi- 
tudinal oscillating component); 

free stream velocity; 

longitudinal velocity component in boun- 
dary layer; 

longitudinal fluctuating velocity com- 
ponent; 

voltage across heater; 

co-ordinate along plate in flow direction; 
co-ordinate normal to plate. 


Greek symbols 

a, coefficient of heat transfer (mean value 
over heater): 

a,, coefficient of heat transfer (at center- 
line of heater); 
dimensionless pressure gradient, equa- 
tion (4); 
boundary layer thickness (calculated): 
boundary layer thickness (measured at 
u/ Ux 0-99); 
emissivity ; 
kinematic viscosity (average); 
kinematic viscosity (at temperature 7): 
density in free stream. 


1. INTRODUCTION AND RELATED WORK 

IT HAS been known for some time that many 
experiments on forced convection show con- 
siderable, and inexplicable discrepancies in their 
results. It was suspected that some unknown 
factors must have been left out of account, in 
particular, the effect of the turbulence intensity 
of the free stream. 

The present investigation is a continuation of 
that due to Kestin and Maeder [1] who gave an 
extensive discussion on the subject and reported 
experimental results on the overall coefficient of 
heat transfer from an “infinite” circular cylinder 
in cross-flow. The experiments showed un- 
expectedly large increases in the mean Nusselt 
number; for example, at a mean Reynolds 
number of 180000, an increase in the mean 
Nusselt number of 14-3 per cent was observed 
for a change of turbulence intensity from 0-75 to 
2-60 per cent only. 

It is clear that the mean Nusselt number must 
be affected indirectly by the shifts of the points 
of transition and separation caused by different 
turbulence intensities in the free stream. How- 
ever, by the use of tripping wires, these authors 
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demonstrated conclusively that, in addition, 
there exists a local effect. In other words, having 
fixed the flow pattern in the boundary layer 
about a cylinder by the use of tripping wires, and 
having made it insensitive to changes in turbu- 
lence intensity, these authors found that, 
nevertheless, small changes in turbulence inten- 
caused large changes in the Nusselt 
number. For example, again at a mean Reynolds 
number of 180000, the mean Nusselt number 


sity stull 


increased by 26 per cent when the intensity of 


turbulence was varied from 0-75 to 2-66 per 
cent. 

This local effect was subsequently measured 
directly by Kestin et al. [2]. It was also 
noted in the earlier work by Giedt [3, 4], Sato 
and Sage [5] as well as in the subsequent work 
due to Sage et al. [6, 7], Seban [8] and van der 
Hegge Zijnen [9]. 

The case of a flat plate was studied by Edwards 
and Furber [10] who have undertaken experi- 
ments to determine the influence of the free- 
stream turbulence on the mean coefficient of heat 
transfer from a flat plate provided with a round 
nose of very small radius. Two screens were 
used to promote turbulence intensities of 1-5 and 
2:5 per cent, but these values were estimated 
rather than measured directly. The investigation 
led to the conclusion that changes in the inten- 
sity of turbulence of the external stream had no 
influence on the rate of heat transfer across a 
laminar or a turbulent boundary layer except 
insofar that a higher intensity promoted transi- 
tion at a lower Reynolds number. This showed 
the existence of an important difference between 
the flat plate at zero incidence and cylinders or 
spheres. The present investigation was con- 
ducted to confirm this result and to elucidate 
the reasons for such a fundamental divergence 
of behavior. 

At an earlier time, Fage and Falkner [11] had 
performed experiments on a thin, electrically 
heated platinum foil and found no influence 
of the free-stream turbulence on the mean 
coefficient of heat transfer in the laminar regime 
to which their measurements were confined. 

The local coefficient of heat transfer from a 
flat plate to a turbulent air stream was measured 
by Sugawara and Sato [12] who employed a 
non-steady method. Their measurements showed 
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no effect in the laminar region for intensities up 
to | per cent, in agreement with Edwards and 
Furber. However, in the turbulent range they 
measured large increases in the Nusselt number. 
In contradiction to Edwards and Furber, they 
measured increases of up to 55 per cent in the 
Nusselt number for a variation in turbulence 
intensity from 1-0 to 8-0 per cent. We shall 
revert to these measurements in section 7. 

Finally, Reynolds et al. [13] made measure- 
ments on a flat plate in the presence of a turbulent 
boundary layer. The measurements were made 
in a tunnel of relatively high intensity of turbu- 
lence (1-5 to 5-0 per cent) and it was found that 
irrespectively of the level of turbulence, the 
Nusselt numbers satisfied von Karman’s equa- 
tion (see equation (36) later) with an accuracy of 
4-5 per cent, i.e. with an accuracy of the order 
of their experimental error. These results can be 
interpreted as a confirmation of the findings due 
to Edwards and Furber. In addition to measuring 
rates of heat transfer, Reynolds et al. verified 
that the coefficient of skin friction was inde- 
pendent of the intensity of turbulence and agreed 
well with Schultz—Grunow’s formula 


4C, = 1-60 (In Re)-?"**. (1) 


The relation of the latter measurement to the 
former will be appreciated if it is remembered 
that in incompressible flow, the velocity field is 
independent of the temperature field, but the 
temperature field is solely determined by the 
velocity field and the boundary conditions. 
Consequently, any changes in the temperature 
profiles must be preceded by changes in the 
velocity profiles, although the two effects may 
be of different orders of magnitude. 


2. STATEMENT OF PROBLEM 

From what has been said in the preceding 
section, it is clear that the investigation of the 
following two problems would be both important 
and interesting. First, enough doubt existed 
about the effect of turbulence intensity on the 
rate of heat transfer from a flat plate at zero 
incidence to warrant new measurements. It was 
also clear that /ocal measurements would be the 
most conclusive. 

Secondly, as it turned out, no effect other than 
a change in the transition Reynolds number was 
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found, in full agreement with Edwards and 
Furber, and it became important to investigate 
the reasons for the fundamental difference in the 
behavior of flows past flat plates and those past 
cylinders or spheres. The difference in the flows 
passing over a cylinder and flat plate is the 
magnitude of the pressure gradient in the flow 
direction. At the forward portion of a cylinder 
or sphere there exists a strong favorable pressure 
gradient which is absent on a flat plate at zero 
incidence. Consequently, measurements were 
made on a flat plate with a positive pressure 
gradient imposed on it. Provisionally, and for 
the present, these measurements were confined 
to the laminar range only. This limitation was 
unavoidable, because a positive pressure gradient 
stabilizes the flow, and transition to a turbulent 
boundary layer could not be obtained with the 
present combination of tunnel speed and plate 
length. 

A qualitative explanation of the part played 
by pressure gradients in the presence of free- 
stream oscillations was given by the present 
authors elsewhere [14]. It was shown that if 
free-stream oscillations are to produce an effec- 
tive change in the boundary layer, the amplitude 
of the oscillation must be large, and must vary 
strongly in the main flow direction. As is known 
from numerous experiments, for example from 
the recent work by Crocker ef a/. [15], the 
amplitude of the oscillations in the free-stream 
is strongly affected by pressure gradients, 
particularly near a stagnation point. 

In anticipation, it can be stated here that 
measurements on a flat plate with a pressure 
gradient imposed on it confirmed _ this 
hypothesis. 


3. EXPERIMENTAL ARRANGEMENT 

The measurements were carried out in the 
22 in X 32 in Brown University low-speed 
tunnel described elsewhere [1]. The flat plate was 
placed vertically in the center-line of the tunnel. 
The local rate of heat transfer was measured 
electrically with the aid of two unit heaters at 
two positions along the plate. The combination 
of two heaters and variable wind velocity made it 
possible to cover a range of length Reynolds 
number from Re = 35 000 to Re = 600 000. 

The unit heaters, exposing areas of 10 in 
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+ in to the air stream, were attached to the plate 
but insulated from it and heated electrically. 
the input into them being carefully metered 
The flat plate was heated by steam which jacketed 
the unit heaters. The surface of the plate and 
the exposed surface of the heaters were main- 
tained at a constant temperature thus eliminating 
all transfer of heat sideways. All temperatures 
were measured by copper-—constantan thermo- 
couples. 

The turbulence intensity was 
inserting a screen in the tunnel 
upstream from the leading edge of the flat plate 
The turbulence intensity was measured by a 
hot-wire anemometer and from 0-7 to 
3-8 per cent. The scale of turbulence was not 
measured in the present experiment. 

The pressure gradient along the flat plate and 
the velocity profiles of the boundary layers were 
measured with standard probes. 


increased by 


test-section 


varied 


(a) The flat plate 

A schematic diagram of the plate is shown in 
Fig. 1. The flat plate, 2 in thick, 20{} in wide 
and 23%3 in high, consisted of a flat 


brass 


surface P, } in thick and a brass cover B, + in 


thick. The nose of the leading edge was round 
and had a radius of + in. The brass cover 
joined the flat surface at } in from the leading 
edge and right at the trailing edge through 
curved portions. Two end-pieces E, one on the 
top and one on the bottom, with taps of I+; in 
diameter were provided for circulating saturated 
steam to maintain a constant surface temperature 
on the plate. The jacket steam was obtained 
from a small laboratory boiler which was also 
described in Ref. 1. On the flat surface, two slots, 
each of 10-1 in 0-6 in, were provided to 
accommodate the unit heaters a and b. The slots 
were about 6 in from the top and bottom walls 
of the tunnel test-section, thus eliminating any 
influence of the walls on the measurement of 
heat transfer. The first slot was 7-+5- in from the 
leading edge and the second, 133% in from it. 
The design of the plate is shown in somewhat 
greater detail in Fig. 2. 

The plate, owing to its 2 in thickness and the 
curved portions, aerodynamically formed an 
unsymmetrical wing section; the flow pattern 
over it was different from that over a “flat” 
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Fic. 1. Schematic drawing of flat plate. 


plate at zero incidence and thickness. At the 
initial stage of the experiments, it was found that 
the flow separated at the leading edge and the 
pressure gradient along the plate was not negli- 
gible. In order to reproduce the flow pattern of a 
flat plate at zero incidence more precisely, two 
dividing plates P and B were provided, one 
upstream and one downstream, Fig. 3. The 
boundary layer formed on the front dividing 
plate was sucked away to the back of the plate 
through the suction slot. The pressure difference 
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required for the suction was provided by four 
control louvers L mounted at the exit of the 
tunnel test-section. The control louvers were 
made of thin aluminium plates assembled in the 
form of a venetian blind and placed at approxi- 
mately 40° to the direction of the flow as shown 
in Fig. 3. The front dividing plate was made of 
aluminum, 2 in thick and 12 in wide and had a 
round nose and tapered trailing edge. The back 
dividing plate was made of wood, 3 in 9 in. 


With such an arrangement, a flat-plate flow 
pattern was successfully produced. 


(b) The unit heater 

The unit heater is first shown schematically in 
Fig. 4 and then in detail in Fig. 5. The heater was 
essentially a miniature boiler filled with saturated 
water and steam. It was made of copper and the 
heat-transferring surface e was 10 in } in. 
The heating element h was of the immersion 
type and had a rating of 30 W. During experi- 
ments the heating element was always kept 
immersed in water to prevent overheating. A 
baffle b was provided to cause circulation of the 
saturated water and steam inside the heater so 
that the surface temperature could be main- 
tained uniform. The unit was charged with water 
from the bottom and the amount of water inside 
the heater could be examined by a gage m out- 
side. Both the water inlet and the steam vent 
were provided with stop valves S which served 
to isolate the system during the experiments. 
The temperature of the steam inside the heater 
was measured by a thermocouple and the rate of 
heating was adjusted to provide a temperature 
equal to that of the jacket steam in the plate. 
Owing to the equal steam temperatures and to 
the provision of an insulating cover in the back 
of the heater, heat exchange between the heater 
and the jacket steam in the plate was reduced to 











Fic. 2. Design drawing of flat plate. 
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Fic. 3. Arrangement of plate in tunnel. 
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Fic. 5. Design drawing of unit heater 























Fic. 4. Schematic drawing of unit heater. 
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a minimum. Therefore practically all of the 
electrical energy input into the heater was trans- 
ferred through the exposed surface. 

The unit heater was attached to the plate in 


such a way that its exposed surface was flush 


with that of the main plate at all temperatures. 
This 


for the different coefficients of linear thermal 


was achieved by providing compensation 


expansion of copper (heater) and brass (plate). 
[The method of compensation can be best 
explained with reference to Fig. 6. It is seen 


from Fig. 6 that the unit heater e is attached to 

















Method of compensation for thermal expan- 
sion. 


its cover d through a Teflon bridge f: and the 
cover is screwed to the plate c. When the 
arrangement was assembled at room tempera- 
ture, the exposed surface b of the heater was 
made flush with the plate surface a and the con- 
tact surface X was higher than the contact surface 
Y by an amount h. At higher temperatures all 
parts would expand. Taking surfaces a and b as 
reference, surfaces X and Y would move back- 
wards and reach a position shown by the 
dotted lines, say. If without the Teflon bridge, 
the heater would be a separate unit and surface 
X would recede more than surface Y would, 
because the main plate would expand more due 
to the fact that the coefficient of thermal expan- 
sion of brass (plate) is higher than that of copper 
(heater). The difference was compensated by the 
expansion of the Teflon bridge through the 
length h. The value of the length h was estimated 
and found to be fairly small. 
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The gap g between the heater and the plate 
was also filled with Teflon. Being an insulating 
material, the Teflon insert cut down the amount 
of heat conduction sideways, thus eliminating 
the complication of correcting for it when a 
mean area was taken for the evaluation of the 
Nusselt number. 

It must be remarked here that the excellent 
experimental results obtained, as will be seen 
later, were due in great measure to the successful 


design of the heater. 


(c) Power-input measurement 

The electrical power-input to the heaters was 
supplied from a 230-V a.c.—d.c. converter set. 
The undesirably large voltage fluctuations were 
screened out by a voltage stabilizer which was 
described in detail in Ref. 1. The d.c. output 
from the stabilizer was constant to within 0:1 
per cent. 

The measuring circuit was also the same as in 
the Ref. 1, where it was shown that the rate of 
heat transfer could be measured with 
accuracy of 0-3 per cent. 


(d) Temperature measurement 

All temperatures were measured by 0-005 in 
diameter copper and constantan thermocouples. 
Before setting-up, one piece of the thermocouple 
wire was calibrated with the aid of a high- 
precision potentiometer and with reference to 
two precision, etched-stem, mercury-in-glass 
thermometers provided with Bureau of Stan- 
dards certificates. The accuracy of the calibration 
was to 0-005°C in the room-temperature range 
and to 0-01°C near the steam point. 

The temperature of the plate surface was 
measured at eleven positions and that of each 
heater surface at five positions as shown in 
Figs. 1 and 4 respectively. The thermocouples 
used to measure the temperature of the plate 
surface were attached to the plate in the follow- 
ing way (see also Ref. 1). The bared ends of the 
copper and constantan wires were soldered into 
two very fine holes drilled in the plate. The two 
holes were very close to each other so that the 
two wires could be considered being soldered 
together. The thermocouples to measure the 
temperature of the heater surface were attached 
to the heater in the same way except that only 
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the constantan wires were soldered to it; the 
heater, being made of copper, served as the other 
wire. 

Thermocouples to measure the jacket steam 
temperature and the temperature of the steam 
in each heater were also provided. The air 
temperature was deduced from the measurement 
of the stagnation temperature in the settling 
chamber of the wind tunnel. 

All temperatures, except the air temperature, 
were measured relative to the jacket steam in the 
plate and the e.m.f. of the thermocouples was 
registered by a potentiometer recorder using a 
scale of 1 mV to 25 cm; in other words, differen- 
tial measurements were made. Since all these 


temperatures were only slightly different from 


the jacket steam temperature a_ differential 
measurement was found very convenient and 
accurate. 

The temperature of the jacket steam in the 
plate and the stagnation air temperature were 
measured independently by a portable potentio- 
meter. 

Owing to the successful design, the heaters 
had a surface temperature constant to within 
--Q-2°C in most runs. In one or two runs at high 
speeds it rose to +-0-5°C. The plate surface 
temperature was maintained constant to within 
+-0-5°C at all positions except near the leading 
edge. Owing to the wedge-like shape of the lead- 
ing edge where the heat transfer is extremely 


° 





high, the supply of the jacket steam in the plate 
was insufficient to compensate for the cooling 
effect of the air-stream. Consequently the plate 
temperature near the leading edge varied from 
92-6°C at the lowest speed to 67:3°C at the 
highest speed while the rest of the plate was 
always at nearly 100°C. The variation of the 
leading-edge temperature with the air speed is 
shown in Fig. 7. This was unavoidable and not 
very serious because the second thermocouple 
from the leading edge, 3} in away from it, 
already registered the normal plate temperature 
in all test runs. In view of the design of the lead- 
ing edge, it was reasonable to assume a constant 
temperature, the value measured by the first 
thermocouple, } in away from the leading edge, 
over a length of 1} in and then the normal 
plate temperature for the rest of the plate. The 
sudden jump, i.e. the discontinuity in tempera- 
ture was assumed to occur at x 1-5 in. The 
rate of heat transfer was then corrected to the 
isothermal condition in the calculations of the 
Nusselt number according to the methods due 
to Eckert and Drake [16] and Rubesin [17]. The 
correction, as given in section 6, was only of 
the order of 5 per cent. 

The heater surface temperature also differed 
somewhat from the plate surface temperature. 
In this case, however, the difference was only 
1°C in most runs and rose to 3°C in a few runs 
at high speeds. Corrections were also applied by 
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the use of the same methods: the corrections 
turned out to be less than 1-5 per cent in all 
runs. 


(e) Measurement of turbulence intensity 
The turbulence intensity, 


Tu = (u®)2/U, (2) 


was measured by a hot-wire anemometer. All 
measurements were made at exactly the same 
flow conditions as in the heat transfer measure- 
ments but only after the latter had all been 
finished. It was done in such an order solely on 
the ground of convenience in practical operation. 

In each measurement the probe (wire 0-00015 
in in diameter) was placed opposite the heater 
at a distance of approximately 1-5 in from the 
surface of the plate, i.e. outside the boundary 
layer (the boundary layer thickness being of the 
order of 0-25 in). The turbulence intensity in the 
present wind tunnel remained approximately 
uniform for a given air speed throughout the 
entire test-section when it was clear. The uni- 
formity was checked when the whole set-up was 
present in the test-section. Thus all the measure- 


ments were made in the presence of the flat 
plate and the dividing plates. 

It was mentioned before that higher turbulence 
intensities were produced by placing a screen 
upstream of the plate. The screen S was of ? in 


mesh, 0-148 in diameter and placed 18-5 in 
upstream from the leading edge of the plate, as 
shown in Fig. 3. It is well known, e.g. as shown 
by Dryden et al. [18], that the turbulence 
intensity decreases in the downstream direction 
behind such a screen. They also found a per- 
fect correlation between the local turbulence 
intensity and the screen-mesh length, 2/M, 
where Z is the distance downstream from the 


screen and M is the mesh size. Thus the value of 


the turbulence intensity at any position would be 
sufficient to determine the whole turbulence 
field. It is in the light of this fact that in the 
present experiments, when the turbulence screen 
was used, the turbulence intensity was also 
measured at one position only, 1.e. opposite 
each heater and 1-5 in away from the flat plate. 
The measurements were also made when the 
flat plate and the dividing plates were present 
in the tunnel test-section. 
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As illustrated in Fig. 5 of Ref. 1, there were 
three fine screens in the settling chamber of the 
wind tunnel to equalize turbulence fluctuations. 
In the present experiments, one more fine screen 
was added at the entrance of the tunnel to 
reduce the amount of dust in the air before 
entering it. Moreover, all these screens were 
vacuum-cleaned at frequent intervals in order to 
gain a better control of the turbulence intensity 
and in order to prevent the hot-wire probes from 
becoming contaminated. 

The accuracy of the turbulence measurements 
was believed to be well within 5 per cent. 


4. AUXILIARY MEASUREMENTS 

In addition to the measurements of the rate 
of heat transfer and temperature difference, it 
was necessary to perform measurements of the 
velocity profile in the boundary layer as well as 
to ascertain the deviation of the actual flow 
from the ideal flow as regards to the pressure 
gradient. 

The static pressure in the free stream was 
investigated first. A standard static-pressure 
tube was employed. The static pressure in the 
transverse direction, i.e. normal to the flat plate, 
was found constant to within 0-5 per cent for all 
speeds with and without the turbulence screen. 
In the longitudinal direction, i.e. in the main 
stream direction, the static pressure varied 
slightly. The variation is shown in Fig. 8 in 
which the pressure ratio, 

r =(P, 


Patm) (P, Patm) 


is drawn in terms of x, the distance from the 
leading edge. Here P, P, and Paim denote the 
total, static and atmospheric pressures respec- 
tively. It is seen from Fig. 8 that the static 
pressure is highest near the leading edge. 
However, the maximum difference in the ratio r 
is only 0-025 over the entire length of the plate, 
which is considered negligible. 

The static pressure on the surface of the plate 
was measured with the aid of three pressure 
taps, one near the leading edge, one between 
the two heaters and one near the trailing edge. 
The values of the ratio r for these measurements 
can also be seen in Fig. 8. They show a similar 
trend as that in the main stream, except near the 
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Fic. 8. Variation of static pressure; case of negligible 
pressure gradient. 


trailing edge. The difference in the ratio r over 
the entire length of the plate is 0-06. 

The pressure gradient can best be expressed by 
the following dimensionless quantity: 


L dP, 

4 ee (4) 
where L denotes the length of the plate, px, the 
density of air in the free stream, and U~ is the 
free-stream velocity. In view of the fact that the 
pressure varies almost linearly with the distance 
from the leading edge, the pressure gradient can 
be assumed constant. Then the value of the 
quantity 4 is 0-056 in the free stream and 0-106 
on the surface of the plate and it is independent 
of the air speed. It is noted from Fig. 8 that the 
Static pressure also varies slightly across the 


Fic. 9. Boundary layer probe. 


boundary layer. The difference, however, is so 
small that it will be considered consistent with 
the boundary layer approximations to neglect it. 

The velocity profile of the boundary layer was 
measured by a total-pressure probe with a 
rectangular face of 0-034 in x 0-073 in (Fig. 9). 
The probe was screwed to one end of a long 
stem which was fixed to a traversing mechanism. 
The traversing mechanism could be moved by a 
micrometer screw provided with a graduated 
head. In such a manner the distance of the probe 
from the flat plate could be determined to within 
0-001 in. 

The static pressure at each position in the 
boundary layer was not measured. In calculating 
the velocity profile, the static pressure measured 
at | in from the flat plate was used because the 
static pressure was approximately constant 
across the boundary layer. 

The velocity profile and the heat transfer 
measurements were made immediately one after 
the other, in other words, the profiles were 
taken when the flat plate was hot. One profile 
was taken for each heat transfer determination. 
A typical laminar velocity profile is shown in 
Fig. 10(a), and a typical turbulent one, in Fig. 
10(b). In Fig. 10(a), the profile is shown by a 
plot of u/U~ in terms of the Blasius parameter, 


n = W(Ux/vx)?, (5) 




















144 J. 
1.0 
@o + 
0.8 = 
a 
0.6 1 T — 
0.4} 
1 F 
0.2} + .- + 
a BLASIUS PROFILE 
{ : | 
© EXPERIMENTAL POINTS 
e) 
2 5 6 7 
° | 2 3 r 
Fic. 10(a) Typical laminar velocity profile (hot) 


Re 123000 Tu 1-0 per cent. 


u being the velocity at distance y from the flat 
plate with v denoting the mean value of the 
kinematic viscosity of air. It is seen that the 
velocity closely approximates a Blasius profile. 
In Fig. 10(b), a turbulent velocity profile is 
shown by plotting u/Us in terms of y/é,, in 
logarithmic co-ordinates; here 4,,, is the measured 
boundary layer thickness taken at the u/U« 
99 per cent position. The shape of the profile 
agrees very well with the 1/7th power relation. 
In most runs in the turbulent region, the cal- 
culated boundary layer thickness, 


8 = 0°37 x(Uax/v)-*?, (6) 


agrees with the measured one. 

In order to gain a better idea of the character 
of the boundary layers over the entire range of 
Reynolds numbers, six measurements of u/U x 
are shown in terms of y/é,, in Fig. 11 for six 
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Reynolds numbers. In Fig. 11, curve a is the 
Blasius profile replotted, taking 


§ = 5-0(vx/U x)? (7) 


as the boundary layer thickness and curve b is 
the 1/7th power relation. The character of the 
three regimes, laminar, transition and turbulent 
is clearly demonstrated. Edwards and Furber 
gave a similar illustration except that they used 
the cubic parabolic approximation for the 
Blasius profile. It may be remarked here that the 
cubic parabolic profile would lie slightly below 
the curve a in Fig. 11. 

It is well known that transition from laminar 
to turbulent flow in the boundary layer can be 
clearly distinguished by a sudden and large 
increase in the boundary layer thickness. The 
dimensionless boundary layer thickness, 


5(U «/vx)¥?, (8) 


is constant for laminar flow and the constant is 
approximately equal to 5, as can be seen from 
equation (7). Hansen [19] measured the boun- 
dary layer thickness along a flat plate in parallel 
flow at zero incidence, and found that the 
sudden change occurs at a Reynolds number, 


Ua x/v = 320 000. (9) 


His graph is reproduced in Fig. 12 which also 
contains the present results. It is seen that in the 
present experiment, the transition occurs at 
lower Reynolds numbers. This is evidently an 
influence of the free-stream turbulence. 

In all the velocity profile explorations, the 
distance from the flat plate was always measured 
at the geometric center of the probe. It was 
shown experimentally by Young and Mass [20] 
that a displacement is associated with the 
geometric center of the face of the probe in 
measuring the total pressure in a region with 
transverse total-pressure gradient, such as in 
the boundary layer. A successful correction 
factor was reported for circular-faced probes 
but no reliable information was obtained for 
rectangular shapes. At any rate, applying such a 
displacement correction for the probe changes 
the shape of the profile only slightly, leaving its 
main character unaffected. 

In addition to the displacement correction of 
the geometric center, MacMillan [21] also 
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experimented on the wall effect when the total 
pressure at positions very close to a wall was to 
be taken. He also found a reliable correction for 
u/U~, but the correction was so small in the 
present case that it was entirely neglected. 

It is thus believed that the uncorrected velocity 
profiles as presented in Figs. 10(a), (b) and 11 
provide a fundamentally justifiable basis for the 
determination of the character of the boundary 
layers present in each case. 

Velocity profiles were also measured for four 
Reynolds numbers when the flat plate was cold; 
no difference was found between them and those 
measured when the plate was hot if the kinematic 
viscosity of air was taken at the free-stream 
temperature. 


5. EVALUATION OF RESULTS 
The free-stream velocity | 
calculated by the following formula: 


Uz Ci(q a] px)” 
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where gx denotes the dynamic head in mm 
H,O, px denotes the density of air in kg/m* and 
the constant C, is a conversion factor which has 
a value of 


C, = 43897 kg! ?/m! 2s (mmH,O)'*. (11) 


The density px, in kg/m*, was calculated from 


Pa Cy (P.« T 0). (12) 


where P, « denotes the static pressure in mm Hg, 
T,,« denotes the air temperature in “K and the 
constant C, equals to 


C, = 0-46447 (kg “K)/m* (mmHg). (13) 


The Reynolds and Nusselt numbers were 
calculated in the following way. It is recalled 
that in order to justify the assumption of incom- 
pressibility, the difference between the surface 
temperature 7,,. and the free-stream air tempera- 
ture 7,,.. must be made small compared with the 
absolute temperature of the flow field, so that 


(T, T,x)/Tyx > 0. (14) 


When the surface temperature is different from 
the free-stream air temperature, there must be a 
variation in the fluid properties appearing in the 
Nusselt and Reynolds numbers. If the tempera- 
ture difference is not too great, as in the present 
case, it is customary to correct for the influence 
of the variation in the thermodynamic properties 
with the temperature across the boundary layer 
by employing the integrated mean values of these 
properties. Thus Reynolds and Nusselt numbers 
were calculated from 


Re l pX/V, 
Vu ax/k, 


(15) 
(16) 


where x denotes the distance from the leading 
edge, a denotes the local coefficient of heat 
transfer and v and & represent the integrated 
mean values of the kinematic viscosity and the 
thermal conductivity of air respectively. The 
integrated mean values are defined by 

T 


v7(T)dT, (17) 


k7(T)dT (18) 
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where v7(T) and kr(T) are the kinematic vis- 
cosity and the thermal conductivity of air at the 
temperature 7, respectively. The numerical 
values of v7(T) and k7(T) have been interpolated 
from the NBS-NACA Tables of Thermodynamic 
Properties of Gases [22]. 

The local coefficient of heat transfer a was 
directly calculated from the electrical measure- 
ment of the power input to the heater and the 
temperature difference. It is true that the local 
values of a were measured over a length of 
0-50 in, i.e. the heater width. However, only a 
negligible error was expected because the heaters 
were sufficiently far downstream from the lead- 
ing edge. In order to justify this point, a simple 
estimation of errors is provided below. 

For the laminar heat transfer, the local 
coefficient of heat transfer a,, at the center line 
of the heater is given by 


a,(x) ~ (x)-°. (19) 


If 2b denotes the width of the heater. the mean 
value of the coefficient over the heater width 
is given by 

Pr +b 


(x)-*5 dx. (20) 


a(x, b)~ rs 


2h 


The ratio of the local value equation (19), to the 
mean value, equation (20), can be written as 
4{f1 + (6/x)J*> + [1 — (6/x)*]} 
> (1/8) (b/x)*. 


~ | 


ay a 


(21) 


because b/x < 1. For the front heater. ) x 
0-0388, and the ratio becomes 


O,/a4 = 0-999 (22) 


and for the back heater the value of the ratio 
is even closer to unity because 4/x is smaller. 

For the turbulent heat transfer, the local 
coefficient of heat transfer a,, at the center line 
of the heater is expressed by 


0-2 (23) 


a(x) ~ (x) 


while the ratio of the local value to the mean 
value becomes 


(1/25) (b/x)?. (24) 


a,/a& ] 


The error is even smaller than that in the laminar 
case. The preceding calculations thus justify the 
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taking of the direct measurement of the heat 
transfer as the local value. 

If V, J, and A denote the measured voltage, 
current and the mean area of the heater respec- 
tively, then the Nusselt number can be expressed 
as 

Vu ax/k 
1-01( V1) x/AATk 


where 4T = T,, T,,2. The mean area is the 
arithmetic mean value of the area of the slot on 
the plate surface and that of the exposed surface 
of the heater. Its value is A = 35-61 cm? for both 
heaters. The factor 1-01 in equation (25) was 
deduced from the measuring circuit, as explained 
in Ref. 1. The accuracy of the determination of 
the Nusselt and Reynolds numbers was about 
1-5 per cent. 

The radiation correction was calculated from 
the following equation: 


re €C,A {(T,,/100)* — (7, ~/100)*} (26) 


where C, 5-77 W/m?C! and the emissivity « 
was assumed to be 0-08. 


6. CORRECTION DUE TO NON-ISOTHERMAL 
SURFACE 

As already mentioned, the plate surface 
temperature was not uniform near the leading 
edge, and it also differed slightly from the 
heater surface temperature near the heaters. For 
the convenience of calculating the corrections, 
the plate surface temperature was assumed to 
have a discontinuity at 1-5 in from the leading 
edge and a second discontinuity at the front 
edge of each heater (Fig. 13). 

The local coefficient of heat transfer from a 
flat plate with an unheated starting length was 
derived by Eckert [16] for a laminar boundary 
layer and by Rubesin [17] for a turbulent 
boundary layer. The coefficient a(Z,x)'is a 
function of the unheated length LZ and the dis- 
tance from the leading edge x. Consequently 
a(O, x) denotes the coefficient of heat transfer 
without an unheated length, i.e. for the case when 
the momentum and thermal boundary layers 
both begin at the leading edge. The ratio 
between a(0, x) and a(L, x) denoted by 

f(L, x) 


a(L, x)/a(O, x) (27) 
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was calculated by Eckert and by Rubesin who 
found the following two expressions: 


f(L, x) i] (L xy} : 3)aminar, (28) 


rtt.. x) {| (L xy* 40 7 $9, urbulent- (29) 


The present flat plate did not possess a portion 
which was entirely unheated; consequently the 
above two correction factors could not be 
applied directly to the present case. 
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Fic. 13. Idealized temperature distribution on plate. 
It was shown by Sogin [23] that the rate of 
heat transfer from a flat plate with a step-wise 
discontinuity in the surface temperature can be 
obtained as the sum of two simple solutions: (1) 
a simple solution for a heated plate at uniform 
temperature 7,, see Fig. 13; and (2) a simple 
solution for a heated step at temperature 
T, — T, with the step starting at L,. The super- 
position of simple solutions can be extended to 
the case of n steps. In the present case, there are 
two steps for each heater. Therefore the coeffi- 
cient of heat transfer a(L, x) can be expressed as 


a(Q, x) 
i fe 


a(L, x) (7, Zz x ) 


(T, — T,) f(L,, x) + (1, T,) f (Le, x)}. (30) 


Since the function f has a singularity at x i, 
the integrated mean value of the left-hand side 
of equation (30) over the heater width must be 
taken in order to obtain the local coefficient of 
heat transfer. Thus 


Nu(L, x) Nu(0, x). C. (31) 
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where 


af, x). F(L,; xvax 
ThalO. x) |, ( X ft ( 1 Cc 


oe 
2ha(O, x) |, 


(32) 


a(O, x). f (Le, x)dx 
The evaluation of the two integrals will be given 
in detail in the Appendix. 

Together with the radiation correction, the 
corrected Nusselt number is given by 


P,.) x/A(AT)kC (33) 


Vu = (1-01 VI 


All the Nusselt numbers were calculated from 
equation (33). 

It is noted that the correction factor f was 
derived only for the laminar and turbulent 


boundary layers. In the transition region, half 


of the experimental points were corrected 
according to the laminar correction, and the 
other half, according to the turbulent correction. 


7. EXPERIMENTAL RESULTS 

The experimental results are given in Table | 
and Fig. 14. In Fig. 14 the results are shown as 
plots of the Nusselt number in terms of the 
Reynolds number in logarithmic co-ordinates. 
For the purpose of comparison, the well-known 
relations due to Pohlhausen [24, 25], Prandtl 
[25] and von Karman [25, 26] are shown as 
lines a, b, and c respectively. Line a corresponds 
to Pohlhausen’s equation 


(34) 


Nu = 0-295 Re” 


for laminar flow and Pr 0-70. Line b corres- 
to Prandtl’s semi-empirical relation for 
0-70: 


ponds 
| 


1 


turbulent flow and Pr 


Vu 0-0236 Re®®. 


(35) 


line c corresponds to von Karman’s 


responding semi-empirical relation 


Nu 0-0241 Re’. (36) 


In the laminar region, the experimental points 
agree with Pohlhausen’s solution to within 
2-0 per cent, and the reader might recall that 
Pohlhausen’s solution was derived for a free 
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Fic. 14. Local heat transfer from flat plate; negligible 
pressure gradient. 


stream of zero turbulence intensity. In the 
present experiment, the turbulence intensity 
varied from 0-75 to 3-82 per cent, as can be seen 
in Table 1. The agreement between the present 
experimental results and the theoretical predic- 
tion leads to the conclusion that the free-stream 
turbulence does not affect the local coefficient of 
heat transfer across a laminar boundary layer 
on a flat plate up to a turbulence intensity of 
3-82 per cent. In other words, the random 
fluctuations in the free-stream velocity do not 
cause any measurable effect on the laminar 
boundary layer for a turbulence intensity in the 
present range. This constitutes a marked dif- 
ference from the case of cylinders and spheres. 

In the transition region, a great influence was 
detected as expected. 

The effect of the free-stream turbulence on the 
position of the point of transition was first 
studied by Dryden [27]. Dryden examined the 
flow in the boundary layer on a flat plate and 
obtained initial results on the behavior of the 
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Table 1. Experimental results 
(Negligible pressure gradient) 


Air speed Temp. Measured Radiation | ©rrection — Corrected 
for non- Nusselt 


Rewnnide Turbulence 

° ° c 

Ux difference power correction neve ' sasiliien intensity 
; isotherma . 

(m/s) AT 1-01 (VI) P. number Re 10-3 Tu 


(°C) (W) (W) — Nu 


First Heater 
78:20 2:8696 0-1965 
79-00 2:8227 0-1974 
76:46 2:9077 0-1942 
75-30 3-1339 0-1915 
78-48 3:4782 0-1970 


79-21 3-7087 0-1976 
74-50 36624 0-1887 
73-39 39486 0-1884 
73-19 4-535] 0-1879 
73-55 5:1188 0-1887 


77-16 6°3200 0-1932 

76°86 8-5440 0-1923 : 105-0 
73-60 6°5804 0-1886 ‘ 163-0 
73-66 9-0068 0-1877 ‘ : 208-0 
70-69 18-9058 0-1820 : : 251-0 


70-28 22-7319 0-1800 ‘ 5 302-0 
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transition point. These results and others have 
been summarized by Gazley [28] who correlated 
the transition Reynolds number with the free- 
stream intensity. His correlation curves are 
reproduced in Fig. 15. When compared with 
Gazley’s correlation, it is found that in the 
present experiment the transition Reynolds 
numbers were slightly lower for the respective 
turbulence intensities. 
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In the turbulent region, the experimental 
points are more scattered. It can be seen from 
Fig. 14 that most of the points lie on or in 
between lines b and c which are Prandtl’s and 
von Karman’s equations respectively. 

The largest deviation which appears at the 
highest Reynolds numbers is about ~3-5 per 
cent from line c and —3-0 per cent from line b. 
In spite of these deviations, the general trend of 
the experimental points shows that the local 
coefficient of heat transfer was not affected by 
the change of the free-stream turbulence 
intensity in the range from 0-95 to 3-72 per cent. 
There is no evidence of any systematic effect of 
turbulence intensity. 

The results of our experiments fully agree 
with the conclusions reached by Edwards and 
Furber [10] and Reynolds et a/. [13]. The dis- 
cordant results obtained by Sugawara and Sato 
[12] require further discussion. 

As mentioned in section 1, Sugawara and 
Sato also measured the local coefficient of heat 
transfer from a flat plate to a turbulent air 
stream. Their results are replotted in Fig. 16 in 
which the Nusselt number Nu, instead of the 
ratio of the Nusselt number to the Reynolds 
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Fic. 16. Experimental results obtained by Sugawara and Sato [12]. 
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number Nu/Re as in the original plot, is drawn 
in terms of the Reynolds number Re. The dotted 
lines in Fig. 16 are Sugawara and Sato’s empiri- 
cal expressions of their results for the laminar 
heat transfer (d) and the turbulent heat transfer 
(e, f, and g). The solutions due to Pohlhausen 
for the laminar heat transfer and that due to von 
Karman for the turbulent heat transfer are also 
included. It is quite clear from Fig. 16 that 
Sugawara and Sato’s experimental results in the 
laminar range deviate from Pohlhausen’s solu- 
tion by a large amount. In the turbulent range, 
some of their points lie much below von Kar- 
man’s equation and some lie considerably above 
it. However, the slope of line d is the same as 
that of line a and the slope of lines e, f, and g is 
the same as that of line c. 

Clearly, the general features of their results 
do not agree with those of the others [10, 11, 13] 
and of the present investigation, Fig. 14. This 
divergence might be the result of the question- 


able accuracy of the non-steady method, or of 


some defects in their arrangement. 

All these measurements, except those due to 
Sugawara and Sato, lead to the following con- 
clusion: The free-stream turbulence does not 
exert a local effect on the coefficient of heat 
transfer through a laminar or a fully developed 
turbulent boundary layer on a flat plate. The only 
effect due to turbulence is to advance the 
position of the point of transition. 


8. EFFECT OF PRESSURE GRADIENT 

As already explained earlier in section 2, there 
are reasons to suppose that the imposition of a 
pressure gradient on the flat plate would restore 
the effect of turbulence intensity on the local 
rate of heat transfer. 

The experimental arrangement employed for 
testing this supposition was identical with that 
used previously, except that a plate W was 
provided, as shown in broken lines in Fig. 3. 
This produced a large favorable pressure 
gradient along the test-plate A. The control 
louvers were removed, and the heat transfer 
determinations were made at the back heater 
only. 

The static-pressure distribution in the free 
stream as well as along the plate is shown in 
Fig. 17 for one air speed. The average pressure 
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gradient is indicated by the slope of the broken 
line. The dimensionless average gradient J, 
defined in equation (4) and based on the free- 
stream velocity at the leading edge has a value 
A 1-49 which represents almost a fifteen-fold 
increase as compared with the case of a negligible 
pressure gradient. 

The velocity profiles are shown in Fig. 18, in 
which the velocity profile u/Ux is plotted in 
terms of the dimensionless boundary layer 
thickness y/6,,,. Curve a is the convergent-channel 
solution given by Hartree [29] and replotted, 
taking 7 = 3-25 as the boundary layer thickness. 
Curve b is the 1/7th power relation. Not all 
experimental points are included. 

The heat transfer results are given in Table | 
and Fig. 19. It can be seen that in the laminar 
range, an increase in the turbulence intensity 
from 0-36 to 1:71 per cent in the range of 
Reynolds numbers 50 000 Re 100 000 
causes the Nusselt number to increase uniformly 
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by about 65 per cent which is very large and no 
longer surprising. The abrupt change in the 
Nusselt number near the Reynolds number 
Re 100 000 in Fig. 19 does not correspond to 
transition, because all the velocity profiles 
associated with the measurements along the 
lower line a in Fig. 19 turned out to be laminar 
in character. In contrast with that, along the 
upper line b, the velocity profiles below Re = 
100000 were laminar, whereas those above 
Re =~ 300000 were turbulent, as can be seen 
from Fig. 18. Thus transition occurred at the 
higher turbulence intensity, but for the lower 
turbulence intensity, line a, the addition of the 
favorable pressure gradient seems to have 
stabilized the flow in the boundary layer and 
prevented transition in the range of Reynolds 
numbers covered by the experiments. Both the 
Nusselt and Reynolds numbers were based on 
the distance from the leading edge. The free- 
stream velocity at the leading edge was used to 
calculate the Reynolds number. 
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APPENDIX 
Evaluation of the correction factor for non- 
isothermal conditions, equation (32) 

For the first integral in equation (32), we can 
take the value calculated at the center line of 
each heater because the temperature jump 
occurs at L, which is far upstream from the 
heaters. Therefore the first integral becomes 


I, ~ f(y, x). 


The function f(L,, x) was given in equations (28) 
and (29). Thus we obtain the following values: 


Laminar Turbulent 


1-045 


Front heater I, 


Back heater I, = 1-022 


The second integral cannot be evaluated in the 
same way since the temperature jump occurs at 
L, which is the front edge of each heater. In 
the laminar region, the integral becomes 


25 0°75 
vx 0 25 (x0 5 


] z 
2ba(0, x) |. 


x9°75)-13 dx 


where x, = x —b=1L1,,xX, = x+ bandyisa 
constant. Note that the symbol x in the lower 
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and upper limits denotes the distance from the for the front heater: /, = 4-11 
leading edge to the center line of each heater; for the back heater: /, = 4-96. 


thus it is a constant. Substituting z = x**, the 
' In the turbulent region, the integral J, was 
integral /, becomes ; : . vs . 
‘ evaluated numerically and the values are: 
/, (x0°75 a x0°75)2 3 xos - x? 5 1 E 
. . . % 1) for the front heater: /, = 1-41 
The numerical values of the integral /, are: for the back heater: /, = 1-54. 
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NOMENCLATURE 
velocity; 
radial co-ordinate; 
radius of tube; 
distance from wall; 
. function of; 
temperature ; 
total Prandtl number; 
a constant; 
Nikuradze roughness parameter; 
kinematic viscosity ; 
thermal diffusivity ; 
eddy viscosity; 
eddy diffusivity ; 
friction coefficient; 
limit of velocity defect function as r— ry. 


Dimensionless groups 
Re, Reynolds number based on diameter and average 
velocity; 
Pr, Prandtl number. 


Subscripts 
“a value at axis; 
av, average value, for r, value at which local value 
equals average; 
value at edge of sublayer; 
friction. 


INTRODUCTION 

THE problem of determining the average velocity or 
temperature of a fluid flowing turbulently through a 
round pipe by a measurement at a single point is of some 
practical importance because of the inconvenience of 
making traverses or using mixing chambers. 

Recently Rogers and Mayhew [I] analyzed 
methods using the universal velocity and temperature 
distribution laws for turbulent flow in smooth pipes. 
The axial method uses the velocity or temperature on 
the axis and a correction factor which is a function of 
Reynolds number for the velocity and of Reynolds and 


two 


* This is a condensed version of a Southwest Research 
Institute report dated August 1960 on Internal Research 
Project 906-2. 


Prandtl number for temperature. The ordinate method is 
based on measuring the velocity or temperature at a 
point where its value is equal to the average value. 

This note considers the applications of defect profiles 
to these methods. While we are also limited to the 
restriction of essentially isothermal flow so that there is 
no marked variation of fluid properties across the profile, 
our results for the ordinate method are also applicable 
to rough pipes. 


BACKGROUND ON TURBULENT FLOW 

It is well known that the velocity profiles for both 
smooth and rough pipe are described quite well by the 
defect law 

f(r/ro). (1) 
Ur 
The best known expression is the familiar logarithmic 
law 
5-5 logio ; (2) 
r lo 
We will refer to expressions such as this which become 
infinite as r — r, as divergent. For parts of the present 
analysis it is preferable to have an expression for the 
velocity defect which approaches a finite value as r— rp 
This type of expression will be referred to as convergent 
The expression [2] 
a u -u u F 
0-189 exp (0-0695 } (3) 
To uz u 
is used for specific calculations, but the general method 
can be used with any expression. 

A convergent expression is inconsistent with the usual 
assumption that the junction between the turbulent core 
and the laminar sublayer occurs at a fixed value of us/u 
as this would imply a constant friction coefficient. On the 
basis of Nikuradze’s data, the relation 


us 


5:25 log,, (Re 10>”) (4a) 


Us 


was obtained [2]. For fully developed roughness it was 


found that 


ues 


5-85 logye | (4b) 


} 
= 107? 
A } 


Ur 
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The author [2, 3] has suggested that there is a relation 
between the temperature and velocity profiles of the 
form 

u 
1( Re, Pr) (5) 
i Uu- 
where the friction temperature 7; is 
x dT 


ur dd 
0 


The proportionality factor A can be interpreted as a 
total Prandtl number, i.e. the ratio of the sum of the eddy 
and molecular viscosities to the sum of the eddy and 
molecular diffusivities. An expression 
1-41 Re Pr y 40P 
20 Re Pr \ 40 
-d for A. While the 
nce is incomplete, particularly for A 1, the 
derivation of a heat transfer relation in good agreement 


with experiment in the liquid metal range is an indirect 


(6) 


direct experimental 


verincation. 
There are two types of temperature in the 
ture. The theorists prefer the average defined by 


average 


{70 T di 


r dr 


ts prefer the bulk average 


%ruT dr 


|’o rudr 
since it is e > ) measure. The difference i all and 
ince Is easier tO measure. ne difference 1S sMali anc 


usually neglected. 


THE ORDINATE METHOD 


It is obvious that if the defect law is assumed the 
ordinate at which the local velocity is equal to the average 
velocity is independent of Reynolds number or rough- 
ness. This is related to the well-known Prandtl rule that 


D = 4-07. (7) 
To obtain the value of the ordinate it is necessary to solve 


D = f,(“)- (8) 
ro 

Either a divergent or convergent velocity distribution 
may be used. Using expression (3) gives ray 0:76 ry as 
the ordinate for the velocity determination. This agrees 
closely with Jakob [4] who claimed that a measurement 
at 0-77 rg would determine the average velocity within 
1 per cent. The variation obtained by Rogers and May- 
hew is also relatively small going from 0-808 r, at Re = 104 

to 0:777 r, at Re 10°. 
Similarly if we assume the temperature defect law, 
equation (5), it can be seen that the ordinate at which the 


temperature is equal to the average temperature is the 
same as for the velocity determination, irrespective of 
the exact form of the expression for A. The evaluation 
of the ordinate for determining the bulk average tempera- 
ture is more difficult and requires specific functional forms 
for the distributions. The ordinate will be a function of 
Reynolds and Prandtl number so that convenience is lost. 


THE AXIAL METHOD 

The simplification of the analytical results for the 
ordinate method obtained in the previous section does not 
change the fact that it uses a measurement at a point 
where the gradient is appreciable, while the axial method 
uses a measurement less subject to positioning error 
While the calculation of the correction factor requires 
more specific assumptions, they are simpler than the 
corresponding assumptions utilizing the universal law. 

lo compute the ratio of average to maximum velocity, 
it is necessary to use a convergent (in the sense of this 
paper) velocity distribution. If we designate the limit of 
(u u)/u_ by 4 we have 


Way 


ul 
In conjunction with (4) this gives 


Hay 4-07 


: 
5-25 logy) Re » 10 


. (10) 
u 14-4 


for smooth pipes. In Fig. 1 this correction factor is 
compared with these proposed by Rogers and Mayhew 
and by Jakob. Some of Nikuradze’s experimental points, 
as tabulated by Bates [5] are shown for comparison. It 
should, however, be noted that there is some dispute [6] 
about the data reduction. 

In conjunction with equation (5) the relation 


Uar 4:07 


|] — = (11) 
14-4 - 5-85 log, (9/k) 10-! 


is obtained for rough pipes. In Fig. 2 this is compared 
with some of Nikuradze’s experimental data [7]. 

The derivation of the correction factor for the average 
temperature requires an explicit expression such as (6) 
for the total Prandtl number and an expression for 
T;/T,. In [3] the relation 


(12) 


was proposed, but it is limited to smooth pipes and may 
not be valid for large Pr. However, the analysis employed 
by Rogers and Mayhew is in the same category in regard 
to behavior at large Pr. The analog of (10) is 


Tay 


4-07 
0-030 Re Pry A 

“ 1og,. Re x 10 
0035 Reva mon 


(13) 
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Fic. 3. Correction factor for axial method of average temperature determination in smooth pipe. 


which is plotted in Fig. 3 with Mayhew and Rogers’ 
factor for the bulk average. The calculation of the bulk 
average can be carried out by the present analysis but 
requires a specific expression for f(r/r,). It is believed 
that the difference between the average and bulk average 
is not large enough to account for the difference between 
the two analyses. 


DISCUSSION 

We have shown that the use of the defect laws results 
in an appreciable simplification of the analysis, but gives 
results somewhat different from those obtained using the 
universal laws. Actually, the defect law and the universal 
law are not exact mathematical relations but approxima- 
tions of limited accuracy. For example, a critical examina- 
tion of Nikuradze’s data by Robertson [8] indicates a 
systematic difference in the value of D between smooth 
and rough pipes and a slight Reynolds number depen- 
dence. This may explain the small systematic discrepancy 
between the theoretical and experimental points in 
Fig. 2. 

An advantage of our formulation of the ordinate 
method is that since the location is fixed the method 
should be applicable to cases where there is a slow time 
variation. 


There is obviously a need for further experimental 
work, particularly on the temperature distribution, to 
resolve the discrepancies between the analysis based on 
the defect law and the analysis based on the universal 
profiles. In particular, closely spaced measurements in 
the neighborhood of the ordinate where the local value is 
equal to the average value are needed. 
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LETTER TO THE EDITOR 


COMMENT ON ROGERS’ PAPER “HEAT TRANSFER 


AT THE INTERFACE OF 


I READ with interest G. F. C. Rogers’ paper in the March 
issue of the INTERNATIONAL JOURNAL OF HEAT AND MAss 
TRANSFER, entitled “‘Heat Transfer at the Interface of 
Dissimilar Metals”. My own researches during the last 
year have been on the subject of thermal resistance of 
metal contacts and have dealt mainly with pairs of 
similar materials, although I have tested several combina- 
tions of copper/steel, aluminium/steel generally similar 
to those described in the above article. 

For the tests carried out in a vacuum, the heat transfer 
across the faces is entirely by solid conduction, radiation 
being negligible at the temperatures quoted. The govern- 
ing factors are thus: 


(a) the number of microscopic metal to metal contacts 
(referred to as a-spots), 
(b) the average size of these contacts, 
and by no means least 
(c) the condition of the surfaces within the contact 
spots. 


For surfaces with the low surface roughness (2-19 
» in) tested by Rogers, the number of metal to metal 
contact spots can vary considerably from one pair of 


specimens to another pair of nominally identical 
geometry. This difference tends to diminish as the con- 
tact pressure increases, but at the low pressure of 122 
lb/in? used for Rogers’ tests, I have always found great 
difficulty in obtaining consistent experimental results. An 
important factor which accentuates this scatter is the 
initial flatness of the faces, and the quoted parallelism of 
0:0003 in would seem to be the controlling factor, 
rather than the micro finish. It would be interesting to 
learn how the overall flatness was measured and just what 
shape the “‘flats” were. 

Factor (c) may well be responsible for the effect 
measured by Rogers, a possible}explanation being as 
follows. 

The heat flux through the a-spots is the heat flux 
through the nominal contact area multiplied by the ratio 
of the nominal contact area to the true contact area. This 
ratio is usually calculated by dividing the applied pressure 
into the Meyer hardness of the softer metal. For typical 
conditions, e.g. 122 lb/in® with steel to aluminium speci- 
mens (Meyer hardness for pure aluminium is approxi- 
mately 20 kg/mm), the area ratio is approximately 230. 
The heat flux through the a-spot is thus 230 times the 
nominal heat flux and when one considers that the 


* Received 25 April 1961. 


DISSIMILAR METALS’** 


thermal conductivities of any surface contaminant films 
may be about 1/50th of that of the parent metal, the 
overall effect of these films is to produce a temperature 
drop equivalent to that consequent upon an additional 
metal thickness of approximately 11,500 times the film 
thickness. With harder metals this effect is further exag- 
gerated, although in many engineering contacts the inter- 
face fluid relieves the a-spots of some of their heat load 
Rogers, in his paper, does not discuss these effects nor 
does he specify the previous history of his specimens. 

I would suggest that the effect found by Rogers is a 
direct result of surface contamination, which could be 
presented before assembly or even deposited at the modest 
vacuum of 0-02 mm Hg quoted. In the case of heat flow 
from aluminium to steel the differential radial expansion 
of the aluminium surface across the hard steel surface 
could cause the film to be scoured off, thereby allowing 
better metallic contact compared with that of the reverse 
direction of heat flow, in which the relative movement is 
reduced. This effect may be exaggerated by the method of 
machining the contacting faces, i.e. diamond turning, as 
the differential radial movement will cause severe inter- 
ference between the two sets of tool marks. There may 
be a further small contribution to the directional effect 
caused by the reduction in hardness of the aluminium as 
the temperature increases, but this is possibly negligible 
at the temperature quoted. 

I would suggest that the simple mechanical engineer’s 
explanation is adequate for a qualitative analysis of the 
effect but would be very interested to hear the opinions of 
the specialists in metal physics. I would be more con- 
vinced of the existence of a direction-conscious surface 
thermal potential barrier if the effects were found with 
tests having the following controls: 


(a) a much higher contact pressure, 
(b) a specified contact geometry, 
(c) a controlled film thickness. 


It would also be interesting to observe the results of 
repeated tests on the same pair of specimens to check 
whether the contact resistance remained at its low level 
once the film had been damaged. 

You may be interested to hear that my own tests are 
being conducted at present with contact pressures rising 
above 3000 Ib/in* the mating surfaces having previously 
been gold plated. 

A. WILLIAMS 


Engineering Department, 
University of Manchester, 
Manchester 
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ANNOUNCEMENTS 


JOURNAL OF ENGINEERING PHYSICS 


THE Journal publishes results of scientific investigations 
in physics which are of importance for modern tech- 
nological development. 

Papers on the following main subjects are printed; 
thermodynamics of irreversible processes and its applica- 
tion to the phenomena of energy and matter transfer in 
the presence of phase, chemical and nuclear transforma- 
tions; heat and mass transfer in jet and rocket mechanism 
and in nuclear reactors; heat and mass transfer in the 
processes of combustion, gasification and drying; heat 
conduction theory; soil mechanics and physics, thermo- 
physics of building constructions. 

Summaries of all the fundamental articles published 
in the Journal, are given in English. 

Parallel with original articles the Journal deals with 


reviews of current questions of modern science and 
technology and presents news of the most important 
events in scientific life. 

The speciality of the Journal is a presentation of 
complex problems in the fields of physics and technology 
mentioned above; parallel with mathematical and 
experimental physical methods of research engineering, 
technical methods of solving these problems are discussed. 

Material for publication in the Journal may be sent to: 
Journal of Engineering Physics, Podlesnaya 25, Minsk 13, 
B.S.S.R. 

Subscription to the Journal of Engineering Physics for 
1962 is taken through Mezhdunarodnaya kniga. 


A. V. LUIKOV 


THE COMBUSTION INSTITUTE 


(British Section) 


Chairman: Dr. J. W. LINNETT, F.R.S. 


A ONE-DAY Symposium on carbon formation will be held 
on Wednesday, 27 September 1961 in The Department 
of Mechanical Engineering, City and Guilds College, 
South Kensington, London S.W.7. 

The symposium is being organized by the British 
Committee of the Combustion Institute and will em- 
brace discussions of the mechanism of carbon formation 
in flames and the application of fundamental data on 
carbon formation to practical combustion systems. 
There will be brief prepared contributions; the aim, 


however, will be to allow as much time as possible for 
discussion. 

A business meeting for members of the British Section 
of the Combustion Institute will be arranged at a con- 
venient time on the same day. 

The symposium will be open to all members of the 
British Section and to others interested in the subject. 

Further details of the Meeting may be obtained from 
N.S. W. Moore, Department of Mechanical Engineering, 
City and Guilds College, London S.W.7. 
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BOOK REVIEWS 


Elements of the Kinetic Theory of Gases. E. A. GUGGEN- 
HEIM. Pergamon Press, Oxford, 1960, 89 pp. 17s 6d. 


IT 1s a long time since the reviewer has obtained from a 
technical work the illumination and pleasure afforded by 
Professor Guggenheim’s introduction to the kinetic 
theory of gases. In the hundred years which have elapsed 
since the work of Clausius and Maxwell, treatises on this 
subject have become so weighty and impenetrable that 
most scientists have had to content themselves with 
primitive theories of transport processes in gases. Yet 
here is a work of eighty-nine pages which brings the 
rigorous theory within the comprehension of the non- 
expert, an achievement which might well have been 
judged impossible. 

The secret of the authors’ success lies in his deep know- 
ledge of the subject, which enables him always to choose 
the shortest path to his objective, and to eschew unprofit- 
able digressions. He scorns to use the elaborate artifices of 
arrangement and illustration which lesser authors require 
to make their texts palatable, yet always provides suffi- 
cient insight into the mathematical derivations and 
enough discussion of their practical significance to carry 
the reader along with him. 

The Maxwell distribution is derived by means of Max- 
well’s original method, the objections to which the author 
believes to have been misplaced. The formulae for the 
transport properties are derived by way of Maxwell’s 
transport-equation along the lines first suggested by 
Chapman. The rigid-sphere model is given the most 
detailed attention; the formulae for other force laws are 
left in the form of quadratures, for the evaluation of 
which the reader can turn elsewhere. The relations 
between the force laws, gas imperfections and solid-state 
properties are given brief but penetrating treatment, 
with some original material relating to argon. 

Despite the author’s austere concentration on the bare 
bones of his subject, he finds space for a number of 
stimulating asides. For example page 80, if the reviewer 
interprets it correctly, suggests that the “‘Lennard—Jones 
6-12” force law is perhaps incorrectly given this appel- 
lation. Professor Guggenheim’s remark about the 
deduction of force laws by ‘fitting’ their constants to 
measured values of viscosity deserves quotation: “This 
is a harmless exercise for those who have the patience. 
But if they believe that such an analysis, based on such 
a small temperature variation of the effective value of d 
(molecular diameter), leads to reliable information on the 
form of the interaction energy, they are deluding them- 
selves.” 

The work under review is Volume | of Topic 6 of the 
new International Encyclopedia of Physical Chemistry 
and Chemical Physics, of which Professor Guggenheim 
is one of the three editors-in-chief. Let us hope that he 


can persuade the authors of subsequent volumes to 
emulate his style. 


D. B. SPALDING 


Physikalische Grundlagen der Chemie-Ingenieur- Technik. 
P. GRASSMANN. H. R. Sauerlander, Aarau and Frank- 
furt am Main, 1961, 939 pp. DM80. 


Few authors are nowadays courageous and hardworking 
enough to write a book which covers more than a 
restricted corner of science; yet, as the author reminds us 
in his preface, students are justifiably dismayed when 
they are required to master a field which is so large that a 
whole team of specialists is needed to display its com- 
plexities. Grassmann has therefore done a 
great service to chemical engineers by showing that one 
man can indeed absorb and expound all the fundamental 
sciences which underlie their technology. His range is 
adequately exhibited by listing the chapter headings, 
which are (freely translated)—Quantity and energy 
balances; the concept and use of entropy; probability 
theory and kinetic theory of gases; mechanics of solids; 
particles, powders and porous materials; fundamentals of 
fluid flow; applications of fluid flow; dimensional analysis 
and the theory of models; the exchange of momentum, 
heat and mass; multi-phase flow phenomena; rheology; 
and general discussion. 

Of course, even in a book of over nine hundred pages 
of small print, the treatment is bound to be somewhat 
superficial. This is perhaps particularly the case in the 
sections on heat and mass transfer; Fick’s Law is pre- 
sented in an exceedingly non-general form, and the autho! 
appears to have made an elementary error in modifying 
it (on p. 225) 
temperature. 

Nevertheless, the author’s energy of mind and indi- 
vidual viewpoint are evident throughout, and 
readers who, at One point or another, would prefer a 
different treatment cannot fail to be stimulated; the book 
can be read with profit by students and teachers alike 
Professor Grassmann’s discussion of the motion of 
vapour bubbles in liquids is particularly to be com- 
mended. 


Professor 


for the case of gases of non-uniform 


even 


D. B. SPALDING 


Units, Dimensions and Dimensionless Numbers. D. C. 

IpSEN. McGraw-Hill, New York, 1960, 236 pp. 50s 6d 
THIS is an exasperating book. The cover blurb claims that 
it is “clearly written”, but one wonders whether the writer 
of the blurb has read the book; the reviewer's pencilled 
marks against obscure passages are too numerous to let 
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the claim pass. The book is.exasperating because, while 
there are some things in it that are worth saying, too many 
are said badly. 

The subject demands precise treatment and clear 
definition of terms, but clear definitions we do not get; 
vide: “‘The physical variables that we use are of two 
significantly different sorts. The sort of variable that 
probably first comes to mind . . . we shall class as sub- 
stantial variables.’’ (Reviewer's italics.) The chapters on 
units are too often verbose and obscure. Those on 
similitude and dimensional analysis are more rewarding, 
though they are also unnecessarily laboured. This is not a 
book to be recommended to the busy reader who wishes 
to clarify his ideas with a minimum expenditure of effort. 

R. W. Haywoop 


Electrodynamics of Continuous Media. L. D. LANDAU and 
E. M. Lirsuirz. Authorized translation from the Rus- 
sian by J. B. Sykes and J. S. BELL. Pergamon Press, 
Oxford, 1960, 417 pp. 84s. 


Tuis work is the eighth in a series of publications by the 
authors on theoretical physics. The essential basic theory 
of electrodynamics of continuous media is presented 
rigorously and with great economy so that the reader is 
assumed to be familiar with the main mathematical 


techniques and theories of physics. Although the book 
deals primarily with the macroscopic theory the authors 


have successfully incorporated the atomic and molecular 
viewpoint. 

The initial chapters deal with a very comprehensive 
study of the electrostatics of dielectric materials. Here 
temperature-dependent properties are fully discussed with 
the aid of classical thermodynamics. The conductivity 
tensor is introduced, and the theory relating to the flow 
of current in isotropic or anisotropic materials is 
developed and leads to a discussion of the Hall effect 
and thermoelectric phenomena. An exhaustive treatment, 
carefully supplemented by physical arguments, is then 
given on the structure of magnetic materials and the 
theory of superconductors. Some transient problems are 
discussed, namely the effect of a variable magnetic field 
on a conductor, i.e. eddy currents and the skin effect, 
together with a discussion on the excitation of currents 
by the motion of a conductor in an electromagnetic field. 

The remainder of the book, apart from that section 
which deals with the electromagnetic field equations, is 
devoted to the discussion of some special topics. These 
are magnetohydrodynamics, magnetic-optical effects, 
ionization losses of fast particles in matter, black body 
radiation, dispersion theory of electromagnetic waves and 
finally the general theory of X-ray diffraction. 

This book stands out as a piece of careful exposition 
and should have a strong appeal for both physicists and 
applied mathematicians. The translators are to be 
commended on the excellence of their work. 

G. Poots 
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PIONEER PAPERS IN HEAT AND MASS TRANSFER 


FOREWORD TO THE SERIES 


Most serious students of a scientific subject find that their understanding of its significance is 
deepened by an acquaintance with the works of the comparatively few writers who have made 
striking developments of a theoretical or experimental nature. Since many of the key papers are 
somewhat inaccessible however, and since the effort to keep up with current publications leaves few 
readers with sufficient energy for historical research, the editors of this journal propose to reprint 
selected works of pioneers in the field of heat and mass transfer. These will appear in alternate 
issues of the journal, as a rule. The papers will be mostly more than twenty-five years old and will be 
grouped according to subject. The papers will be reprinted in English, French or German, with 


editorial abridgement and comment where required. 
The Editors 


PIONEER PAPERS IN CONVECTIVE MASS TRANSFER 


1. OSBORNE REYNOLDS: On the extent and action of the heating surface of steam boilers. (Scientific 
Papers of Osborne Reynolds, Vol. 1, pp. 81-85. Cambridge University Press, London, 1901.) Reprinted 
by permission of The Manchester Literary and Philosophical Society. 


Editor’s Foreword 

The first group of reprints will be devoted to contributions to the knowledge of convective mass transfer. It therefore 
seems proper to start by presenting Reynolds’ often-cited but seldom-read paper relating heat transfer and friction to 
the “‘diffusion’”’ processes in pipe flow. It is interesting to note that what has come to be known as the “Reynolds 
Analogy” is not spelled out in detail in this paper, which is more concerned with the influence of the flow velocity on 


the heat transfer coefficient: only proportionality is postulated between the constants in (1) and those in (2). 
D.B.S. 


ON THE EXTENT AND ACTION OF THE HEATING 
SURFACE OF STEAM BOILERS 


OSBORNE REYNOLDS 


[From the Fourteenth Volume of the ‘‘Proceedings of the Literary and Philosophical Society of Manchester.”’ 
Session 1874-5.]| 


(Read October 6, 1874) 


THE rapidity with which heat will pass from one 
fluid to another, through an intervening plate of 
metal, is a matter of such practical importance 
that I need not apologize for introducing it here. 
Besides its practical value, it also forms a subject 


of very great philosophical interest, being inti- 
mately connected with, if it does not form part of, 
molecular philosophy. 

In addition to the great amount of empirical 
and practical knowledge which has been acquired 
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from steam boilers, the transmission of heat has 
been made the subject of direct inquiry by New- 
ton, Dulong and Petit, Péclet, Joule, and Ran- 
kine, and considerable efforts have been made 
to reduce it to a system. But as yet the advance 
in this direction has not been very great; and the 
discrepancy in the results of the various experi- 
ments is such, that one cannot avoid the con- 
clusion that the circumstances of the problem 
have not been all taken into account. 

Newton appears to have assumed that the 
rate at which heat is transmitted from a surface 
to a gas, and vice versa, is, ceteris paribus, 
directly proportional to the difference in tem- 
perature between the surface and the 
whereas Dulong and Petit, followed by Péclet, 
came to the conclusion from their experiments 
that it followed altogether a different law." 

These philosophers do not seem to have 
advanced any theoretical reasons for the law 
which they have taken, but have deduced it 
entirely from their experiments, “a chercher par 
tatonnement la loi que suivent ces résultats?”’. 

In reducing these results, however, so many 
things had to be taken into account, and so 


gas, 
& 


many assumptions have been made, that it can 
hardly be a matter of surprise if they have been 
misled. And there is one assumption which 
upon the face of it seems to be contrary to 
general experience, this is, that the quantity of 
heat imparted by a given extent of surface to the 
adjacent fluid is independent of the motion of 


that fluid or of the.nature of the surface;* 
whereas the cooling effect of a wind compared 
with still air is so evident that it must cast doubt 
upon the truth of any hypothesis which does not 
take it into account. 

In this paper I approach the problem in 
another manner from that in which it has been 
approached before. Starting with the laws, 


recently discovered, of the internal diffusion of 


fluids, | have endeavoured to deduce from 

theoretical considerations the laws for the trans- 

mission of heat, and then verify these laws by 

experiment. In the latter respect I can only offer 

a few preliminary results; which, however, 

seem to agree so well with general experience, as 
1 Traité de la Chaleur, Péclet, Vol. I, p. 365. 


* Ibid., p. 363. 
’ Ibid., p. 383. 


to warrant a further investigation of the subject, 
to promote which is my object in bringing it 
forward in the present incomplete form. 

The heat carried off by air, or any fluid, from 
a surface, apart from the effect of radiation, is 
proportional to the internal diffusion of the 
fluid at and near the surface, i.e. is proportional 
to the rate at which particles or molecules pass 
backwards and forwards from the surface to any 
given depth within the fluid, thus, if AB be the 
surface and ah an ideal line in the fluid parallel 
to AB then the heat carried off from the surface 
in a given time will be proportional to the 
number of molecules which in that time pass 
from ab to AB—that is for a given difference of 
temperature between the fluid and the surface. 

This assumption is fundamental to what I 
have to say, and is based on the molecular 
theory of fluids. 

Now the rate of this diffusion has been shown 
from various considerations to depend on two 
things: 


(1) The natural internal diffusion of the fluid 
when at rest. 

(2) The eddies caused by visible motion which 
mixes the fluid up and continually brings fresh 
particles into contact with the surface. 


The first of these causes is independent of the 
velocity of the fluid, and, if it be a gas, is inde- 
pendent of its density, so that it may be said to 
depend only on the nature of the fluid.* 

The second cause, the effect of eddies, arises 
entirely from the motion of the fluid, and is 
proportional both to the density of the fluid, if 
gas, and the velocity with which it flows past the 
surface. 

The combined effect of these two causes may 
be expressed in a formula as follows: 


H At Bopvt (1) 


where ¢ is the difference of temperature between 
the surface and the fluid, p is the density of the 
fluid, v its velocity, A and B constants depending 
on the nature of the fluid, and H the heat trans- 
mitted per unit area of the surface in a unit of 
time. 

If, therefore, a fluid were forced along a fixed 


4 Maxwell's Theory of Heat, Chap. XIX. 
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length of pipe, which was maintained at a uni- 
form temperature greater or less than the initial 
temperature of the gas, we should expect the 
following results. 

(1) Starting with a velocity zero, the gas would 
then acquire the same temperature as the tube. 

(2) As the velocity increased the temperature 
at which the gas would emerge would gradually 
diminish, rapidly at first, but in a decreasing 
ratio until it would become sensibly constant and 
independent of the velocity. The velocity after 
which the temperature of the emerging gas 
would be sensibly constant can only be found for 
each particular gas by experiment; but it would 
seem reasonable to suppose that it would be the 
same as that at which the resistance offered by 
friction to the motion of the fluid would be 
sensibly proportional to the square of the 
velocity. It having been found both theoretically 
and by experiment that this resistance is con- 
nected with the diffusion of the gas by a formula: 


R= A'v + B'pr? (2) 


And various considerations lead to the sup- 
position that A and B in (1) are proportional to 
A’ and B’ in (2). 

The value of v which this gives is very small, 
and hence it follows that for considerable 
velocities the gas should emerge from the tube 
at a nearly constant temperature whatever may 
be its velocity. 

This, as | am about to point out, is in accor- 
dance with what has been observed in tubular 
boilers, as well as in more definite experiments. 

In the Locomotive the length of the boiler is 
limited by the length of tube necessary to cool the 
air from the fire down to a certain temperature, 
say 500°. Now there does not seem to be any 
general rule in practice for determining this 
length, the length varying from 16 ft to as little 
as 6, but whatever the proportions may be, each 
engine furnishes a means of comparing the 
efficiency of the tubes for high and low velocities 
of the air through them. It has been a matter of 
surprise how completely the steam-producing 
power of a boiler appears to rise with the strength 
of blast or the work required from it. And as the 
boilers are as economical when working with 
a high blast as with a low, the air going up the 
chimney cannot have a much higher temperature 


in the one case than in the other. That it should 
be somewhat higher is strictly in accordance with 
the theory as stated above. 

It must, however, be noticed that the foregoing 
conclusion is based on the assumption that the 
surface of the tube is kept at the same constant 
temperature, a condition which it is easy to see 
can hardly be fulfilled in practice. 

The method by which this is usually attempted 
is by surrounding the tube on the outside with 
some fluid the temperature of which is kept 
constant by some natural means, such as boiling 
or freezing, for instance the tube is surrounded 
with boiling water. Now although it may be 
possible to keep the water at a constant tem- 
perature, it does not at all follow that the tube 
will be kept at the same temperature; but on the 
other hand, since heat has to pass from the water 
to the tube, there must be a difference of tem- 
perature between them, and this difference will 
be proportional to the quantity of heat which has 
to pass. And again, the heat will have to pass 
through the material of the tube, and the rate at 
which it will do this will depend on the difference 
of the temperature at its two surfaces. Hence if 
air be forced through a tube surrounded with 
boiling water, the temperature of the inner sur- 
face of the tube will not be constant, but will 
diminish with the quantity of heat carried off by 
the air. It may be imagined that the difference 
will not be great: a variety of experiments lead 
me to suppose that it is much greater than is 
generally supposed. It is obvious that, if the 
previous conclusions be correct, this difference 
would be diminished by keeping the water in 
motion, and the more rapid the motion the less 
would be the difference. Taking these things into 
consideration the following experiments may, I 
think, be looked upon, if not as conclusive 
evidence of the truth of the above reasoning, yet 
as bearing directly upon it. 

One end of a brass tube was connected with a 
reservoir of compressed air, the tube itself was 
immersed in boiling water, and the other end was 
connected with a small non-conducting chamber, 
formed of concentric cylinders of paper with 
intervals between them, in which was inserted 
the bulb of a thermometer. The air was then 
allowed to pass through the tube and paper 
chamber, the pressure in the reservoir being 
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maintained by bellows, and measured by a 
mercury gauge; the thermometer then indicated 
the temperature of the emerging air. One 
experiment gave the following results: With the 
smallest possible pressure the thermometer rose 
to 96°F, and as the pressure increased fell until 
with 1. in. it was 87°, with } in. it was 70°, with 
1 in. it was 64°, with 2 in. 60°, beyond this 
point the bellows would not raise the pressure. 

It appears, therefore, (1) that the temperature 
of the air never rose to 212°, the temperature of 
the tube, even when moving slowest; but the 
difference was clearly accounted for by the loss 
of heat in the chamber from radiation, the small 
quantity of air passing through it not being 
sufficient to maintain the full temperature, an 
effect which must obviously vanish as_ the 


velocity of the air increased; (2) as the velocity 
increased the temperature diminished, at first 
rapidly, and then in a more steady manner. The 
first diminution might be expected, from the 
fact that the velocity was not as yet equal to that 


at which the resistance of friction is sensibly 
equal to the square of the velocity, as previously 
explained. The steady diminution, which con- 
tinued when the velocity was greater, was due 
to the cooling of the tube. This was proved to be 
the case, for at any stage of the operation the 
temperature of the emerging air could be slightly 
raised by increasing the heat under the water, so 
as to make it boil faster, and produce greater 
agitation in the water surrounding the tube. 
This experiment was repeated with several tubes 
of different lengths and characters, some of 
copper and some of brass, with practically the 
same results. I have not however as yet been 
able to complete the investigation, and I hope to 
be able before long to bring forward another 
communication before the Society. 

I may state that should these conclusions be 
established, and the constant B for different 
fluids be determined, we should then be able to 
determine, as regards length and extent, the best 
proportion for the tubes and flues of boilers. 
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APPLICATION OF METHODS OF THERMODYNAMICS OF 
EAT 


IRREVERSIBLE PROCESSES TO INVESTIGATION OF H 


T, 


AND MASS TRANSFER IN A BOUNDARY LAYER 


A. V. LUIKOV 
Institute of Energetics, Minsk, B.S.S.R. 


(Received 18 January 1961) 


Abstract—This paper considers the process of heat and mass transfer in a boundary layer at evapora- 
tion of a liquid. In this case heat and mass transfer mechanism differs from the process of heat transfer 
without mass transfer. Experimental results obtained showed thai in the boundary layer over a plate 
there were submicroscopic particles of liquid whose evaporation was going on in the boundary layer 
itself. On the basis of the theory of thermodynamics of irreversible processes methods of calculation 
of mass transfer with regard for the action of all the thermodynamic forces including also a new effect 


of separation of gas mixture components during the process of molecular transfer of kinetic energy of 


a regulated motion have been developed. 


Résumé—Cet article considére le processus du transport de chaleur et de masse dans la couche limite 
au cours de l’évaporation d’un liquide. Dans ce cas, le mécanisme de transport de chaleur et de masse 
différe de celui de la transmission de chaleur sans transport de masse. Les résultats expérimentaux 
obtenus montrent que dans la couche limite sur une plaque il y a des particules submicroscopiques du 
liquide, dont l’é€vaporation est en cours, dans la couche limite elle-méme. Des méthodes de calcul du 
transport de masse ont été développées, elles sont basées sur la théorie de la thermodynamique des 
phénoménes irréversibles et tiennent compte de l’action de toutes les forces thermodynamiques, 
y compris d’un nouvel effet de séparation des composants du mélange gazeux au cours du processus 


de transport moléculaire de énergie cinétique d'un mouvement contrélé. 


Zusammenfassung—Die Arbeit behandelt den Warme- und Stoffiibergang in der Grenzschicht beim 
Verdampfen einer Flissigkeit. Der Mechanismus des Warme- und Stofftransports unterscheidet 
sich in diesem Fall von dem des Wiarmeiiberganges ohne Stoffiibertragung. Versuche zeigten, dass 
in der den Platten anhaftenden Grenzschicht submikroskopische Teilchen der Fliissigkeit vorhanden 
sind, die dort verdampfen. Auf Grund der Theorie der Thermodynamik irreversibler Prozesse wurden 
Berechnungsmethoden fiir den Stoffiibergang entwickelt, die die Wirkung aller thermodynamischen 
Krafte beriicksichtigen, einschliesslich eines neuen Effektes der Trennung eines Gasgemisches wahrend 
des Molekulariiberganges der kinetischen Energie einer geordneten Bewegung. 


AnnotTanna— B CTaTbe pacCMaTphBaeTcA Wpolecc Ten10-H MacconepeHoca B M1orpaHHYHoM 
coe Tip ucnapeHul AM AKOCTH. MexaHueam Telio-H MaccomepeHoca B 9TOM Cly4ae OTAMYAaeTCA 
oT mpouecca Ten1006MeHa, He OCIOAHeHHOTO MaccooOMeHOM. hak NoKasadu pesyJabTarhl 
MpOBeeHHbIX OFIBITOB, B MOTPaHHYHOM C.10e Has W1acTuHOl! UMewTCA CyYOMHKpOCKONMYeCcKHe 
YaCTHIbI AMAKOCTH, HCMapeHie KOTOPHIX MpoNcxXoANT B CaMOM TorpaHM4uHomM coioe. Ha 
OCHOBAHHM TeOpli TEPMOLMHAMUKM HeEOOpPAaTUMBIX Mpoweccow paspaboTaHb! MeTOLI pacueToB 
MaccomepeHoca € Y4eTOM jelCTBMA BCeX TePMOAMHAMHNYECKHX CII, B TOM 4HCIe HOBOTO 
axppekTa pasweteHiA KOMMOHEHTOB ra3s0Bol CMeCH B Mpowecce MOTeKYJApHOTO MepeHoca 
KIHeTHYeCKON SHEP YNOPALOYeHHOrO WBUACHHA. 


NOMENCLATURE (wet bulb temperature), 


absolute temperature, “K(7T tively; 
273 + t); = temperature of radiatio 


T, and 7,, air temperature and temperature face; 


of the adiabatic air saturation u and u,. moisture content and 
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respec- 


n sur- 


critical 
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moisture content of a porous 
body, respectively: 

specific isobar heat capacity of 
humid air (of vapour-—gas mix- 
ture); 

density of humid air: 
coefficient of kinematic 
cosity (v n/p); 
coefficient of thermal diffusivity 
(a A/Cyp): 

coefficient of heat conduction of 
humid air; 
coefficient of 
fusion; 
relative partial vapour pressure 
equal to the ratio of partial 
pressure of vapour p, tu the 
total pressure of vapour-—gas 
mixture P(Py9 = P;/P): 

air motion rate: 

relative concentration of the ith 
component in a mixture equal 
to the ratio of the volumetric 
concentration p; to the density 
of the mixture p(p,;, = p,/p): 
relative concentration of vapour 
in humid air: 

air humidity (6 = p,/p,): 
pressure of the saturated vapour: 
chemical potential of the ith 
component: 
molecular 
component: 
specific enthalpy of 
component; 

universal gas constant: 
specific heat of evaporation of a 


liquid. 


ViS- 


reciprocal  dif- 


weight of the ith 


the ith 


Indices 
medium (humid air): 
surface (plate surface); 
surface radiation: 
water vapour; 
dry air. 


Numbers of similarity of heat and mass transfer 
Nuand Nu’, heat and diffusion Nusselt num- 
bers, respectively ; 


Re, Reynolds number; 
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Prandtl number: 
diffusional Prandtl 
(Schmidt number Pr’ 
Gukhman number 


(Gu = 


number 


i ~% 
r *); 


modified Gukhman number 


( Gu’ 


T, 
7) 
HEAT transfer between a capillary porous body 
and flow of a mixture of gases is not only of 
theoretical interest but also is of great practical 
importance. If heat transfer is going on in the 
presence of evaporation of a liquid then 
mechanism of heat and mass transfer in a boun- 
dary layer near the surface of a body is compli- 
cated considerably and cannot be described by 
the classic regularities of heat and mass transfer 
of a matter. 

For example, with the evaporation of a liquid 
from a free surface under conditions of 
forced convection the dependence between the 
numbers Nu, Re and Pr, as was shown by 
Nesterenko [1] and Polonskaya [2, 3], is not 
described by ordinary empirical relations which 
are applied to the theory of heat transfer. 
Nesterenko’s formulae are of the following form 


Nu APr*? Re” Gu®1*5 


Nu’ A'(Pr’)** Re” Gyu®** 


where the constants A, A’, m and n’ are deter- 
mined from Table !. 

On the basis of experimental investigations of 
heat transfer between moist porous plates and a 


Value of constants in formulae by 
Nesterenko [1] 


Table 1. 


Range of the Reynolds 


a, A 
number variation 


1-07 0-48 0-83 0:53 


10° 





0:51 0-61 0-49 0-61 





0-027 090 0:0248' 0-90 
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flow of heated air the following empirical 
formula was obtained by Lebedev [4] 


Nu = ARe™> Gu’) | ry | — ) (3) 


where the constants A and n are given for some 
bodies in Table 2. 


Table 2. Value of constants in formula by Lebedev [4] 


Material 
Quartz sand 


Clay 
Wood 

Other investigators [5-7] obtained formulae 
analogous to the formula (3). 

Till recently no detailed substantiation of the 
introduction of new criteria of the form Gu, 
(T,/T,,), (u/u,) into relations (1-3) has been given 
for the case of heat and mass transfer between a 
porous body containing a liquid and a heated 
moving gas. This fact indicates that there is a 
necessity for special and detailed experimental 
investigations on heat and mass _ transfer 
mechanism in a boundary layer flowing over 
a porous body containing a liquid. 

Lately such investigations have been carried 
out by A. V. Nesterenko, N. F. Dokuchaevy [8] 
N. S. Mikheeva [9]. and P. E. Mikhailov 
[10]. 

Temperature, partial pressure and velocity of 
humid air motion in a boundary layer were 
measured in these investigations. 

Recently, applying improved methods, Mel’ni- 
kova [11] has carried out analogous investiga- 
tions under the leadership of the author of this 
paper. In particular, the presence of a cooler 
inside the porous body made it possible to 
obtain any predetermined temperature head 
At(At t, — t,) and directly compare heat 
transfer of a dry porous plate with that of a 
moist one. 

These investigations show that the heat 
transfer coefficient is higher in the process of 
evaporation of a liquid from a free surface or 
from a capillary-porous body in comparison 


with the case of net heat transfer, with other 
conditions equal. When increase in intensity of 
evaporation occurs, the heat transfer coefficient 
increases also. 

While the calculations of heat transfer process 
between the surface of a porous wall and the 
flow of a gas, with blowing of an inert gas 
(hydrogen, helium), involve the theory of a 
boundary layer and produce the contrary 
phenomenon: i.e. with increase of intensity of 
gas supply into the boundary layer the coefficient 
of heat transfer decreases. 

To reveal the mechanism of heat and mass 
transfer in the boundary layer special experi- 
ments were carried out. Temperature, partial 
pressure and velocity of air motion in a boundary 
layer flowing over a porous (gypsum) plate were 
measured by special devices. The plate was 
continuously moistened, i.e. the amount of 
evaporation of the liquid was calculated 
according to water flow rate and was controlled 
by weighing the whole plate. 

A special cooler was mounted inside the plate 
so that the temperature of the plate surface 
was maintained constant and at any pre- 
determined value. 

The heat flow was directed from the moving 
gas mixture to the plate (heat required for 
evaporation of the liquid) and supplied by 
forced convection from the air, moving with 
the velocity W.,. 

The flow of mass (vapour) was directed from 
the surface of the plate into the surrounding air. 

Distribution of temperature, partial pressure 
and motion velocity were thoroughly measured 
along the Y-axis and X-axis every 0-1 mm. 

As a result it was determined that: 

(1) At the evaporation of a liquid from the 
capillary porous body there are submicro- 
scopical particles of liquid in the boundary layer 
whose evaporation is going on in the boundary 
layer itself (volumetric evaporation). The Gukh- 
man number Gu or its modification Gu’ as well 
as the parametric criterion 7,/7,, characterizes 
the volumetric evaporation of particles of the 
liquid in the boundary layer. The criterion u/u, 
reflects the decrease in intensity of liquid particle 
emergence out of the porous body to the 
boundary layer as moisture content of the body 
decreases. 
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For well-known assumptions, differential 
equations of heat and mass transfer in a laminar 
boundary layer for the incompressible liquid 
flowing over a flat capillary porous plate will be 
as follows: 


€Pi0 c ; 
pw ar : » Jmady 


Ox y o' 


ot 
C,pM ox CypWy dp 
where /, is the specific capacity of a vapour 
source stipulated by evaporation of submicro- 
scopic particles of the liquid in the boundary 
layer. 

(2) In the range of variation of Re from 8000 
to 100 000 for fine porous bodies, mass transfer 
constrained with the evaporation of a liquid has 
no influence upon the curves of air motion 
velocities distribution in a boundary layer (see 
Fig. 1). These results corroborate the detailed 
analysis of heat and mass transfer mechanism 
at evaporation of liquid from a free surface. 








Mic os 
Uisiance 


from the surface, y, mm 


Fic. 1. Heated air flowing over a gypsum plate 

350 mm in length (/ = 350 mm) at ¢, = 35°C with 

the rate of w, = 2:5 m/s, temperature of the plate 
surface is Tf, 225°C. 


z 


- 


This analysis is given in a review-article by 
Polushkin [12]. 

(3) Water vapour partial pressure cannot be 
considered as a potential of mass transfer in a 
boundary layer. This may be confirmed by 
direct experiments. For example, from distribu- 
tion curves ¢*(y) and p}(y) in Fig. 2 it follows 
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that vapour transfer is going on from the lower 
partial pressure to the higher one.+ 

We shall dwell now on mass transfer potential 
without going into a detailed substantiation of 
introduction of the substance source /, into the 
differential equation of heat and mass transfer 
as is given in [11]. 





ie) 











2 3 

yY, mm 

Fic. 2. Curves of distribution of temperature and 
partial pressure at the distance x 170 mm from 
the plate edge (7, 36:5 C, tf a7 &. 4 5:8 
m/s). 


Usually the partial pressure p, or concentra- 
tion p, is taken as the transfer potential of a 
condensing gas (vapour). Then the law of vapour 
transfer by diffusion in a binary mixture may be 
expressed in the following form: 


VPi0- (6) 


. ul 
Jima Dj 2p VU 


Moreover, the value of thermal diffusion flow is 
assumed to be neglected. 

However, the analysis by the methods of 
thermodynamics of irreversible processes shows 
that formula (6) is valid for non-condensing 


+ This somewhat unlooked-for result has been already 
displayed in earlier works. For example, it follows from 
Fig. 4, given in the paper “Investigation of drying 
mechanism of moist materials” [9] that at the distance 
equal to y > 2 mm from the surface of the gypsum plate 
humidity of air has practically no change, i.e. 6 = const. 
At the same time it is evident from Fig. 2 of the same 
paper that the humid air temperature continuously 
increases as it moves away from the surface up to 
the distance equal to y = 10 mm. Consequently, the 
vapour partial pressure p,(p, = ¢p-) will increase in the 
range of 2 < » < 10. 


Vol. 
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gas mixtures and is not valid for condensing 
gases as well as for water vapour. 

According to the Onsager theory the molecular 
transfer of heat and matter is interdependent 
and described by a system of linear equations. 
For a gas mixture we have: 

n—1 
= 2L,;(X; —X,)+07X7, (1) 


y=4 


J mi 


n—1 
jg =Lhr7r X7 + x Lr; (X; — X,). (8) 
yJ=uy 
where the thermodynamic motive forces X7 and 
X; are correspondingly equal to 


v7 (5): (9) 


jq and j,,; are energy (heat) and mass flow of 
matter of the ith component conformably, L,; 
are the Onsager kinetic coefficients. 

The chemical potential », of the ith component 
is the function of the temperature 7, the pressure 
p and (n 1) of the relative concentrations p;». 
In the absence of external forces and at the 
constant pressure (p const) it is possible to 
write equation (7) as [13]: 


n—1 


where Q* is the heat of transfer equal to the 
amount of heat transferred per unit of mass of 
the component j at the constant temperature 
(Xr = 0). The value Q; depends on coefficients 
L,r and L,; and enters the following relation: 
n—1 
Lir = = L,;Q;. (11) 
gms 

As an approximation we shall take humid air 
for a binary mixture consisting of water vapour 
(M, = 18) and dry air (M, = 29). In this case 
we may write equation (10) as: 


1 (Oy 
. Li F (25), WPre 


20 


J mil —J m2 


Approximate evaluation of terms, which are 
in square brackets of formula (12), applying to 
the conditions of the experiment (see Fig. 2), 
shows that the first term is approximately equal 
to 34 cal/g cm and the second term is about equal 
to 80 cal/g cm, i.e. 2 or 3 times more. More- 
over, the specific enthalpy of superheated vapour 
was taken equal to /, 595 0-477 and the 
value OQ) = Ly;r/L,,. Since the value (Q) — /y 
h.) is negative, then the molecular transfer of 
vapour is going on in the direction of the 
temperature gradient, i.e. from the surface of 
the plate into the surrounding medium. 

Therefore, under certain conditions the 
molecular transfer of vapour is determined not 
by the drop of the vapour partial pressure but 
by the temperature drop, i.e. by the potential 
component p,/7 the value of which depends on 
temperature change. 

This type of transfer cannot be considered as 
thermal diffusion of a vapour, since the Soret 
thermo-diffusion effect in accordance with the 
system of the Onsager linear equations (7-8) is 
determined by the value Q{V7/T which, in our 
case, is small in comparison with the value 
(h, — h,)VT/T. 

Under certain conditions it is possible to take 
the difference between the chemical potentials 
in a state of saturation »,, and in a given state j., 
at one and the same temperature [14] for the 
potential of vapour molecular transfer in order 
to obtain approximate calculations: 


Me fy. (13) 


For the mixture of ideal gases we have: 


r RT 
f= LUT) r M, In py. 


Then we shall get: 


l R 
ie in 


T M, (15) 


Therefore, we may take air humidity for the 
potential of vapour molecular transfer. For the 
first time relation (15) based on some other 
assumptions was proposed in [9]. Here the 
curves of temperature distribution and of air 
humidity built in relative values are close to each 
other (Fig. 3). 





A. Y. 











Fic. 3. Curves of distribution of temperature and air 

humidity in a boundary layer flowing over the moist 

gypsum plate (7 a65'C, t ZT 4% 5-8 
mS). 


At the isothermal conditions (JT = const) we 
can take the concentration p,, or the partial 
pressure P,, for the potential of vapour mass 
transfer. The calculations obtained with these 
assumptions for the uniform temperature process 
at small temperature drop in a boundary layer 
give a satisfactory result. 

A new effect based on such a phenomenon as 
internal friction or viscosity influences vapour 
molecular transfer in a boundary layer. 

Consider a general case of molecular transfer 


of heat, mass and impulse in the presence of 


chemical reactions, whose rate we shall designate 
through I’;. Now we write the system of the 
Onsager linear equations as follows 


LrrXr + &L7;X;, (16) 


I L,,X; + LX, (17) 


(P — p11), = ULF (XwWaer 


Ri 


(18) 


Pr, =ZLLX. 


J 


(19) 


where 


Xe=-Vw; Xa4= Ae 

A, is the chemical affinity, p is the statistic 
pressure which differs from the tensor of pres- 
sure P , 1 is the single vector. 
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According to the principal relation of thermo- 
dynamics of irreversible processes the com- 
ponents of total flows are the combinations of 
generalized thermodynamic motive forces. 

Motive forces are the tensors of various 
classes. It is possible to show by virtue of tensor 
transformations that some combinations cannot 
take place. If the system is an isotropic one then 
the combination may occur only between such 
tensors that have an even difference in classes. 

The thermodynamic forces X7 and X; are 
the vectors (tensors of the same class). therefore 
the combination may occur between them. This 
combination is observed as the Soret effect 
(thermal diffusion) and the Dufour effect 
(diffusional thermal conductivity). 

The value X,, is the second class tensor and the 
chemical affinity X,; is the zero class tensor. 
Consequently, there is no place in isotropic 
systems for the combination of effects from the 
action of these forces with diffusion and heat 
conduction. Therefore, the chemical reaction 
rate does not involve the emergence of concen- 
tration or temperature gradient. However, due 
to the fact that the difference in classes of Y,, 
and X,,, is equal to 2 (an even number), generally 
speaking, the combination between these two 
processes is possible in essence. It should not 
take place in the case when the tensor difference 
(P — p1) is equal to zero. 

For an incompressible liquid when dealing 
with one-dimensional problems (flat parallel 
laminar flow of a liquid over a body) internal 
friction phenomenon may be considered as 
molecular transfer of kinetic energy of trans- 
lational movement of the liquid (« 
along the normal, y, towards the body surface 
[15]. For one-component system one can write: 


A pw? ) 


vV( } pw?), (20) 


where 


Cc 
V(dpw2) =~ (bpw?). 


Therefore, the molecular flow of energy of the 
regulated motion is directly proportional to the 
gradient of kinetic energy of translational 
motion of the liquid, i.e. the motive force of XY. of 
such transfer is a vector (gradient from scalar). 

It follows that in gas mixtures the motive 
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force X, may have a combination with forces 
X7 and X;, since they all are the tensors of the 
same class. 

Then equation (17) will be of the following 
form: 


LL,j,X, + LyarXr + U1; X 


j 


JI mi - (211) 

From equation (21) it follows that in the 
process of molecular transfer by kinetic energy 
of motion at isothermal conditions (X7 = 0) the 
effect of moisture separation must take place; 
which is analogous to the Soret effect. 

We have recognized the separation effect 
experimentally on a rotating separation column 
of the Clausius—Dickel type in the absence of 
temperature gradient (7 const) on molar 
solutions and binary gas mixtures (solution 
NaCl and binary mixture H, and N,). This ex- 
periment was carried out on a column which was 
1550 mm in height and had a clearance of 0-25 
mm. We have obtained 70 per cent separation 
of NaCl at 20 rev/min for 1-5 h. 

The separation process was going on at a 
constant temperature of 25-5°C. We are inclined 
to explain the separation coefficient increase on 
a rotating thermal diffusion separation column 
by this effect. This increase of separation co- 
efficient was observed in [17] on separation of 
binary mixture n—CH,(CH,), ,;CH,—C, ,H,, (see 





60 














12 16 20 24 28 
w; hr 

Fic. 4. Kinetic curves of separation of mixture 

n—CH,(CH,),,CH,;—C,,H,, on the rotating thermo- 

diffusional column [17]. 


Fig. 4). The kinetic curves of separation of 
binary mixture H,-N, under the isothermal 
conditions on the rotating column at 20, 60 and 
100 rev/min are given in Fig. 5. 

The relative concentration of nitrogen at the 
bottom of the column is counted off along the 
ordinate axis and time in minutes is counted 
off along the abscissa axis. Fig. 5 shows that in 
lhatn 100 rev/min 26 per cent of nitrogen 
separation was obtained. 





f 











30 


Fic. 5. Curves of kinetics of separation of the binary 
mixture (N,—-H,). 


From the analysis of experimental data as well 
as in accordance with equation (20) it follows 


that mass transfer under the action of the 
thermodynamic force X, is directly proportional 
to the gradient of the square velocity of the flow. 
The gradient of the square velocity in the separ- 
ating column at 20 rev/min is approximately 
equal to 30 m/s? when the radius of the rotating 
cylinder is equal to 42-3 mm and the clearance 
is equal to 0-25 mm. 

The value of Vw? is much greater in a boundary 
layer. For example, from the curve w,(y) given 
in Fig. 1 we obtain Vw? which is equal to 750 
m/s®, i.e. it is 25 times as much. If the rate 
of air motion is w, = 5 m/s then the gradient 
of square velocity in a boundary layer according 
to the experimental data is equal to 1200 m/s*. 
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i.e. it is 400 times as much in comparison with the 
value of 4w? in the separating column. Conse- 
quently, the value of Jw? in the boundary layer 
is greater by 2-3 orders, therefore, the influence 
of the thermodynamic force X.; on molecular 
transfer of matter may be of importance. It is 
necessary to have the experimental data for the 
transfer coefficients L.;; to obtain a final con- 
clusion, then we can calculate in detail the 
molecular transfer of matter in a boundary layer 
taking into account all the thermodynamic forces. 

Therefore, in the boundary layer flowing over 
a moist porous plate the water vapour (M = 18) 
will strive (under the action of the force X,) to 
move in the direction y, while the air (the 
reduced molecular weight of which is M = 29) 
will strive to move in the opposite direction, 
i.e. to the surface of the plate, under certain 
conditions the motive force XY, may be greater 
than the force X,, therefore water vapour will 
move from the lower partial pressure to the 
higher, as happened in our experiments. 

An analogous phenomenon will occur when 
air flows over a porous plate with hydrogen 
supply into the boundary layer. The moving 
force XY, will intensify the transfer of molecules 
of hydrogen from the wall to the flow of gas. 
The contrary phenomenon may be observed 
with a heavy gas, for example, CO, supplied to 
the boundary layer, through the pores of the plate. 

In this case the molecules of CO,. under the 
action of the force X,, will move into the region 
of low velocities of the regulated air motion, i.e. 
to the wall surface. Consequently, the force 
X. will prevent mass transfer of the cooled gas. 

In the general case we shall introduce the 
corresponding expression from relation (21) 
instead of the flow j,,,, into the differential equa- 
tion of mass transfer (4). In this case differential 
equation (4) will be interconnected with that of 
heat transfer. 

Interconnection between the phenomena of 
molecular transfer directly follows from the 
physical nature of these phenomena. The 
analytical description of transfer phenomena in 
their interconnection is possible on the basis of 
thermodynamics of irreversible processes, the 
theory of which was founded by Dutch and 
Belgian physicists (Onsager, de Groot, Prigogine 
[13, 18]). 
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The application of thermodynamics of irrever- 
sible processes to the transfer phenomena makes 
it possible not only to define more exactly the 
existing methods of heat and mass transfer 
calculation but also to obtain quite new solutions 
for a number of problems which are of impor- 
tance in modern engineering. 
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Résumé—L étude de l'échange de masse entre phases constituées par des mélanges révéle l’existence 
de domaines de variation de la hauteur globale de l’unité de transfert distincts suivant la nature du 
régime d’écoulement. En écoulement non purement laminaire, la théeorie des films interfaciaux 
exprime mal les faits. 

Par un procédé optique sont mises en évidence des déformations interfaciales que n’envisageait pas 
la théorie des films. 

Pour traduire les écarts a la théorie des films, on propose une fonction y, susceptible d'une déter 
mination expérimentale et unique pour tout domaine d’écoulement. 

Le développement du modéle ondulatoire d’oscillateurs couples, introduit ici, permet de retrouve 

par voie théorique la fonction expérimentale y et d’en préciser expression formelle. 


Abstract—The study of mass transfer between phases composed of solutions shows the existence o! 
distinct ranges of variation of the height of an overall transfer unit depending on the nature of the flow 
regime. In flows which are not purely laminar the two film theory does not offer a good explanation 
of the results. 

Interfacial deformations which are not accounted for in the film theory are demonstrated by an 
optical method. 


To explain these deviations from film theory, a function y is proposed; this function can be deter 
mined experimentally and is the same for the flow regime. 
The development of a wave model of coupled oscillators, introduced here, makes it possible to find 
theoretically the experimental function y and to give a formal expression for the function 


Zusammenfassung—Die Untersuchung des Stoffaustauches zwischen Mischphasen zeigt, dass der 
Anderungsbereich der gesamten Héhe der Ubertragungseinheit je nach dem Strémungszustand ver 
schieden ist. In nicht rein laminarer Str6mung gibt die Theorie der Grenzflachenfilme die Tatsachen 
schlect wieder. 

Durch ein optisches Verfahren werden Grenzflachendeformationen nachgewiesen, die die Film 
theorie nicht beriicksichtigt hat. 

Lin die abweichungen auf die Filmtheorie zu iibertragen, wird eine Funktion y angenommen, die 
sich experimentell bestimmen lasst und die fiir jeden Str6mungsbereich einheitlich ist. 

Die Entwicklung eines Wellenmodells mit gekoppelten Schwingern, wie es hier eingefuhrt wird, 
erlaubt eine theorietische Deutung der experimentellen Funktion y, wodurch der formale Ausdruck 

prazisiert wird. 


Annotauna—liccueqopanne ABIeHHiT MaccollepeHoca Mem Ay (asaMil CMeINCHHA MOKasbIBaeT, 
4YTO HHTCHCHBHOCTh 9TOrO Mposecca BaBMCHT OT COCTOAHHA NoTOKa. TeopnaA morpannuHo ly 
C10, BBOAMMAA JIA ONMCAHMA MpoleccoB OOMeHa B TYPOYJIeCHTHOM LOTOKE, M10OXO OTparkael 
CYUWHOCTh aHHOro ABIEHHMA. 

OntiyeckuM cnoco6oM oKa3aHa JedopMalluA Norpani4noll MIeHKM, KOTOpaA He Oba 
oTpawkeHa MICHOUHON TeopHelt. 

lua yuéta 3Toro dakTopa BBOAMTCA ONpeerHeMaA SKCTePMMeHTaIbHO MOMpaBodnan 
PYHKUNA y, eCMHaA IA WOOrO NMOTOKAa. 

-laa TeopeTHueckoil TpaKTOBKM BBeLeHHO! PYHKUMM y CO31aHa BOJIHOBAA MOMeJIb ABIeH IA 
CO CBAH3aHHKIMMU BHOpaTopaMM, MO3BONAWUaH OOBACHHTh (pPUsH4eCKYO CYMIHOCTh 9TOK 

REIMYIMHBI HW OOOCHOBLIBAaIOMIAA e@ POPMaIbHOe BBE TeHHe. 


t Docteur és Sciences. 
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NOTATIONS UTILISEES 


nombre global dunités de 
transfert rapporté aux para- 
metres de la phase gazeuse; 
composition de la_ phase 
liquide et de la phase gazeuse 
respectivement (fraction mol- 
aire du constituant le plus 
volatil); 

composition de la_ phase 
gazeuse en equilibre thermo- 
dynamique avec le liquide de 
composition x; 

composition de la vapeur a la 
base et au sommet de la 
colonne, respectivement: 
hauteur globale de unite de 
transfert li¢e aux parametres 
de la phase vapeur; 

hauteur de la colonne: 

débit molaire du gaz par 
unite de section droite de la 
colonne; 

nombre de Reynolds de la 
phase gazeuse: 

aire active de la_ surface 
d’échange par unité de volume 
de la colonne; 

coefficient global de transport 
(défini dans le texte): 

indice de réfraction par rap- 
port a la raie D du sodium, 
a 25°C; 

indice de _ refraction des 
mélanges prélevés a la base 
et au sommet de la colonne, 
respectivement; 


fonction d’écart proposée; ot 
N®& est le nombre global 
d’unités de transfert théorique, 
selon la théorie des films, et 
H? la hauteur globale de 
Yunité de transfert corres- 
pondante; 

fonctions harmoniques as- 
sociées au mouvement de la 
phase vapeur et a celui de 
Pinterface, au moyen des 


fonctions & et 7, respective- 


ment; 
pulsations des fonctions @ et 
wy, Tespectivement; 
pulsation de couplage: 
t, temps. : 
a ae me ee ae 


10.8.8, oF 


constantes. 


L’ETUDE du transport de masse est ici facilitée 
par l’application de la notion d’unité de transfert 
[1] a une rectification en tube vide. 

La variable fondamentale est le nombre de 
Reynolds qui caractérise bien la nature de 
"écoulement au travers duquel les constituants 
de chaque phase diffusent. Mais on peut envi- 
sager l’influence de cette variable sur le com- 
portement de Jlinterface qui subit, a partir 
d’une certaine vitesse, des déformations qui, 
agitant les phases plus ou moins en profondeur, 
en facilitent ’échange des constituants. 


EXPRESSIONS DISTINCTES ET EXPRESSIONS 
UNIFIEES DE L’ECHANGE DE MASSE POUR 
DIVERS ECOULEMENTS 

Expressions distinctes 

Définition et détermination des unités de trans- 
fert. Le nombre global N« d’unités de transfert 
pour la phase vapeur [1] est défini par l’intégrale 
suivante: 


dans laquelle y* est la composition de la vapeur 
qui serait en équilibre thermodynamique avec 
le liquide de composition x, en un point donné 
de la colonne ot la composition réelle de la 
vapeur est y. Les limites d’intégration y, et y, 
représentent les compositions respectives de la 
vapeur a la base et au sommet de la colonne. 
Nous exprimerons les compositions en fraction 
molaire du constituant le plus volatil. 
La hauteur globale H¢ de l’unité de transfert 

liée aux parametres de la phase vapeur: 

F Z G 

16 Ne Kea 


s’exprime [2] en terme résistance au transport 
1/Kca, en appelant: 
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la hauteur de la colonne: 

le débit molaire de la phase gazeuse 
par unité de section droite de la 
colonne; 

(Kea), le coefficient global de transport qui 
est le nombre de moleécules diffusées 
par unité de temps, unité de volume et 
unité de fraction molaire ol apparait 
Yaire a de la surface d’échange par 
unité de volume; 


Ng. le nombre global d’unités de transfert. 


La quantité N« est obtenue a partir du 
diagramme expérimental d’équilibre liquide— 
vapeur qui relie y* a x et a partir de la courbe 
opératoire qui lie x a y. (Sous reflux total nous 
aurons x y.) 

Dans la détermination pratique de l’enrichisse- 
ment (};. ¥2) on remplace les compositions des 
meélanges par les indices de réfraction corres- 
pondants, apres avoir établi une courbe d’étalon- 
nage. 

Evolution expérimentale de la hauteur globale 
de l’unité de transfert avec le régime d’ écoulement. 
A partir des données expérimentales de lequi- 
libre liquide-vapeur [3], nous avons dressé, 


pour un melange de 1,2-dichloréthane et de 


Tableau | 


toluene, le Tableau 1 de valeurs de l’intégrale 
indéfinie {dy/(y* — y) en fonction de l’indice de 
réfraction pour la raie D a 25°C. 

Le pouvoir de résolution {'2 dy/(y* 
déduit de la différence des valeurs du tableau qui 
correspondent aux indices des mélanges pre- 
levés au sommet (7) et a la base (n,) de la 
colonne expérimentée, voisine de celle de 
Chahvekilian [4], ot les débits sont mesurés 
avec un chronometre au 1/10 de seconde et 
convertis en nombres de Reynolds 4, de la 
phase gazeuse. 

D’ou le Tableau 2 (a) des résultats relatifs a 
une composition moyenne de rectification de 
0,65 et leur traduction graphique (Fig. 1). 


vy) se 


Tableau 2 (a) et (b) 


(a) et (b) (a) (b) 


A 


1.4543 
1.4540 
1.4536 
1.4546 
1,4525 
1.4550 
1.4526 
1.4543 
1.4533 
1.4539 
1.4555 
1,4550 
1.4560 
1.4553 
1.4566 
1.4563 
1.4576 
1.4583 
1.4569 
1.4570 
1.4583 
1,4575 
1.4576 
1,4580 
1,4576 
1,4600 
1.4583 
1,4585 
1,4579 
1.4580 
1,4576 
1,4603 
1.4586 


1070 
1145 
1150 
1160 
1200 
1235 
1360 
1377 
1480 
1530 
1740 
1740 
1819 
2030 
2058 
2200 
3179 
3300 
3500 
3780 
4448 
4790 
5208 
6549 
6875 


ee ee ee ee ee a oe ee eee ee ee oe oe ne et be tee ot om 83 8 1 BS I 
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On deduit de ces résultats les expressions 
empiriques de la variation de la hauteur globale 
de lunité de transfert H; en fonction du nombre 
de Reynolds. 


(1) Pour écoulement laminaire: 


H = 0.0547 . #28, (1) 


L’exposant de 4¢ est voisin de lunité. Ceci 
concorde assez avec certains résultats expéri- 
mentaux et theoriques [5-8]. 


(2) Pour l’ écoulement turbulent: 
He 13,8. HO". (2) 


Cette loi s’accorde d’autres_ relations 
[1, 5, 9-12]. 

De ces deux types d’expressions distinctes 
nous avons pu dégager [13] l’existence d’une 
structure commune cependant insuffisante pour 
représenter, sous la méme forme, le domaine de 
transition qui apparait entre #,; 2000 et 
A « = 3600, dans cette étude. 

N’est-il pas possible de réunir ces trois 
domaines en une seule expression sous une 


notion continue? 


avec 


Expressions unifiée ecarts a la théorie des films 
La théorie des films [14] localise toute la 


I (Ae). 


résistance au transport de masse dans deux 
régions situées de part et d’autre de linterface, 
régions appelées films interfaciaux. 

Le procédé que nous proposons ici permet la 
détermination d’une loi empirique de la varia- 
tion des écarts a la théorie des films, sans 
formuler d’abord d’hypothése sur la nature de 
tels écarts. Plus loin, une interprétation quanti- 
tative sera abordée en proposant alors la notion 
d’oscillateurs couples. 

Représentation des écarts a la théorie des films 
interfaciaux. Introduisons le quotient y du 
nombre d’unités de transfert experimental N¢ 
par le nombre d’unités de transfert N?2 que 
donne la rectification quand la théorie des 
films est vérifi¢ée. Considérons les hauteurs H? 
et H,; de lunité de transfert qui correspondent 
respectivement a NV? et Ng. On a évidemment, 
pour une colonne donnée: 


Suivant la théorie des films [2], H? est de la 
forme k#q (k = C**) relativement vérifiée par 
les données expérimentales pour le domaine 
laminaire d’écoulement. 

Dans ce domaine nous avons, en effet, 
partir de Ag = 1000, l’expression réelle (1) 

Admettons que nos résultats ne divergent de 
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fagon sensible des valeurs théoriques qu’a 
partir de A; = 1000. Nous aurons encore, a ce 
régime, égalité entre notre expression empirique 
(1) et expression théorique H2 = k&q. Ceci 
conduit a adopter, pour le mélange et le tube 
vide envisagés, l’expression conforme a la 
theorie des films: 


Hg = 26.10. #¢. (3) 


Loi de variation de la fonction y avec le régime 
d’écoulement. L’expressions (3) de H® et nos 
données expérimentales de H,« (Tableau 2a) 
relatives a diverses valeurs de 4,; permettent 
le calcul de la fonction y (Tableau 2b). 

D’ot la représentation graphique suivante 
(Fig. 2) de la variation des écarts a la théorie 
des films, qui présente l’allure d’une hyperbole 
dont nous établirons lequation théorique, en 
proposant une interprétation ondulatoire de ces 
écarts. 

Analyse de la courbe et conclusion. (a) L’exis- 
tence d’expressions (1) et (2) de la hauteur de 
unite de transfert, distinctes suivant que 
lecoulement est laminaire ou turbulent; cette 
discontinuité s’explique ici par /a variation con- 
tinue des écarts a la théorie des films interfaciaux. 


(b) On peut conserver la structure formelle de 
la théeorie des films si l'on remplace H/¢ par le 
produit yH«. Notre fonction y joue ici le méme 
role que le coefficient d’activité dans la thermo- 
dynamique des mélanges en phase fluide. 


ASPECT ONDULATOIRE DES PHENOMENES 

La théorie des films [14] n’envisage aucune 
perturbation possible a la surface de séparation 
des phases en présence. 

Examinons ce que révéle une étude du com- 
portement de l’interface. 


Caractérisation du profil interfacial 

Pour mettre en evidence le profil de l’interface 
liquide—-vapeur, nous avons imaginé le procédé 
suivant: 

La colonne en verre est entourée d’un écran 
opaque (0) sur lequel nous avons pratiqué une 
ouverture annulaire (A) (Fig. 3). 

Le systeme optique permet d’éclairer la 
colonne par un faisceau de rayons quasi paral- 
léles a Tlaxe de symétrie de la colonne. La 
lumiere frappe interface sous une incidence 
quasi rasante. Les rayons qui émergent au 
travers de l’espace annulaire (A), sont recueillis 
sur un écran d’observation (E). 

En régime laminaire lent on 
anneau lumineux. Si interface présente des 
déformations, on doit observer des modifications 
de l’anneau lumineux. 

Résultats de l'expérience. Lidéal eit été de 
filmer le phénoméne. Nous avons dia procéder 
par photographie, en faisant de la pose. Une 
interpretation est possible, si l'on adopte, pour 
une méme série d’expériences a divers régimes 
d’écoulement, un méme temps de pose. On 


observe un 








G 


. 2. Variations de la fonction d’écart y». 
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Fic. 3. Dispositif de mise en évidence des 
deformations interfaciales 


impressionne le papier sensible disposé sur 
l’écran d’observation. 

En absence de tout écoulement, on obtient un 
anneau caractérisé par un certain éclairement. 
Lorsque l’interface oscille, deux halos entourent 
l’anneau initial. 

(a) L’intensité de tels halos enregistre une 
valeur moyenne des positions successivement 
occupées par l’anneau oscillant pendant la pose. 

(b) Ces halos donnent une image de l’ampli- 
tude des déformations: ils s’élargissent 4 mesure 
que le régime d’écoulement croit. On arrive 
finalement a un éclairement uniforme. 

Nous présentons ci-dessous deux enregistre- 
ments du phénoméne (Figs. 4 et 5). 


Interprétation ondulatoire des écarts a la théorie 
des films 

Envisageant les perturbations observées a 
l’interface, nous allons substituer, au schéma 
statique de la théorie des films, un modeéle 
ondulatoire d’oscillateurs couples. 

L’état de l’interface est, en premiere approxi- 
mation, uniquement conditionné par le régime 
d’écoulement des phases, donc par le nombre de 
Reynolds. Nous supposerons qu’en régime 


fonction 


permanent, linterface, soumis a des déforma- 
tions, se comporte comme un systéme oscillant, 
sous l’action du régime d’écoulement assimilé a 
un oscillateur qui impose les vibrations inter- 
faciales de couplage. 
Pour verifier une telle 
poserons le systeme suivant: 
Rods 


hypothése, nous 


qui exprime que: 

(a) Au nombre de Reynolds & ¢ mesurable, nous 
associons une onde de pulsation 2 au moyen de la 
ys dont l’équation (4) est l’équation de 
définition. 

(b) A Vleffet de la perturbation interfaciale 
(exprime ici par le terme adimensionnel 
propose plus haut) est associée une onde de 
pulsation w (de couplage) au moyen de la fonction 
7, definie par l’équation (5), analogue a la 
fonction wu. 

(c) La pulsation 2; de Vinterface oscillant, 
pris isolément sera exprimée par l’équation (6): 
ou A est une constante. 

Soient @ et y les fonction harmoniques cor- 
respondant respectivement au mouvement de la 
phase gazeuse et a l’interface oscillant, liées aux 
pulsations des relations (4) et (6). Les équations 
différentielles générales du mouvement sont, 
pour les deux oscillateurs couples: 


7 d*4 57 re : dé 
of i he ” &t’ 


g FF, 5 M9 
dr? di 

Nous supposerons qu’en régime de fonction- 
nement stationnaire (donc entretenu): 

(a) L’amortissement est compensé par I’entre- 
tien du mouvement (6 e, 0 é’). 

(b) L’action mutuelle est parfaite (8 — f’ 
le terme a’ doit son existence au régime d’écoule- 
ment (8 = f’ = a’). D’ou le systeme: 

Bp d*4 Te 


a dr? id a 0; 


28 


Ig 


) et 


d*6 


Tv df'a 


79 =0. 
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Il est aisé de voir que I’/a représente le carré 
de la pulsation 2 propre au régime d’écoulement. 
De la méme facgon symétrique, on a: I”/a’ 

D’out le nouveau systeme: 

f - 6a)” 


4 , 
q _ q @w* 


Q? 
2. 


! 


Awty + 26 =0 


w" " 224 0 


en posant 8/a = A, analogue a un coefficient de 
couplage. Le terme w est la pulsation commune 
prise par les deux systémes envisages, déja 
définie par l’équation (5). On en déduit: 

(Q? Aw’. 


w) (QQ? w") 


La réciprocité de l’action mutuelle entre les 
deux systémes couples exige, sinon l’égalité des 
fonctions & et 7, du moins la proportionnaliteé 
yp kr. D’ot, en revenant aux equations de 
definition: 


y)(A vy) AY”. 


On déterminera A en écrivant que l’écart a 
la théorie des films, dO aux oscillations de linter- 
face, est négligeable lorsque A, tend vers zéro: 
Rh ¢; O;¥ 1. D’ot la relation: 


(y—kAg)(y +A 1) 


Les valeurs du tableau suivant: 


1150 8800 Mélange 1,2-dichloréthane- 


toluene 


1,02 3,34 
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permettent, pour le systeme envisagé, de 
préciser k et A. En rapportant ces valeurs a 
échelle graphique de la Fig. 2 on a: 


A =0,03; k = 0,36. 


L’étude mathématique de la courbe: 


(y — 0,364 ¢) (y — 0,97) = 0,03y* 


montre qu’ils’agit d’une hyperbole d’asymptotes 


0.97: 0.374 & 0.03. 


Le centre est défini par: 


0,97; Ag = 2,55. 

Verification expérimentale de la théorie pro- 
posée. Notre courbe théorique se superpose 
bien a la courbe expérimentale d’écarts (Fig. 2) 
et nous retrouvons par voie théorique la loi de 
variation des écarts a la theorie des films, comme 
le montre la representation graphique (Fig. 6) 

Compte tenu de l’echelle graphique, le centre 
de l’hyperbole correspond a la zone de transition 
localisée plus haut entre R,; 2000 et 
Re 3600. 

Les deux formes empiriques de la hauteur de 
unite de transfert (1) et (2) correspondent aux 
régions asymptotiques de la loi presentée. I] 
est un fait que les auteurs ont seulement verifie 
ce type d’expression en régime turbulent 
extréme [1, 5, 9-12] et laminaire pur [5-8], le 











At 


G 


Fic. 6. Courbe theorique de la fonction d’écart y. 
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domaine de transition échappant a ce genre de 
representation. 


Conclusion sur la théorie proposée 

Sans sous-estimer la classification en régime 
d’ecoulement laminaire et en régime d’écoule- 
ment turbulent, nous pensons qu'il est commode 
de parler d’un régime oscillant et d’un régime 
non oscillant de Vinterface. Le régime non 
oscillant de Vinterface correspond au_ seul 
régime laminaire d’écoulement ou la théeorie des 
films est satisfaite. Le régime oscillant de l’inter- 
face sinstalle progressivement, a partir d’une 
certaine vitesse, dans l’écoulement laminaire: 
la theorie des films est satisfaite de maniére 
pprochée. La fréquence des oscillations aug- 
vente rapidement, a partir de la zone de transi- 
tion. au-dela de laquelle les écarts importants a 
la theorie des films vont croissant. 

Le modele proposé permet la formulation 
d°un transport de masse, essentiellement variable 
avec le régime d’écoulement, en rapportant ce 
transport a une _ expression de_ référence 


H kA resultant de la théorie des films. 
Plus généralement, si la théorie des films 


avait été mal vérifiée dans écoulement lamin- 
Lire, Nous aurions pu choisir, comme expression 
le reference, la loi expérimentale H2 = kA du 
transport en écoulement laminaire ot a eit 
alors pu étre bien different de l’unite. 
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INVESTIGATION METHODS INTO FLOW IN A BOUNDARY 
LAYER WITH A LONGITUDINAL PRESSURE GRADIENT 
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Polytechnical Institute, Kiev, the Ukrainian SSR, U.S.S.R. 


(Received 2 February 1961) 


Abstract—The paper deals with a method and results of investigation of a boundary layer with a 
longitudinal pressure gradient. A two-dimensional problem of the external flow round a body is 
modelled in a channel of a “tray” type, one wall of which represents an investigated profile. 


Résumé—Cet article traite d'une méthode d’étude d’une couche limite avec gradient de pression et 
des résultats obtenus. Le probleme bidimensionnel de l’écoulement autour d’un corps est étudié 
dans une soufflerie du type “tray” dont une des parois est constituée par le profil a étudier. 


Zusammenfassung— Es wird die Methode und das Ergebnis der Untersuchung einer Grenzschicht mit 

einem Druckgradienten in Langsrichtung besprochen. Ein zweidimensionales Problem der dusserem 

Umstr6mung eines KOrpers wird in einem Kanal vom “Schalen”’-Typ modellmassig so nachgebildet, 
dass eine Kanalwand das untersuchte Profil darstellt. 


Annotanna—B ctatbe W3iarawTcA MeTOMKA WH pesyAbTaTh UCCAeAOBAHMA MOrpaHnM4Ho ro 

CIO C MpOOAbHLIM PpatenTOM jlaBreHuA. J[ByXMepHas B3aya4ya BHeUINero OOTeKaHUA 

Tela UMUTHpyeTcH B KaHale THMa “OTOK’’, OHA CTeHKA KOTOpOrO mpewcraBaner coooii 
usyuaeMblil WpodPiuib. 


IN THE presence of a longitudinal pressure When investigating aerodynamic parameters 
gradient the boundary layer flow follows curvi- of a boundary layer the gradient flow was 
linear surfaces, for example, aerodynamic pro- created above a flat surface (Fig. la). 
files used in aviation and for submerged wings The air stream flowing from a rectangular 
of ships. nozzle passes through a tray formed by the 
The whole picture of the flow profile depends _blowed flat element, two flat lateral surfaces and 
on the character of the boundary layer. The by an upper curvilinear plate whose corre- 
non-separated flow profile is the most impor- sponding form creates the pressure distribution 
tant condition for obtaining qualitative aero- character required. 
dynamic properties of the profile. Usually, the Such a type of working section allows one to 
non-separated flow is disturbed at large attack carry out a precise experiment and when 
angles, this is characteristic for aviation, e.g. measuring makes it possible to single out the 
for flight-landing regimes. The problem of the most important phenomena from a complicated 
increase both in the attack angle and, conse- series. Moreover, the use of a micrometer screw 
quently, in the lifting power is of great impor- is simplified since the blowed flat element may 
tance in water transport on ships with submerged _ serve over its whole area as a base for counting 
wings. The annihilation of separated flow is out a vertical co-ordinate. 
achieved with the help of different ways of Pressure curves along the flat surface compared 
boundary-layer regulation. well with a modelled surface of a wing profile. 
For investigation of the ways of boundary- (Fig. 1b). 
layer regulation in the presence of a longitudinal The experiment, if thoroughly carried out, 
pressure gradient we developed and mastered allows one to obtain almost a complete coinci- 
special working sections of two types on an_ dence of pressure curves. 
aerodynamic stand. In the working section there is a strongly 
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Fic. 1. Working section with longitudinal pressure 

gradient above a flat surface. (a) Scheme of working 

section: 1—nozzle, 2—lateral walls of tray, 3—upper 

curvilinear plate, 4—blowed flat element. (b) Pressure 

gradient curve. (c) Velocity curve in compressed 
area of working section. 


shaped core of constant velocities. The velocities 
were measured in some cross-sections so that 


two-dimensional flow conditions could be 
maintained. Measurements showed (Fig. Ic) that 
over the whole working section boundary layers 
do not close up near the blowed plane and the 
upper curvilinear surface. 

For the direct investigation of flow in the 
boundary layer above a curvilinear surface we 
investigated another type of working section, 
i.e. flow above the wing. The stream was limited 
by the curvilinear surface on one side and by 
the flat walls of the tray on two lateral sides. 

The experiment showed that with nozzle di- 
mensions of 190 380 mm the core of the 
constant velocities is preserved for a length of 
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Fic. 2. Velocity curve in a core of constant velocities 
in a tray above a wing. 


about 2 m (Fig. 2), this allows one to investigate 
the gradient flow under conditions imitating 
the flow of an infinite flat-parallel flow over a 
wing. The velocity remains practically invariable 
over the whole length of the tray. 

Curves of the velocity within the boundary 
layer in the tray, which are plotted according to 
experimental data, coincide well with analogous 
curves obtained by other authors in a wind 
tunnel of an ordinary type (Fig. 3). 

For a solution of the problem of whether the 
form of the working section influences the 
character of flow turbulence, measurements 
of pulsations were carried out with the help of 
an electrothermo-anemometer near the curvi- 
linear surface. The results of measurements 
(Fig. 4) cause one to believe that a longitudinal 
pulsation component is invariably preserved in 
the flow core but while approaching the curvi- 
linear surface the pulsations increase both in 
relative and in absolute calculus. 

The pressure distribution on the wing surface 
was measured in the range of attack angles from 
0° to 12° and in the range of velocities from 
30 to 120 m/s. 

At different attack angles and at the constant 
velocity v = 120 m/s the pressure curves give 
a high rate of coincidence with data known in 
the literature and obtained for general con- 
ditions (Fig. 5). In our experiment a wing of 
11 per cent thickness with a maximum at a 
distance of 0-4 / from the nose was blown. 

The experimental points of a pressure value 
(Ap = 2Ap/pv?) which are obtained for equal 
velocities practically coincide (Fig. 6). One may 
conclude that the distribution of pressure is 
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Fic. 3. Velocity curve in a boundary layer above a wing: | 
measurements made in Gottingen. 


Polytechnical Institute: 2 


measurements made in the Kiev 




















Fic. 4. Distribution of pulsations above a wing. 


preserved in rather a wide range for different 
outflow velocities from the nozzle. 

At large attack angles a separation zone was 
determined with the help of the electrothermo- 


anemometer by the screen of a _ cathode 
oscillograph. When the probe of the electro- 
thermo-anemometer reaches the separation zone, 
the amplitudes and frequencies of pulsations 
increase sharply. In this way the separation zone 
is determined rather precisely and simply. 
Results of the experimental investigation of a 
boundary layer at gradient flow in the tray 


show that the application of new types of working 
section allows one: 

(1) To investigate a two-dimensional problem 
imitating the flow profile by the infinite flow. 

(2) To carry out an experiment on a model 
whose length exceeds by about 10 times the 
dimensions of the nozzle. 

(3) To carry out an experiment at the mini- 
mum possible power of delivery pumps. Thus, 
for example, technical possibilities of the 
stand made in the Kiev Polytechnical Institute 
(compression ratio 1:8; mass flow rate 8 kg/s) 
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Fic. 5. 


Pressure curves above a wing both at velocity of running flow (120 m/s) and different attack 


angles. Pressure curve is shown by a dashed line for blowing of an approximately analogous profile 
in a wind tunnel of an ordinary type. 














Fic. 6. Pressure curve at attack angle of 12°. 


43 m/s; 2—v 68 m/s; 3—v 


allows one to carry out investigations at velocities 
up to 120 m/s, at Reynolds numbers up to 4 
10° and at the chord length of a profile of about 


2 m. 


Besides the electrothermo-anemometer, a 
micrometer screw which was remote-controlled 
and with three-dimensional travel was applied. 
The travel length of the micrometer screw 
carriage was 2000 mm along the working section, 
400 mm across and 400 mm along the vertical 


88 m/s; 4 


v 92 m/s; 5—v 105 m/s; 6—1 114 ms. 


line. The measurement accuracy of horizontal 
displacements was 0-5 mm and of vertical dis- 
placements 0:05 mm. The displacement was 
carried out along micrometer screws by the 
rotation of nuts with the help of reversible 
motors PD-09. The displacement was controlled 
both visually and remotely by a rheo-chord 
scheme. 

In the vertical screw there was a longitudinal 
axial hollow into which was inserted the probe of 
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the electrothermo-anemometer and pneumo- 
packings to measure velocity and_ static 
pressure. 

On the two types of working section described 
above the heavy electric and magnetic fields, 
resonators and ultrasound were applied as a 
physical influence upon a turbulent layer. When 
applying the first method, the separation point 
of the turbulent boundary layer is displaced on 
account of its additional turbulization; the effect 
due to the application of the second method is 


explained by the decrease in the second (volu- 
metric) air viscosity when the ultrasound is 
passing; when applying the third method the 
ions, formed by natural or artificial ionization, 
are accelerated along a flow communicating 
energy to the air in a region near the wall and 
thus eliminating the separation. 

At present, investigations of qualitative and 
quantitative properties of the mentioned methods 
of boundary-layer regulation are being carried 
out. 
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Abstract—Poor agreement between experimentai data and theoretical expressions for acoustic dis- 
persion in a rarefied gas which are obtained on the basis of the Burnett and super-Burnett solutions of 
the Boltzmann equation is shown in the present paper; the classical theory based on the Navier-Stokes 
hydrodynamics brings more successful results. The above-mentioned appears to be valid also when 
considering a temperature jump and slip. Contradictions between the Euler equations and the molecu- 
lar-kinetic theory are also revealed while considering the conformability of these equations to the 
rarefied gas. The generalization of the Euler equations is fulfilled in the paper by introducing a 
parameter of non-ideal continuity. 


Résumé —Cet article montre le mauvais accord qui existe entre les données expérimentales et les expres- 
sions théoriques obtenues pour la dispersion acoustique dans les gaz raréfiés d’aprés les solutions 
Burnett et super-Burnett de I’équation de Boltzmann; la théorie classique basée sur lhydrodynamique 
de Navier-Stokes apporte des résultats plus heureux. La conclusion ci-dessus semble également 
étre valable quand on considére un saut de temperature et un glissement. Des contradictions apparais- 
sent également entre les équations d’Euler et la théorie cinétique moléculaire quand on applique ces 
équations aux gaz raréfiés. La généralisation des équations d’Euler est faite dans cet article en intro- 
duisant un paramétre exprimant que la continuité n’est pas parfaite. 


Zusammenfassung—Fiir die akustische Dispersion in verdiinnten Gasen wird die geringe U ber- 
einstimmung zwischen den experimentellen und theoretischen Werten, wie sie sich auf Grund der 
Burnett- und Super-Burnett-Lésung der Boltzmanngleichung ergeben, aufgezeigt. Die klassischen 
Navier—Stokessche Theorie vermittelt bessere Ergebnisse. Das scheint auch fiir Temperaturspriinge 
zu gelten. Widerspriiche zwischen den Eulerschen Gleichungen und der molekular-kinetischen 
Theorie ergaben sich bei dem Versuch, die Gleichungen auf die verdiinnten Gase anzuwenden. Die 
Verallgemeinerung der Eulerschen Gleichungen wurde hier dadurch erreicht, dass man einen Para- 
meter nicht-idealer Kontinuitat einfiihrte. 


AnHOTanHA—B craTbe noKka3biBaeTCA, YTO TeopeTH4eCKHe BLIPAaAeHHA WIA akyeTmuec! 
qucnepcii B paspevKeHHOM Ta3ze, NOJyYeHHbIe Ha OCHOBe GapHeTOBCKHX MH CymepOapH 
rOBCKHX pellenniit ypaBHeHuaA BowbyMaka, NI0X0 COrsacyioTcA C JaHHbIMI 3KCMepiMMeHTOE 
Honee VauHble pesylbTaThl aéT KlaccmueckaA TeOpuA, OCHOBaHHAaA Ha THApOMMHaMMnKe 
Hapbe-Crokca. ITO OKasbIBaeTCA CHpaBeIUBLIM MH WIA Caly4ah paccMOTpeHiA ABJeHItil 
remMMepaTYpHOro CKauKa HM CKOJbKeHHA. 

[Ip paccmoTpeHuu ypaBHeHnit Jiinepa NpuMeHNTeIbHO K pa3pe*eHHOMY ra3sy Tane 
BCKPbIBAWTCH UX MpOTHBOpeyMwA C MOJeEKYIApPHO-KHHeTHYeCKOH Teopneii. B  padote 
npopeyzeno oOOo00meHMe ypaBHnHHii Jiisepa NyTéM BBeeHHA MapaMeTpa HelieaIbHoit 

CHJIOWIHOCTH . 


NOMENCLATURE h, mean free path of molecules; 
pressure ; f. measure of affinity with molecules of a solid 
circular frequency ; body; 
dynamic viscosity ; ’, flow velocity; 
wall temperature; ', slip velocity near a wall; 
gas temperature; gas constant; 
temperature jump coefficient; slip coefficient ; 





AERODYNAMICS OF RAREFIED GASES AND PROBLEMS OF HEAT TRANSFER 189 


M, molecular weight of a gas; Mach local 
number; 

u, Vv, Ww, components of molecular velocity; 

F, function of molecular distribution; 

C, shortest distance between rectilinear tra- 
jectories; 
relative velocity of colliding molecules; 
angle; 
=du.dv.dw; 
density ; 
ratio of specific heat; 
distance along radius ) 
distance along axis 
angle; 
parameter of non-ideal continuity. 


polar system refer- 
ence; 


1 

AT PRESENT various problems of heat and mass 
transfer in rarefied gases represent a whole field of 
knowledge. There are scores of works in this 
direction. Designers of various reactive machines, 
engineers and scientists working on industrial 
processes involving low gas densities come across 
various problems on aerodynamics and heat 
and mass transfer theory in rarefied gases. 
Improving the construction of powerful gas 
pumps brings out the necessity for a profound 
understanding of the phenomena in rarefied 
gases. However, in spite of the intensive develop- 
ment of the molecular-kinetic theory the prob- 
lems mentioned are still being solved by methods 
which raise serious doubts because of the 
contradictions they give. Thus, it follows that it 
is necessary to look through all the principal 
concepts which are the basis of the aerodynamic 
equations and laws of heat and mass transfer 
in rarefied gases. 

Thus, first it is necessary to search for some 
methods of experimental examination of the 
problems mentioned. 


2 

A very direct and simple method for such an 
examination is based on the theory of propaga- 
tion of acoustic waves in rarefied gases. Indeed, 
until the length of an acoustic wave exceeds by 
many times the average length of the free path 
of molecules, the acoustic wave will propagate 
normally provided that there are no substance 


transformations in the gas. But if the length 
of an acoustic wave is comparable with the aver- 
age length of the free path of molecules, then in 
this case the phenomenon of acoustic dispersion 
begins. The laws of this dispersion may be 
predicted starting from various forms of equa- 
tions of aerodynamics of a rarefied gas. Thus, 
there is a possibility of direct examination 
of the principal states of the equations indicated. 

As is known the momentum equations as 
well as that of energy transfer are deduced in 
the modern molecular-kinetic theory on the 
basis of the solutions of the so-called Boltzmann 
integro-differential equation. The solution of the 
Boltzmann equation in its first approximation, 
i.e. when the velocity and temperature gradients 
effects on the average length of the free path of 
molecules can be neglected, brings to the gas 
motion equations of the Navier-Stokes form. The 
second approximation obtained by Burnett using 
the Enskog—Chapman method introduces into 
the system of momentum and heat flow equa- 
tions essentially new terms which alter dispersion 
laws of acoustic waves. In this case, to some 
extent, the variation of velocity and tempera- 
ture gradients on the average length of the free 
path of molecules has already been taken into 
account. The solution of the Boltzmann equa- 
tion in its third approximation exists already. It 
is known as the super-Burnett solution. The 
solution gives new corrections for the equations 
of momentum and heat flow. Consequently, it 
must give a more precise expression for acoustic 
disperson in rarefied gases. 

The dimensionless value r 
the independent variable for the experimental 
examination of theoretical formulae of acoustic 
dispersion which are deduced from different 
aerodynamic equations of rarefied gases. 

It is easy to show that this value is propor- 
tional to the ratio of the acoustic wave length to 
the average length of the free path of molecules. 
Consequently, it is convenient for the estimation 
of the emergence of acoustic dispersion. 

The classical theory based on the Navier 
Stokes equations gives as a result the known 
formulae of the Stokes—Kirchoff acoustic dis- 
persion. For values of r exceeding 10, i.e. when 
we deal with relatively low acoustic frequencies 
and high pressures, the relative value of the 


(p/w) is used as 
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sound absorption coefficient is not great. There- 
fore. the velocity of its propagation remains 
practically a constant value. Consequently, 
there is no acoustic dispersion. 

The relative absorption of sound increases 
at decrease of r; the velocity of its propagation 
becomes the function of r and the Stokes- 
Kirchoff acoustic dispersion begins. The absorp- 
tion is maximum if the value of r is equal to 
unity. The absorption is somewhat lower with 
further decrease of this value. 

The corresponding calculations based on the 
Burnett and super-Burnett momentum equations 
give qualitatively the same results. At great 
values of r the coefficient of sound absorption 
as the function of r coincides with the corres- 
ponding functions obtained from the Burnett 
and super-Burnett equations. However, the 
divergence between the corresponding functions 
begins to increase with decrease of r. The highest 
divergence is at the value of r 1. This diver- 
gence is so considerable that it can be easily 
found experimentally. In 1953 Greenspan and 
Thompson carried out a detailed experimental 
investigation of the velocity and absorption 
of ultrasound waves in rarefied gases. The 
results of these highly precise experiments 
revealed that the classical theory based on the 
Navier-Stokes hydrodynamics gives correct 
results in a considerably wider range of r than 
the theories based on the Burnett and super- 
Burnett equations. Moreover, the super-Burnett 
equations obtained from the more precise 
solutions of the Boltzmann equation gave the 
worst results. 


3 

However, the phenomenon of acoustic dis- 
persion is not the only method of verification 
of concepts of aerodynamics of rarefied gases. 

At Moscow State University, in the Depart- 
ment of Molecular Physics, the phenomena of 
slip of the gas flow and the temperature jump 
between a wall and a gas were investigated. 

The theory of the temperature jump and flow 
slip near a wall, as is known, is based on the 
solution of the Boltzmann equation in its first 
approximation and was verified by Kundt, 
Warburg, Smolukhovskii, Lazarev, Millikan, 
Timiryazev and others. 


If we designate the corresponding tempera- 
ture of a wall and a gas as 7,. and 7,, then the 
heat transfer between a wall and a gas is regulated 
by the formula: 


a 


moreover, the temperature jump coefficient k 
according to molecular-kinetic calculations is 
equal to: 


Here L is the average length of the free path of 
molecules and f is the measure of affinity with 
those of a solid body. 

The analogical formula also exists for the slip 
of a rarefied gas flow near a wall. Let us desig- 
nate by W the velocity of the flow: by U the 
slip velocity near a wall, then we get: 

_dit 


g 


> dn 


and moreover, the slip coefficient ¢ according 


to the molecular-kinetic calculations, has the 
form: 


2—fy aRT A, 
fp J 2M , 


R is the gas constant, M is the molecular weight 
of the gas. Now from the above-mentioned rela- 
tions for the slip constant A, and for the tempera- 
ture jump coefficient k, we can get the following 
important formula: 


S 


15 


Ay kp. 
As we have noted earlier all these formulae are 
valid only at extremely low values of both 
temperature gradient and velocity gradient 
along the average length of the free path of 
molecules. If the given gradients are high, then 
we should search after correct terms for the 
given formulae. It is quite possible to find these 
correct terms theoretically, but they can be 
determined experimentally as well. 

Gribkova and Shtemenko developed a very 
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interesting method of simultaneous measure- 
ments of the temperature jump and slip under 
conditions of such flows of rarefied gas where it 
was quite possible to have considerable gradients 
of temperature and velocities along the average 
length of the free path of molecules. The method 
is based on longitudinal flow along a thin heated 
thread, i.e. the flow of a rarefied gas in a cylin- 
drical tube in which the diameter of an internal 
continuous cylinder was very small in comparison 
with the external one. Gribkova developed the 
theory of such an apparatus which was used in 
the solution of this problem. 

The results of the investigations carried out 
appeared to be quite unexpected. In spite of the 
fact that both the gradients of temperature and 
velocities along the average length of the free 
path of molecules were considerable, results of 
the application of the classical theory to the 
temperature jump and slip appeared to be 
correct. 

After a thorough analysis of the results of 
their experiments the authors of these investiga- 
tions came to the following conclusion. Ap- 
parently, at motion of a rarefied gas near the 
surface of a solid in cases when the range of 
temperature change along the average length of 
the free path of molecules is 1—-10°C, and the 
velocity of the mass motion variation is 50-60 
m/s near the surface of a body, the law of dis- 
tribution of heat velocities corresponding to the 
solution of the Boltzmann equation (in the first 
approximation) occurs. 


4 

(1) The described disagreement of the molecu- 
lar-kinetic theory with the observed facts makes 
us think seriously of the reasons which cause 
these contradictions. 

If we assume that the solution methods of the 
Boltzmann equation, which were worked out by 
mathematicians, are quite correct, then we should 
find an explanation of the described contra- 
dictions in imperfections of this equation. 

As is known, two operations of the function 
of molecular distribution F, according to heat 
velocities, are equated with each other in the 
Boltzmann equation. 

The variation of the function F per unit in 
time, co-ordinates and velocities is calculated 


with the help of the first operation. It may be 
written in the following way: 


DF CF OF oF OF 
Dt ot ' ex! ) 


_OF _OF _ OF 
X +. } 1. Z (1) 


Cu Cl ay 


and moreover, we take into consideration the 
equalities: 
Cu 


Z. 
cl 


The variation of the same function per time 
unit due to collisions of molecules is calculated 
with the help of the second operation. 

If components of the molecular velocity of the 
first type molecules are designated by u,, v,, 
and components of the second type molecules 
are designated by us, v2, We till the moment of 
their collision among themselves, then the 
measure of probability of their approach may be 
taken as equal to F,F,. The subscripts denote in 
this expression from which components of 
heat velocities we should take the function of 
distribution. 

After collision, the components of velocities 
of molecules of both types acquire the following 
values: 


Vs (Ug, Uy, Wy). 


The product of F’ F, will serve as a measure of 
probability of their repulsion. 

Thus, each collision of one molecular group 
with that of another will be characterized by a 
difference: 


FF, — FF, = 5F,F:. 

If we summarize all these differences along the 
whole phase volume, we shall get the variation 
of the function F per time unit which is due to 


collision of molecules. 


DF 


“ . [8F,FyVdbdw,dy 


Here the product Vdbdw,dqy denotes an element 
of a phase space: V denotes the relative velocity 
of colliding molecules, 4 is the shortest distance 
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between rectilinear trajectories of molecules; 
, is the angle between the plane of the trajectories 
)f the relative motion of the first type molecule 
and a certain constant plane passing through V; 
finally. dw, denotes the product du, dv, dw. 

Consider whether these two operations are 
always equal to each other. The first operation 
by its nature can give continuous values from the 
co-ordinates of a phase space. As for the second 
/peration it is not evident. We are inclined to 
suppose that the second operation must bring 
discontinuous values because the variation 
F,F, is not always an infinitely small value. It 
neans that we cannot equate in the main the 
yperations with each other. As is known, both 
operations are equated without any proof that 
the variation 6F,F, is the continuous co-ordinate 
function of a phase space. In our opinion such 
equalization will be more valid, the higher the 
density of a gas. The validity of the given equali- 
zation becomes less lawful as a gas is rarefied. 
Therefore, the solutions of the Boltzmann equa- 
tion for rarefied gas must give unsatisfactory 
results. Probably the reason lies in the fact that 
the phenomena of acoustic dispersion in rarefied 
gases and phenomena of the temperature jump 
and slip of the gas flow near a wall cannot be 
restricted by the solutions of the Boltzmann 
equation according to the Enskog-Chapman 
nethod. 

2) However, recently another possible point 

‘f view has been discussed in literature. We mean 
the works by Truesdell. 

In one of his works he says the following: 

“Up to now there is no solution of the 
Boltzmann equation. It is true that there is a 
great number of so-called solutions. But the 
Maxwell theory was a paradise for conjectures 
and dogmatism, and it was a desert for precise 
nathematics. The methods named in this theory 
as integration are without any exception purely 
formal. Their convergence has never been proved 
but moreover there are no indications that classi- 
cal methods of solution have significance for 
this equation. The above mentioned refers in 
equal degree to investigations of physicists 
as well as to the outstanding work by the great 
mathematician Gilbert.” And further: “All 
the classical investigations are extremely over- 
loaded with calculations. A great number of 


investigations are devoted to the study of the 
Boltzmann equation and to attempts to solve it 
with the help of special series. One always 
speaks of approximation and the order of 
magnitude, etc. However, complexity of the 
analysis makes difficult the understanding of the 
principal course of arguments.” 

In his work Truesdell goes further as he has 
doubts about the concept of the gas-kinetic 
theory and speaks of a modern crisis in the 
kinetic theory of gases. In his work, under such a 
title, he analyses the already formed situation in 
the kinetic theory of gases and shows that the 
problem of convergence of successive approxi- 
mations is not trivial at all. In one concrete 
example he illustrates that there might exist 
such cases where all the approximations 
appeared to be worse than the first one, which is 
the asymptotic solution. It is quite possible 
that in a strict statement of the problem this 
asymptotic solution will be closer to the Navier 
Stokes equations than all the existing approxi- 
mate solutions of the Boltzmann equation. Now 
it is very difficult to say which point of view 
mentioned above is correct. It is clear that 
modern techniques are necessary to begin to 
solve this problem which is of great impor- 
tance and deserves the most serious attention on 
the part of physicists and mathematicians. 


5 

(1) The well-known imperfection of our con- 
cepts in the kinetic theory may be revealed not 
only from attempts to obtain exact equations of 
momentum and heat flow for a viscous rarefied 
medium, it is also possible to show that the 
Euler equations do not agree well with molecular- 
kinetic concepts of media properties. We shall 
try to explain this in a concrete example. 

Let us consider a rectilinear vortex cord of an 
infinite length in an ideal medium. In this case 
the rotor of a velocity of a partial motion beyond 
the vortex cord will be equal to zero. Conse- 
quently, motion of a medium beyond the vortex 
cord will be potential. Therefore, according to 
the Euler equation for the steady iso-entropic 
motion of an ideal continuous medium, we can 
write such an equality for a velocity field beyond 
the vortex cord: 
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2r? 
Here the subscript “0” denotes the values of 
quantities taken on the surface of the vortex 
cord. The equation obtained is valid provided 
that the medium is continuous. Only in this case 
are all the mathematical operations which have 
to be fulfilled while deriving the given equations 
quite lawful. But if the medium is discrete, 
there is no reason to consider that these opera- 
tions are lawful. In this case, following the 
Klein example, we must use finite difference and 
derive the equation of motion from purely 
physical concepts independently of the Euler 
equations. 

(2) In discrete medium we must take as the 
hydrodynamic element of the volume such a 
volume as would contain rather a great number 
of molecules. Only in this case can we expect that 
the averaged velocities of the regulated motion can 
change continuously from one point to another. 

Let us cut out a ring with a thickness equal 
to 4/ and width 4r in a region beyond the vortex 
cord. Further, let us cut a curvilinear parallele- 
piped out of this ring by two planes and let the 
angle between these planes be equal to 46. Then, 
the volume of this parallelepiped can be written 
in such a form: 


Ao = rAeAldr. 


Here 7 is the average arithmetic value of two 
radii of the ring. We must choose this hydro- 
dynamic volume thus that it will catch rather a 
great number of molecules. 

Let us designate the average angular velocity 
of the curvilinear parallelepiped volume as @. 
Then the centripetal force effecting this hydrody- 
namic volume will be equal to: 

AP ((r} — r?)/2) AeA lFa*. 
where f is the average density. On the other 
hand the pressure on the average surface of a 
curvilinear parallelepiped will be equal to: 


(P2 — p;) FAGAL. 


Comparing these two forces with each other we 
shall have: 


2 2 
rs - ry 
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2 Plaga (4) 
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If the phenomenon occurs in an iso-entropical 
way, such an equation can be easily obtained 
from the Poisson equation: 


ad 


1) pl Py 


Po } = = 
5( A - M4 4 
px (y— 1) " 


Now equation (4) can be transformed in the 
following way: 


(4a) 


In order to obtain from this equation the 
relation (3) which follows from the Euler equa- 
tion it is necessary to exclude #*. This elimination 
reserves all the details which result from the 
necessity of a transition from the discrete 
medium to the continuous one. Indeed, we 
suppose that a motion velocity of internal and 
external points of a ring is determined corres- 
pondingly by relations: 
Wolo , Wolo 
— Wl; vv irs 

ry ls 
Each of these relations is the effect of the 
potentiality of the flow. If we assume this, then 
the average angular velocity will be equal to: 


Wy!"5 W, . (5) 
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Or substituting the arithmetical mean of 
7 =(r, + r.)/2 for the geometrical one of + (";"2) 
we shall get: 
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we see, the obtained equality coincides 
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essentially with the equality (3) which was found 
from the Euler equation. 

However, we made an unfounded assumption 
that external and internal surfaces of a physically 
small volume have various angular velocities 
throughout, but for determination of continu- 
ously changing average velocities of a regulated 
motion we must assign a specific physically small 
volume attributing to it some angular velocity 
and a corresponding radius-vector. This choice 
must be accomplished in such a way that the 
equality will be always valid: 


Wolo 
r 


wl;. 


Here r, determines the location of the physically 
small volume. It is seen from this equality that 
we can change arbitrarily the angle velocity w, 
and the radius-vector r’. However, from the 
physical considerations it is clear that the angle 
velocity of the physically small volume must be 
constant (w). Consequently, only the radius- 
vector r; must be chosen in accordance with 
the physically small volume. It means that the 
following equalities must be valid for the 


motion of external and internal surfaces of 


the physically small volume: 


uv oo ; vv oo , 
wr, wr. 
ry ls 


Hence, it follows: 
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If we introduce the value of the angular velocity 
w into the equality (4a) we shall obtain: 


Wirt 9, Po 
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2r° Pi CY 
This equation differs from equation (3). In order 
to get it with the help of mathematical trans- 
formations which require continuity of a 
medium, we must improve the Euler equations 
in a suitable manner. It is not difficult to per- 
ceive that the improved Euler equation of a 
motion must have such a form as: 


r9 


CW 


ol 


y l 
+ 8 grad —- grad p. (6) 
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It is convenient to substitute the value §? for the 
following: 


p 73° 


The quantity 7, is the measure of media con- 
tinuity with respect to the given hydrodynamic 
motion. Therefore, we may call this measure 
a parameter of non-ideal continuity. 

By extrapolation of the obtained equation up 
to the heat velocities it is possible to show that 
the value of 7, is equal to: 

‘ae A 
73 3D M. 
Here, L is the average length of the free path of 
molecules; D is geometrical sizes of region of 
flow investigated; M is the Mach local number. 

It is impossible to obtain the correction which 
we have found by solving the Boltzmann gas- 
kinetic equation, as the possibilities of this 
equation are restricted, i.e. it solves only the 
problem of transition of a visible motion into 
heat. 


6 
(1) The above-mentioned generalization of the 
Euler equations allows one to obtain new 
information on heat transfer phenomena in the 
flow of a rarefied gas. 
As is known, in the problem of gas motion in 
a cylindrical tube we must take into considera- 
tion two equations: 
p cW?2 cp cp l ¢ ow, 
2 or ' @ > oz "Fr or (! ). 
If we consider the same problem for a flow along 
a tube of non-ideal continuous media, then 
proceeding from the Euler generalized equations, 
we must take into account the following two 
equations: 
(1 —2n,) CW? ep 
4 2 or * Or 0; 
cp 1 ¢ ow, 
Ui) | r ). 


Oz ror cr 


Near a wall the first equation can be tran 
formed with the help of the equation of state 
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and relations for the temperature jump and slip, 
i.e. we can use the following formulae: 
oT 
a". = 


or 


AT: 


op dT RATp 
er dr ” ee 


As a result of such a transformation, we shall 


get: 
(1 —2n,)W2 RAT 
C k° 


(7) 


On the other hand, proceeding from the law of 


conservation of energy, we have: 


pw? 
P = Po- 


Hence: 
2R,4T. 


Now equation (7) can be rewritten in such a 
form: 


(7a) 


2(1 273 )k C. 


Due to investigations carried out by Gribkova 
and Shtemenko the relation obtained is of great 
interest. Indeed, if the relation ¢/k remains 
constant for all the viscous molecular flows and 
is equal to 8/15, then from equation (7a) it is 
possible to calculate a parameter of non-ideal 
continuity. Its value will be equal to 0-367. On 
the other hand we know the parameter of non- 
ideal continuity in an explicit form. Therefore, 
it can be written: 


Hence: 


. \ 550 

D 1 0-550. 
For the Mach number equal to unity the size of 
the flow region where the jump of temperature 
and flow slip occur will be equal to 1-82Z, i.e. 
about two lengths of the average path of the 
molecular wandering. Since in this case the Mach 
number is calculated according to the local value 
of the velocity of molecules the calculated value 
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of sizes of the region of a flow where the tem- 
perature jump and slip occur will be maximum. 

Thus, the physically small volume for a 
molecular-viscous flow must exceed by approxi- 
mately eight times the volume of a cube whose 
edge is equal to the average length of the free 
path of molecules. This result is of great interest 
from the viewpoint of physics. It shows that it is 
not obligatory to have a great number of 
molecules in one cubic centimetre while dealing 
with continuum consideration of a medium. 
Consequently, the classical equations which 
were derived in a phenomenological way are 
also valid for sufficiently deep rarefication of a 
gaseous medium. 

(2) It is possible to extend the generalization 
of the Euler equations obtained from the 
analysis of turbulence in ideal medium to a 
viscous gas as well. In this case only the equations 
of motion and energy need corrections; the 
continuity equation remains unchanged. 

If we write the Navier-Stokes equation of 
motion in symbols: 


dw 


dt 


then after taking into account the corrections 
for non-ideal continuity we shall have: 


dw 
dt 


nz 14 grad W? 


W div W 
[rot W,W]}. 


As is known, in aerodynamics of a viscous liquid 
we write the equation of energy in its general 
form as follows: 

dT 


dt 


p div W 


Taking into consideration the corrections for 
non-ideal continuity the equation can be written 
as follows: 


dT 


iv W 
q; + P div \ 
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| 
E, + pn, W2div W py; | W, grad — 
The degree of fitness of the equations obtained 
for the description of the motion of rarefied gases 
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can be obtained while examining the dispersion 
of acoustic waves in an experimental way. It is 
not difficult to obtain formulae of acoustic 
dispersion if we use the conditions of com- 
patibility by Hugonio-Hadamard. As is known, 
the above-mentioned conditions characterize 
the process of formation and propagation of a 
front. They allow one to find without any 
integration (i.e. only by segregation of dis- 
continuity surfaces), the velocity of motion of 
the latter throughout a space. The peculiarity of 
any acoustic front results in the fact that when 
passing through it from the disturbance region 
to that of rest the first and second derivatives 
entering the closed system of momentum 
equations suffer a break of continuity. Not 
dwelling upon the detailed calculations the 
author of this paper succeeded in finding the 
following formulae for the sound absorption 
coefficient in a rarefied gas: 


(0-7r + 0-23)\/r 
(r + 0-575)? (r + 0-575) 


a = 


The calculations were fulfilled for monatomic 


gases which were investigated by Greenspan and 
Thompson. The above-mentioned dimension- 


less value is designated by r in the given 
formula. 
The Greenspan data on the dispersion of ultra- 


sound waves in xenon and krypton are given 


in Fig. 1. The continuous curve is plotted accord- 
ing to the theoretical formula. 

As is seen, the coincidence of observed and 
predicted values of the absorption coefficient of 
acoustic waves may be considered rather good 

It is interesting to compare this result with 
that of the Navier-Stokes, Burnett and super- 
Burnett equations. 

The Greenspan data obtained from experi- 
ments in krypton and xenon and calculations 
according to theoretical formulae are given in 
Fig. 2. The continuous curve corresponds to the 
Stokes—Kirchoff equations. The short dashed 
curve corresponds to the Burnett equations and 
the long dashed curve corresponds to the super- 
Burnett equations. 

Hence, the formulae of acoustic dispersion 
based on the Navier-Stokes equations describe 
the experiment better than the formulae based 
on the Burnett and super-Burnett equations. 

As for our formula, it coincides completely 
with the Stokes—Kirchoff formula over the whole 
range. This formula gives a better agreement with 
experimental data only at values approximately 
equal to unity. 

Thus, the analysis of this problem carried out 
in a different manner to the Truesdell analysis 
leads to just the same conclusion. Undoubtedly, 
we deal with a crisis in the molecular-kinetic 
theory when we relate equations of aerody- 
namics and heat theory for rarefied gases 
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demonstrated that the exact predictions of heat transfer and skin friction in the presence of mass- 
transfer cooling with a foreign gas can be approximated by simple expressions which should be of 


value for engineering design calculations. 





Résumé— Les principales études de couche limite laminaire binaire sont examinees en deétail. Dans cet 
article, on montre que les valeurs exactes du transfert de chaleur et du frottement, en présence d’un 
refroidissement par transport de masse a l'aide d'un autre gaz, peuvent étre approchées par des relations 


Zusammenfassung—Verschiedene Untersuchungen binarer laminarer Grenzschichten werden ein- 


simples qui devraient €tre trés utiles pour les calculs des projets. 


gehend gepriift. Es zeigt sich, dass die exakte Berechnung des Warmeiibergangs und der Ober- 
flachenreibung bei der Stoffiibergangskiihlung mit einem Fremdgas durch einfache Ausdriicke 
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NOMENCLATURE 

specific heat at constant pressure: 
specific heat at constant volume; 
local skin friction coefficient, 7,,/3p,u?: 
local skin friction coefficient evaluated 
for solid wall exposed to same free stream 
conditions and held at same temperature 
as the actual wall: 
local heat transfer Stanton number, 
g/p.U-Cy, (7 Fiske 
local Stanton number evaluated for 
solid wall exposed to same free stream 
conditions and held at same temperature 
as the actual wall; 
mass transfer Stanton number, 

m/ p,u, Y¥ 


4 condensed version of this paper was presented at 


the Conference on Heat and Mass Transfer, B.S.S.R. 
Academy of Sciences, Minsk, 5—9 June, 1961. 

- Consultant, The RAND Corporation and Professor, 
Department of Mechanical Engineering University of 
Minnesota. 


angenihert werden kann. Das ist fiir die techcnishe Berechnung von Auslegungsdaten von Bedeutung 


AHHOTaNNA—B craTbe MpuBOAMTCA aHATHS OWHApHOrTO TaMMHapHoro norpann4yHoro con. Ha 
CHOBaHHH MpoBeeHHOrO aHadH3sa WaeTcA MpocToii M WOCTAaTOUHO TOYHDI LIA WH AKeHEpHOit 


Ten1000MeHa MH MOBepXHOCTHOrO TpeHHA WIA 
IV4aH OXNaRKIeCHUA Te MYTEM HOLaAd B NOrpPaHMYHbt Coil MHOpOAHOPO rasa. 


Chapman—Rubesin parameter defined 
in equation (17): 

ordinary diffusion coefficient: 
dimensionless stream function: 

enthalpy associated with change of 
phase; 

heat-transfer coefficient, equation (19): 
thermal conductivity ; 

refers to wedge flows, where free stream 
velocity, u,, varies as x”: 

molecular weight of coolant gas: 
molecular weight of pure air: 

mass flow rate of coolant gas at position 
x along the surface; 

pressure; 

partial pressure of coolant gas: 

local heat transfer rate per unit area, 
k(eT/Cy),,: 

local heat-transfer rate per unit area 
evaluated for solid wall exposed to same 
free stream conditions and held at same 
temperature as actual wall; 
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recovery factor; 
universal gas constant; 
temperature; 
reference temperature defined in equa- 
tion (9): 
recovery temperature, defined as the wall 
temperature where k,,(€7/¢y),, = 0; 
component of velocity parallel and nor- 
mal to surface, respectively ; 
co-ordinates along and normal to the 
body, respectively ; 
mass fraction of coolant gas. 
Greek symbols 

density; 
dynamic viscosity ; 
transformed co-ordinate defined in text; 
stream function; 
dimensionless temperature; 
dimension mass fraction; 
defined in equation (17): 
kinematic viscosity ; 

y. ratio of specific heats, c,/c,,; 

7, local shearing stress. 

Dimensionless numbers 

M, Mach number, ratio of local speed to 
local speed of sound; 

Pr, Prandtl number, puc,/k; 

Sc, Schmidt number, v/D,.: 

Re,. local Reynolds number, u,x/v,. 


Subscripts 
‘. refers to pure coolant; 
refers to pure air; 
evaluated at outer edge of the boundary 
layer; 
refers to recovery conditions, i.e. where 
k,(eT/cy) 0: 
evaluated at wall conditions; 
refers to local conditions. 
Superscripts 
* evaluated at the reference temperature, 
equation (9). 


1. INTRODUCTION 
RECENTLY, the alleviation of the high heating 
rates encountered by surfaces of hypersonic 
vehicles has been recognized as an important 
problem. One of the cooling methods that 
appears to have great ultimate promise is mass- 
transfer cooling, wherein a “foreign” material is 


Oo 


transferred from the surface into the boundary 
layer. This has a two-fold advantage in allevia- 
tion of the heat-transfer problem. The trans- 
ferred coolant may absorb heat from the boun- 
dary layer through a phase change (sublimation, 
evaporation, melting, etc.) and/or by acting as a 
dispersed heat sink. It will be advantageous, 
therefore, to employ coolants with high heats 
of sublimation (or evaporation, melting, etc.) 
as well as high thermal heat capacities. In addi- 
tion, it has been shown that the introduction of 
a material (with its normal velocity component) 
at the surface acts to decelerate the flow and 
consequently, to reduce the skin friction. This 
also implies a reduction in heat transfer at the 
wall. 

The usual boundary-layer equations are com- 
plicated by the appearance of (a) an equation 
defining the conservation of the species at any 
point in the boundary layer, and (b) transport 
terms which result from thermodynamic coupling 
coefficients such as thermal diffusion coefficient, 
etc. There are a number of methods for effecting 
the injection of a foreign material into the 
boundary layer, and the following descriptions 
have been advanced to describe specific mass- 
transfer cooling schemes: 


(1) Transpiration cooling. 
(2) Film cooling 
(a) using liquid as a coolant 
(b) using gas as a coolant. 
(3) Ablation 
(a) sublimation 
(b) other ablation phenomena, 
melting, erosion, fusion, etc. 


such as 


These schemes are diagrammatically shown on 
Fig. 1 [1].+ With the exception of film cooling 
with a gas, these methods all involve the same 
mechanism in the gaseous phase of the boundary 
layer. However, there is a difference in the 
boundary conditions at the wall which distin- 
quish the three methods from a thermodynamic 
as well as a mechanical viewpoint. Transpiration 
cooling involves the introduction of a coolant 
gas through a porous surface. Consequently, the 
rate of fluid injection through the surface and 


+ Figures in square brackets refer to references pre- 
sented at the end of text. 
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into the boundary layer may be arbitrarily 
adjusted by purely mechanical means and the 
temperature at the surface may thereby be 
regulated depending upon the injection rate and 
storage temperature of the coolant gas. It should 
be noted that a transpiration-cooling system 
requires pumps, storage tanks, pressure regula- 
tors and accessory plumbing. In addition, the 
fabrication and maintenance of porous surfaces 
represents a difficult engineering problem. 
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Fic. 1. Various cooling methods 


A film-cooling system involves pumping a 
liquid or gas on to the surface through an inlet 
slot configuration such that a thin film of the 
material covers the surface. This acts as an 
insulating coating and, in the case of a liquid, 
absorbs heat by vaporization. These systems 
are usually limited by such characteristics as the 
stability of the liquid film and the pumping 
power available. Film-cooling systems require 
essentially all the plumbing and control equip- 
ment of a transpiration-cooled operation; how- 
ever, the surface construction is mechanically 
simpler. 

A sublimation-cooling system is self-controlled 
through the relation between the vapor pressure 
and surface temperature of a solid, the Clausius— 
Clapeyron equation: 


—AH, 


In py = prt B (1) 


where 
vapor pressure of subliming 
material, 
= universal gas constant, 
- heat of sublimation per mole, 
B constant of integration. 


Heat is absorbed by the material as it sublimes. 
Thus, the heat transfer into the interior is 
reduced in two ways: (a) direct absorption in the 
form of heat of sublimation, and (b) reduction 
of heat transfer because of the movement of the 
sublimed mass away from the surface. The mass 
release at the surface depends upon the heat of 
sublimation and the temperature of the surface. 
Furthermore, the surface temperature can no 
longer be arbitrarily controlled and, in fact, 
will always find “its own level’ depending upon 
the heat load, heat sublimation, and the external 
flow situation. It should be noted that film 
cooling with a liquid is essentially a sublimation 
process provided that the surface is com- 
pletely covered by a liquid layer. 

In addition to sublimation, more complex 
ablation cooling schemes may be visualized. 
Depending upon the surface material and the 
flight conditions, it is possible to have such 
phenomena as fusion of the surface material, 
mechanical erosion, dissociation of both air and 
surface material. ionization, and chemical 
reactions between the components in the boun- 
dary layer. The obvious complications involved 
in an analysis of these complex ablating systems 
have prevented any really accurate description of 
the mechanism. 

There is another method of classifying these 
systems which may be helpful conceptually—by 
specifying the method of controlling the rate 
of injection. In the case of transpiration cooling, 
as we have seen, the rate is arbitrarily controlled 
depending upon certain mechanical require- 
ments such as the porous surface and pumping 
power available. This may be considered an 
arbitrarily-controlled system. For a subliming 
or ablating surface, however, the rate of injection 
is determined by the heat of sublimation and the 
surface temperature. For a set of flight condi- 
tions and a surface material, the steady-state 
injection is fixed thermodynamically. We may 
call this a self-controlled system. Film cooling 
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may be considered a mixed system, with the rate 
of mass transfer into the boundary layer being 
self-controlled, but the flow rate of liquid or gas 
over the surface remaining arbitrary. 


2. BINARY LAMINAR BOUNDARY-LAYER 
THEORY 

Baron [2. 3], Eckert er a/. [4-6], Sziklas and 
Banas [7] and Gross [8] have investigated 
theoretically the problem of mass-transfer 
cooling in the laminar boundary layer on a flat 
plate. The introduction of a species conservation 
equation as well as the appearance of thermo- 
dynamic coupling terms in both the species and 
energy equations complicates the mathematical 
analysis of the boundary layer. 

The equations have been derived by Hall [9] 
who first treats the multicomponent fluid system 
and then from an order-of-magnitude argument 
obtains the boundary-layer equations for a 
binary boundary layer. The final binary boun- 
dary-layer equations for flow over a flat plate, 
neglecting the effects of thermal diffusion may be 
reproduced as follows: 


Continuity: 
B 
( pu) 
CX f 
Momentum: 


Cu 
Ou 
f CX 


Energy: 
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Cyl —— — pew = (k 
Po; ex ; 
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Species: 
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The boundary conditions for this system of 
equations follow from physical considerations: 
u = 0 
T=T, >aty=0 (6) 
Y=Y, | 


4 


u=uU, ) 
7 = 7. aty—> @. (7) 
Y=09 


Since we are concerned with a seventh-order 
system of equations, another boundary condition 
must be specified. This condition may be ob- 
tained by noting that the mass velocity of the air 
molecules disappears at the surface of the plate; 
that is to say, there is no net mass transfer of the 
boundary layer air into the plate surface. There- 
fore, the mass flow of air by convection away 
from the surface must be equal and opposite to 
the diffusive flow of air toward the surface. This 
consideration yields the following boundary 
condition: 

pDy, CY 


. at } Q. 8) 
i— Y oy™: \ 


This system of equations (2-8), forms the 
starting point for the various investigators cited 
above. In all cases, a transformation of the co- 
ordinates is next introduced with the result that 
the system of partial differential equations is 
changed into a new set of interdependent 
ordinary differential equations. This system of 
equations is still difficult to solve since, in general, 
all of the physical properties are functions of 
the local temperature and concentration of the 
particular gas mixtures being investigated. To 
obtain a representative number of solutions in a 
reasonable time requires the use of high speed 
electronic computers. Although the same basic 
system of differential equations was used by the 
various investigators (equations 2-8), somewhat 
different assumptions were imposed to obtain 
the final solution. A brief review of the available 
analyses is given below. 


3. REVIEW OF AVAILABLE BINARY LAMINAR 
BOUNDARY-LAYER ANALYSES 
Constant property analysis [10] 

Considerable insight into the mass-transfer 
cooling process is obtained if it is assumed that 
the injected coolant has physical properties not 
markedly different from those of the main 
stream, thereby permitting the assumption of 
constant physical properties. The advantage 
of such a constant property solution is that the 
dimensionless heat transfer and skin-friction 
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results are dependent on a minimum number of 
parameters. This is indicated in Figs. 2 and 3 
which compare the dimensionless quantities 
which are of importance for the solid-wall, heat- 
transfer case and those arising in the presence of 
mass transfer. For the solid wall, it has been 
demonstrated [11, 12] that the constant property 
solutions for the dimensionless skin friction, Nus- 
selt number and recovery factor have additional 
value in that they may be used even when large 
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Fic. 2. Flat plate: solid wall, no mass transfer. 


variations in physical properties are encountered 
(including dissociation), provided the properties 
are evaluated at a so-called reference tempera- 


ture, 7*, which may be given explicitly in terms of 


the surface, the free stream and the recovery 
temperatures: 


T* =T, + 05(T,, — T,) 


It will be demonstrated this temperature, 7*, 
will also prove of value in correlating the mass 
transfer results. 

It should be noted from Fig. 3 that the heat 
transfer, qg, is defined in terms of the temperature 
gradient at the wall. This definition is convenient 
in that this quantity, g, represents the convective 


+ 0-22(T,—T,). (9) 
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Fic. 3. Flat plate: mass transfer. 


heat transferred to the surface from the boun- 
dary layer, and in this sense the boundary-layer 
heat transfer is considered separately from the 
enthalpy carried across the surface by the 
coolant. To be consistent with this point of view, 
the recovery temperature, 7,, is defined as that 
temperature where the wall-temperature gradi- 
ent vanishes: in this case there still exists a 
transport of enthalpy across the surface, by 
virtue of the coolant flow, but there is no con- 
vective heat transferred to the wall from the 
boundary layer. 

Returning to the solutions of equations (2-8) 
it is obvious that the energy equation is linear 
and consequently, the general solution of the 
complete equation may be obtained from the 
addition of (a) a general solution of the homo- 
geneous equation (that is, neglecting the dissipa- 
tion term) and (b) a particular solution of the 
complete equation. The particular solution 
results in the specification of the recovery factor, 
a direct measure of the temperature assumed by 
the surface if it is allowed to come to equilibrium 
with the surroundings by convection alone. 
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We need, therefore, only to direct our attention 
to the general solution of the homogeneous 
equation. To accomplish this solution, a stream 
function, J, is first introduced to satisfy the 
continuity equation, and a new independent 
variable, », and the new dependent variables 
defined below are substituted into the original 
equations: 


Stream function: 


t b/4/(vu,X) 
7 = (V/xX)V(Ux/v) 
6 = (T —T,)/(T, — Tw) 
d (Y,— Y)/Y, 
The following equations result: 
Momentum: 
d*f 
d7* 


Energy: 


Diffusion: 
Fy eae = 0. (14) 


Boundary conditions: 
df 


) 
| 
~— 0 


~2(v,/U,)/ (UX/v) } 
wv. | 
a patn & 


| 
a) 

An important observation common to all 
flat-plate binary laminar boundary-layer solu- 
tions is that the mass transfer into the boundary 
layer must vary as 1//x if we are to arrive at a 
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system of ordinary differential equations. Fur- 
ther, we have assumed an isothermal surface 
and it will be shown that this is completely 
compatible with the imposed mass-transfer 
distribution. 

The velocity profiles for the constant property 
mass-transfer system are shown in Fig. 4 for 





1.0 








Fic. 4. Effect of air injection on velocity profile: flat 
plate—constant properties: laminar flow. 


several different injection rates. Inspection of 
these profiles brings out the following con- 
clusions: 


(a) The effect of mass addition is to thicken 
the velocity boundary layer. 

(b) The velocity profile becomes S-shaped with 

mass addition, and since this is known to 
be an unstable type of profile, it may be 
concluded that mass transfer is de- 
stabilizing. 
The boundary layer “‘lifts off” the wall at a 
relatively low value of mass transfer; i.e. at 
(Put y/ Pele) /(UeX/v) 0-619. Apparently 
the boundary-layer equations fail to 
describe the flow field at this mass transfer 
condition. 


The skin friction coefficient and Nusselt 
number, presented in Figs. 5 and 6, are seen to 
decrease with increasing mass transfer, both 
going to zero at the limiting value where the 
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Fic. 5. Effect of air injection on local skin friction: flat plate-constant properties: laminar flow. 
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Fic. 6. Effect of air injection on local Nusselt number: flat plate-constant properties—Pr = 0-7 constant 
wall temperature: laminar flow. 
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Fic. 7. Effect of air injection on recovery factor: flat plate-constant properties—Pr 


boundary layer “leaves” the wall. The recovery 
factor, shown in Fig. 7. is somewhat reduced by 
mass transfer but not as markedly as the Nusselt 
values. At hypersonic velocities the actual heat 
transfer to the surface is proportional to the 
product of the Nusselt number and the recovery 
temperature, and we conclude that a consider- 
able reduction in heat transfer is obtainable with 
modest amounts of coolant. This is the feature 
which has drawn attention to this cooling 
scheme. 

It may be noted that the heat-transfer solutions 
reveal that the local heat rate. g,, is proportional 
to 1/\/x, which is precisely the distribution of 
the injected coolant. A simple heat balance on a 
sublimation or transpiration system yields the 
following expression. 


— T;)] 
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0-7: laminar flow. 


where 
m, —mass flow rate of coolant. 
4H—change in enthalpy due to phase 
change, 
Cy», —specific heat of the pure coolant. 


Thus for the situation where the coolant enters 
the wall at a constant temperature, 7,, or if the 
surface is subliming, the resulting wall tempera- 
ture must be a constant. We have, therefore, 
demonstrated the consistency of the assumed 
boundary conditions. 

It may be of interest to investigate the validity 
of the modified Reynolds analogy (which holds 
for solid-wall conditions) under the new con- 
ditions when mass transfer is employed. If the 
analogy is valid, the parameter 

(Cu Pr?®) = (C;/2) 


would equal unity. As seen in Fig. 8, the depar- 
ture from unity is not significant at low mass 
transfer rates, with the analogy being accurate 
to 15 per cent up to a dimensionless mass transfer 
value of 0-3; at higher mass transfer rates the use 
of the analogy may lead to considerable error. 


Analysis of Baron {2, 3] 

Baron was successful in introducing the 
influence of variable physical properties on mass- 
transfer cooling, while at the same time keeping 
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Fic. 8. Effect of mass transfer on modified Reynolds 
analogy: constant properties—flat plate—Pr 0-7. 


the number of independent parameters at a 
minimum. To accomplish this, he adopted an 
approach similar to that used earlier by Chapman 
and Rubesin [13] for the solid flat plate. Baron 
introduces the so-called Chapman—Rubesin 
constant, C, for the product of the density and 
viscosity of the air only. He notes: 


PH P2 2 i . 
(=) (-—) =a (17) 
Pe Me Pe be Po fe 
where 
* (ps H2)/(pe He) Chapman-—Rubesin 


constant for air only 


PH H 


A= : 
P2 F2 Me 





The factor, C, is independent of the concentra- 
tion, while the other factor, A, is rigorously a 


J l 1 J 
e) 0.1 0.2 0.3 04 05 0.6 


function of both temperature (through p/.) and 
concentration. However, for helium and carbon 
dioxide, the gases considered by Baron, the 
viscosity term s/s is relatively insensitive to 
temperature and is primarily dependent on the 
concentration.t Consequently, Baron assumes 
that A is a function on/y of concentration. Using 
this assumption, Baron presents two approaches: 


Approach |: 


Baron introduces: 


Pe Ons p, cus 7} 

= p cy ' Pp Ox | 

od / u, Oe > (18) 
= ae \ eva, | Pe dy | 
us =y) (v,xu,C) f(y). ] 


Using these transformations along with the 
additional assumption that the Schmidt number 
is a function only of concentration (an inde- 
pendent check shows this to be a realistic 
assumption), Baron obtains a set of three 
ordinary differential equations, similar in form 
but more complex than equations (12-16). The 
net result of these substitutions is that none of 
the terms appearing in the momentum and 
diffusion equations are dependent on tempera- 
ture and consequently these two equations may 
be solved simultaneously, but independently of 
the energy equation. Using this approach Baron 
obtains the velocity profiles, the concentration 
profiles and the skin-friction parameter, 
crv (u.x/v,C), as a function only of the mass- 
transfer parameter (p,,v’,,)/p,U,)\/(u,x/v,C). Any 
temperature effect is completely contained in the 
constant C. 

The energy equation remains to be solved and, 
Baron reports that all the coefficients appearing 
in this equation were only mildly affected by 
temperature, allowing the assumption that all 
coefficients are functions on/y of concentration. 
This is a considerable simplification for now the 
energy equation is linear in temperature, since 
all coefficients are known functions of the 
dimensionless parameter, 7, by virtue of the 
previously obtained solutions of the momentum 


+ This assumption is valid for hydrogen as well. 
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and diffusion equations.+ As in the constant- 
property situation, the resulting energy equation, 
being linear, may be solved by first treating the 
non-dissipative case and then adding the 
adiabatic-wall solution. It follows that the low 
speed non-dissipative heat-transfer coefficients 
may be used for the high-speed case if the adia- 
batic-wall temperature replaces the free-stream 
temperature in the definition of the heat-transfer 
coefficient 


q = K(T, — T,,). (19) 


The recovery temperature, 7,, determined from 
the adiabatic-wall solution is reported in terms 
of a recovery factor, r, which for a given injected 
gas is a function only of the mass-transfer 
parameter (p,,v,,/p,u,) «/(u,x/v,C). In addition 
to the recovery factor, Baron also presents 
dimensionless heat-transfer coefficients for two 
binary systems, helium-—air and carbon dioxide— 
air mixtures. 

The second approach used by Baron is not as 
realistic as the above and will be mentioned only 
briefly. In this case he assumed that A is a 
constant to be evaluated at wall condition and 


the following transformations are then applied 
to equations (2-8): 


Approach 2: 


Pe Cc us 
u » l : 
p 


> 

p ol | 
a / u, (Y p dy f 
2A | v.xCi, |, Po 4 | 

| 

J 


ub \/(v,xu,Ca,,) f(y). 


(20) 


Baron obtained some representative solutions 
for this simplified case and compared them with 
the more realistic case outlined above. This 
comparison is shown for helium injection on 
Fig. 9 and the agreement is only fair. 

In a later publication [3] Baron generalizes 
his analysis to include the influence of pressure 


+ There appears to be an error in Baron’s final energy 
equation in Ref. 2. This results when he replaces wu? by 
(ye — I)ep,M? rather than the correct expression 
(y, I)c,,M?. Consequently, the left hand side of 
Baron’s energy equation 6:15, should be multiplied 
though by c,2/c,, to get the correct form. 
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Fic. 9. Helium results of Baron 


gradients. In addition, he presents a summary 
of his flat-plate results. 


Analysis of Eckert and co-workers [4-6] 

Before attempting the complete binary prob- 
lem including heat transfer, Eckert and Schneider 
first solved the isothermal case with hydrogen 
as the injected gas. The physical properties were 
allowed to vary with concentration and the 
methods outlined in Ref. 4 were used to calculate 
the variation. The resulting velocity distributions 
and skin friction are compared to the constant 
property results on Figs. 10 and 11. This com- 
parison reveals that unstable S-shaped velocity 
profiles occur at relatively low values of the 
dimensionless mass transfer when compared 


* Care should be taken in using this reference since 


there is some confusion in nomenclature. The mathe- 
matical development utilizes a somewhat different trans- 
formation from that used by Baron in Ref. 2, although 
the figures are all shown in terms of the original variables 
of Ref. 2. 
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Fic. 10. Effect of light gas injection on laminar velo- 
city profiles: isothermal case-flat plate. 


with the constant property situation. The greater 
influence of a light gas on skin friction is obvious 
in Fig. 11, where at the same values of dimen- 
sionless mass transfer considerably lower skin 
friction occurs for the hydrogen injection. We, 
therefore. conclude that the light gas is more 
effective in reducing skin friction but on the 
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other hand is more de-stabilizing to a laminar 
boundary layer. 

In the analysis of the binary system including 
heat transfer, again using hydrogen as the mass- 
transfer medium, Eckert and his colleagues used 
the following transformation in dealing with 
equations (2-8). 


_ Pe Of 
p oy 


ue\ ("pb 
a J “)I _* 
VX! jo - 


b= V(xu,v,) fm). J 


_ Pe 
p Ox 


u = 





The transformed equations were then solved 
using the best available property information 
for hydrogen—air mixtures. These exact solutions, 
which were obtained using an iterative procedure 
on an ERA1I103 electronic computer, are 
rigorously only valid for the specific conditions 
selected. (See Figs. 2 and 3.) An example of these 
results is shown in Fig. 12 where the dimension- 
less heat-transfer coefficients are shown for zero 
Mach number for two different wall-temperature 
conditions with the free stream at 392°R. 
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Fic. 11. Effect of light gas injection on skin friction: isothermal conditions—laminar flow: flat plate [4] 
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Fic. 12. Effect of hydrogen injection on laminar heat transfer: flat plate—7, 


Additionally, for Mach 12, the Nusselt number 
and recovery temperature, both of which must 
be known to determine the heat transfer, are 
shown for a set of specific conditions. In every 
case we find a considerable reduction in the heat 
transfer when only small amounts of hydrogen 
are transferred away from the wall into the 
boundary layer. The effectiveness of light-gas 
injection in decreasing the heat transfer in a 
high-speed boundary layer is obvious from this 
figure. 


Analysis of Sziklas and Banas [7] 

Sziklas and Banas report solutions for a 
number of different coolants: hydrogen, helium, 
water vapor, and air. In arriving at the final 
form of the energy equation they assumed that 
the specific heat ratio, y, is the same for the 
injected coolant as for the main stream gas 
(vy; = ye). They then use the standard Blasius 
7— transformation essentially as given in equa- 
tion (11). In obtaining their solutions the 
physical properties (including specific heat) were 


.08 
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Rex 


Pw Yw 
* Pe Ue 


392°R. [5, 6]. 


allowed to vary with both temperature and con- 
centration. Methods of kinetic theory were used 
in the determination of these properties. As was 
the case with the results of Eckert, the results of 
Sziklas and Banas are applicable only to the 
specific conditions imposed in the analysis. 
Representative results for the helium study are 
given on Fig. 13, where, again, large reductions 
in heat transfer accompany small mass-transfer 
rates. 


Analysis of Gross [8] 

The isothermal laminar binary boundary 
layer on a flat plate was investigated by Gross 
[8] for three different injectant gases; hydrogen, 
carbon dioxide and iodine vapor. To obtain a 
solution of the governing equations (equations 
2, 3 and 5), Gross used the standard Blasius 
transformation to arrive at a system of ordinary 
differential equations. These were then solved 
using a Runge-Kutta numerical method with 
the aid of a high-speed electronic computer. 

The resulting values of the skin friction 
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Fic. 13. Variation of laminar heat transfer with 
helium injection: Theory of Sziklas and Banas [7]. 
ip 393 °R. 


coefficient for the three gases investigated are 
shown on Fig. 14. These results demonstrate that 
the addition of a heavy gas such as iodine vapor 
(molecular weight 253-8) is much less effective in 
reducing the skin friction coefficient than the 
lighter gases. 


4. GENERALIZED PRESENTATION OF LAMINAR 
FLAT PLATE BINARY BOUNDARY LAYER 
RESULTS 

It is our goal in this section to develop a 
generalized presentation which may be con- 
veniently utilized by design engineers for 
predicting skin friction and heat transfer in the 
presence of mass-transfer cooling for laminar 
flow over surfaces with zero pressure gradient. 
The available analytical solutions _ briefly 
described above are used as the basis for the 
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generalization. Since heat transfer and skin 
friction for solid surfaces in the absence of mass- 
transfer cooling can be calculated at the present 
time with a measure of confidence, the approach 
adopted here is to present the correction factors 
which must be applied to such solid wall calcu- 
lations to account for the effect of mass addition. 
Thus the normalized skin-friction coefficient and 
heat transfer-will be given as c,/c;,, and q/qo, 
respectively, where the subscript zero implies 
that the quantity is to be evaluated for the same 
free-stream and wall-temperature conditions 
neglecting the influence of mass transfer. 

It was found that these normalized results for 
any one gas could be presented as a unique 
function of the mass-transfer parameter pro- 
posed by Baron, (p,.v,,/p,u,) /(u,x/v,C*), pro- 
vided that the Chapman—Rubesin constant. C, 
was evaluated at the so-called reference tempera- 
ture, 7*, given by equation (9). The success of 
this generalized presentation for skin friction is 
demonstrated in Figs. 15 and 16 which apply to 
hydrogen-air and helium-air binary systems, 
respectively. It appears that this representation 
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Effect of mass transfer on skin friction: 
helium—air: laminar flow-—flat plate. 


Fic. 16. 


is valid over a wide range of wall-temperature 
conditions and free-stream Mach numbers. This 
conclusion is true for the other binary systems as 
well and the reader is referred to the Appendix 
for verification of this conclusion. A summary of 
available skin-friction results for six gases is 
given on Fig. 17. 

This same presentation was successful in 
correlating the normalized Stanton number, with 
the final results as shown on Fig. 18. Since the 
determination of the actual heat transfer 
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Fic. 18. Effect of mass transfer on Stanton number: 
laminar flow-—flat plate. 








requires the knowledge of the recovery factor as 
well as the Stanton number, the normalized 
recovery factor is shown on Fig. 19. It may be 
seen that some disagreement exists for the light- 
weight gases. Apparently the recovery factor is 
somewhat more sensitive to the different assump- 
tions, particularly physical property variations, 
adopted by the various investigators. The effect 
on the final heat transfer prediction of this dis- 
agreement in recovery factor is reduced if the 
normalized heat transfer is directly considered 
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Fic. 19. Effect of mass transfer on recover factor: laminar flow-flat plate. 


rather than the Stanton number. The resulting 
normalized heat transfer is shown on Figs. 
20-22. It should be pointed out that some effect 
of the disagreement in recovery factor is still 
present in this presentation through the presence 
of C*. However, for practical applications the 
wall temperature in general will be markedly 
lower than the recovery temperature; for this 
situation, inspection of the defining equation (9) 
for 7* reveals that any uncertainty in the 
recovery temperature has only a minor effect on 
the reference temperature itself, and conse- 
quently, only a minor effect on C*. 

It is apparent from Figs. 17 and 22 that the 
light gases are much more effective than the 
heavier gases in reducing heat transfer and skin 
friction. Inspection of these figures indicates that 
the normalized skin friction coefficient c,/c,, 
and heat transfer g/g, vary linearly with the 
dimensionless mass-transfer parameter for all 
the gases shown. In particular, the results for air 
into air may be expressed by the following two 
equations. 


g/do = 1 — 1°82 {(p,v,,/ pu.) /(Re,/C*) } 


1 — 2:08 {(p,,v,,/p.u.) 1/(Re,/C*)}. 


Ce Cfo = 


It is of technical importance to determine 
whether the other gases can be made to agree 
with these equations by the simple expedient of 


multiplying the Baron dimensionless mass 
transfer parameter by a molecular weight ratio 
(m,/m,). raised to a constant exponent. This 
question can be answered by plotting the 
dimensionless mass transfer versus the molecular 
weight at a constant value of q/q» (or c;/c;,) 
This is accomplished in Fig. 23 where it is seen 
that 1/3 represents a fair compromise for the 
value of the exponent although the very light 
gases as well as the heavier gases such as iodine 
show a significant departure. Recognizing that 


i 


bh 


0) 
> ———_-—_ 





oO ‘ae i 


35 10 AS .20 2 


DIMENSIONLESS MASS TRANSFER, 
Pe Ye 


Fic. 20. Effect of mass transfer on heat transfer: 
hydrogen-air. 





A REVIEW OF BINARY LAMINAR BOUNDARY 





MACH NO. qw=O Tw Te 
fe) ° 
3 a 
6 Vv 
SZIKLAS AND BANAS (7) 











+ BARON (2) 





| Nl N i \ —— 
.05 10 3 .20 .25 .30 35 
Pave JRE 
Pete Jc 


Effect of mass transfer on heat transfer: 
helium-—air. 





DIMENSIONLESS MASS TRANSFER, 


Fic. 21. 


ry 
4) 
z 
a 
e 
- 
” 
” 
<a 
= 
” 
~ 
wW 
| 
S 
” 
Zz 
2 
oa 





| 
1 


H,0 


LAYER CHARACTERISTICS 


1.0 


CO2-AIR 


HELIUM-AIR 


HYDROGEN—AIR 








O | ] l l it 
0 .05 10 15 .20 25 


DIMENSIONLESS MASS TRANSFER, —— 


Effect of mass transfer on heat transfer 
summary. 


Fic. 22. 


CONSTANT 4%, 


“the, 


x CONSTANT 


AIR CO, 


1 





456 8 1 


20 OD 0 DD 


MOLECULAR WEIGHT OF COOLANT GAS 


Fic. 23. 


Dimensionless mass transfer parameter versus molecular weight of coolant gas: laminar 


flow-fiat plate. 


such discrepancies do occur for the heavier and 
light gases, it nevertheless appears that the 
following equations represent the heat transfer 
and skin friction reasonably well. 
q/4o . . . 
= 1 — 1-82 {(m,/m,)' 3 (pyvw/ peu.) V/(Rex/C*)} 
Cy C4, ' 
= 1 — 2-08 {(m,/m,)!? (pul Pw! pele) V(Rez/C*)} 


It is recommended that these equations be 
used to predict the heat transfer and skin friction 
performance for mass-transfer cooling in a 
binary laminar boundary layer on a flat plate. 


5. EFFECT OF PRESSURE GRADIENT ON 
LAMINAR MASS-TRANSFER COOLING 
Up to the present time, little effort has been 
directed to the solution of the binary laminar 
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boundary-layer equations with finite pressure 
gradients. However, a measure of the influence 


of a pressure gradient on mass-transfer cooling 
can be obtained by returning to the constant- 


property boundary-layer model with normal 
injection (air-into-air) since solutions have been 
reported in this case for wedge-type pressure 
gradients (i.e. the free-stream velocity is des- 
cribed by uy, Ax"). Examination of these 
solutions [15] reveals that the presence of a 
favorable pressure gradient leads to more stable 
velocity profiles and, consequently, it appears 
that larger values of the dimensionless mass- 
transfer parameter, (,,v’,,/p,U,) \/(Re,), may be 
obtained without causing transition to turbu- 
lence. Furthermore, the skin-friction coefficient 
remains finite in a favorable pressure gradient, 
with no apparent failure of the boundary-layer 
equations even for very large mass-transfer rates. 
However, the heat transfer does decrease to a 
diminishing value, with the thermal boundary 
layer displaced from the wall surface toward the 
free stream. An example of this skin-friction and 
heat-transfer behavior is given in Fig. 24 for the 
plane stagnation case (m = 1), and it may be seen 
that the heat transfer goes to zero at a value of 
the mass-transfer parameter of approximately 2 
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cooling: constant physical properties, Pr = 0-7. 


(as contrasted to 0-619 for the flat plate), while 
the skin friction is still approximately 40 per cent 
of its solid-wall value. 

A direct comparison of the reduced heat 
flow, 4/qo. for four different pressure gradients 
ranging from the zero pressure gradient flat 
plate to the plane stagnation flow is given in 
Fig. 25. If a comparison is made at a fixed value 
of the dimensionless mass-transfer parameter. it 
is apparent that the greatest reduction in heat 
transfer occurs for the zero pressure gradient 
flat plate with the least reduction accompanying 
the plane stagnation flow. Therefore. to obtain 
a given reduction in heat flow, ¢/qp, it is necessary 
to go to higher values of the dimensionless mass 
transfer as the pressure gradient increases. Since 
there exists considerable interest in the three- 
dimensional stagnation flow, Fig. 25 also 
presents the reduced heat transfer g/g, for air 
injection into such a region [16]. 

It finally remains to determine whether the 
relative position of the various coolant gases 
found for the flat plate geometry is markedly 
influenced by the presence of a pressure gradient. 
A recent analysis of Hayday [17] for hydrogen 
injection into a plane stagnation flow leads to the 
results shown in Fig. 26 and close inspection 
suggests that the molecular weight parameter 
found for the flat plate, i.e. (m,/m,)' *, is approxi- 
mately valid for the plane stagnation flow. 
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As a result, it is suggested that air-into-air 
results be used to predict the effect of pressure 
gradient on laminar mass-transfer cooling; 


if a coolant other than air is transferred into the 
boundary layer the relative effectiveness of the 


various coolants is to be estimated from the 
flat-plate results. This is simply accomplished by 
using Fig. 25, changing the abscissa to read 
[( Put w/ Pett.) 1 (Re,/C*) (me/m,)*?]. 
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APPENDIX A 


Additional verification of the dimensionless pre- 
sentations 

In this section the reduced skin friction c;/c;, 
and heat transfer g/g, are plotted as functions of 
the mass-transfer parameter for all of the in- 
jected materials. (Figs. 27 and 28.) It may be seen 
that the summary curve given in the main body 
of the report accurately represents the calculated 
performance. 

Furthermore, the Stanton number and 
recovery factors are given in detail. (Figs. 29-32.) 
In the latter case, it is apparent that discrepancies 
exist in the case of hydrogen-air and helium-air, 
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probably due to the uncertainty in the physical 
property values under such extreme temperature 
conditions. 


APPENDIX B 
Relation between wall concentration and mass 
transfer parameter 

In the treatment of a subliming surface, it is 
important to know the relationship between the 
wall mass fraction and the dimensionless mass- 
transfer rate. A generalized presentation of the 
wall mass fraction for each gas appears possible 
with the aid of the Baron variable (p,,v,,/p,u,) 
\/(Re,/C*) and these are shown for some five 
gases in Figs. 33-36. A summarizing curve is 
also available in Fig. 36. 


APPENDIX C 
On the use of mass transfer results for prediction 
of heat transfer 
It is rather common practice to experimentally 
obtain mass transfer Stanton numbers, cm, 
using materials which sublime or evaporate, such 
as naphthalene or water, and to interpret these 
results directly as solid wall heat transfer 


Stanton number, cy, (in some instances a cor- 
rection factor involving the Lewis number is 
applied). However, considerable caution must be 
exercised in this procedure as is obvious from a 
comparison of Fig. 37 with Fig. 18 of the main 
text. Fig. 18 shows the heat transfer Stanton 
numbers in the form of cw/cy», Where cy; is the 
heat transfer Stanton number in the presence of 
mass transfer, while cy, is the Stanton number 
for a solid wall exposed to the same free stream 
conditions (i.e. Cy» 1s the limiting value of cy 
as the mass-transfer rate goes to zero). Fig. 37 
is a similar curve for the mass transfer Stanton 
number, cy, again normalized with respect to 
the value at the zero mass-transfer condition. 
For water vapor-air and CO,-air mixtures the 
limiting Stanton values, cy, and Cyzp, are in 
good agreement (i.e. cy CM») and since 
Cu/CMo does not depart appreciably from unity 
over a range of mass-transfer rates, it would 
appear that the measured mass transfer Stanton 
number, c3;, for these two systems could indeed 
be interpreted as solid wall heat transfer Stanton 
number, Cy». However, for the other gas 
mixtures, it must be concluded that considerable 
error would arise in the use of this procedure. 
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INTRODUCTION 
Heat transfer problems are encountered and 
have to be solved in almost every engineering 
activity. They become crucial for various modern 
developments like high-speed aeronautics and 
space flight. This is obviously the reason for the 
fact that research activity in heat transfer is very 
strong as evidenced by the growing number of 
publications in this area. Space limitations have 
prevented us. therefore, from including all 
references in this literature survey. Many 
engineering conferences devoted considerable 
time to a discussion of heat transfer processes. 
The National Heat Transfer Conference, or- 


ganized as an annual event by the American 


Society of Mechanical Engineers and the 
American Institute of Chemical Engineers, was 
held in August, 1960, at Buffalo, with an 
attendance of almost 1000 persons in twelve 
crowded sessions. A forum for discussion 
heat transfer problems on an international basis 
will be provided by the International Heat 
Transfer Conference which will be held in 
September, 1961, at Buffalo. The preceding 
international conference, held at London in 
1951. brought together scientists and engineers 
from all nations engaged in heat transfer 
research. The present magazine, the /nternational 
Journal of Heat and Mass Transfer, started 
publication in 1960. A number of new books 
present either an introduction to or a cross- 


section through the present state of the field of 
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heat transfer or related areas (Table | in Refer- 
ence Section). 

We have introduced in this review a new 
section discussing thermodynamic and transport 
properties because such properties are more and 
more intimately connected with heat transfer 
considerations. The available space permitted 
only the coverage of fluid properties on the basis 
of a small number of selected papers. They con- 
tain correlations and analytical predictions for a 
range from 3° to 15000°K: whereas experi- 
mental determinations were mainly restricted to 
temperatures below 1300°K. 

A significant increase in the number of papers 
dealing with radiation becomes immediately 
apparent by a comparison with last year’s 
review.$ It obviously is caused by the fact that 
space applications have generally to rely on 
radiation for energy transport. Surface-to-sur- 
face heat transfer is analyzed for a number of 
geometries, including various types of heat 
exchangers, and calculation methods for radia- 
tive transfer in gas-filled enclosures have been 
developed. 

Papers on heat conduction are almost exclu- 
sively of an analytical nature dealing with 
composite layers. transient condition, and 
variable properties. 

In the field of channel flow, the Graetz 
problem with its variants is discussed in 15 
papers. Experiments cover special fluids like 
CO,, hydrogen, and N,O,. as well as swirling 
flow. Boundary-layer analysis was mainly 
restricted to the development of approximate 
solutions. Chemical reactions with finite reaction 
rates (mainly restricted to a Lewis number 
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equal 1) and the influence of magnetic fields 
were included. Several reports describing experi- 
ments on various models in supersonic or hyper- 
sonic flow have found their way into the open 
literature. Detailed observations and measure- 
ments have made it possible to develop analytical 
models for the description of flow and heat 
transfer in separated regions. This development 
has been favored by the fact that engineering 
interest now includes low Reynolds number flow 
which is more amenable to an analytic approach. 
A fairly well developed model describing qualita- 
tively the transition process from laminar to 
turbulent flow has evolved from flow observa- 
tions and hot wire measurements. 

A significant engineering advance in the effort 
to obtain high heat transfer coefficients for 
evaporation and condensation processes has 
been possible by selection of proper geometries 
(Fig. 2). A considerable number of papers, 
mainly experimental, covers the area of heat 
transfer with change of phase, obviously due to 
the complexity of this process which prevents 
analytical predictions in most cases. 


CONDUCTION 

The problem presented by conduction, steady 
and unsteady, through a composite wall received 
increased attention. Extending the generalization 
of classical problems in heat conduction to 
include the composite layer case [34A], Vodicka 
also considers the steady temperature distribu- 
tion in the specific geometries of an infinite 
plate [35A] and hollow, infinite, circular and 
elliptical n-layered cylinders [36A]. A semi- 
infinite, 2-layer body of uniform temperature 
suddenly encounters a fluid of different tempera- 
ture [26A] where the heat transfer between fluid 
and surface is described by a constant film 
coefficient. Out of a concern for designing a 
thermal barrier, [31A] uses separation of 
variables and matrix methods to solve the case 
of a 2-layer slab, one face of which is adiabatic, 
the other subjected to sinusoidal temperature 
variation. It is noted, [SA], that the problem is 
solvable for a triangular heat impulse through 
analogy with an appropriate electrical circuit. 
Steady-state temperature distribution and calcu- 
lated heat transfer through honeycomb-type 
sandwich panels for simultaneous radiation and 


conduction agree to within 15 per cent of 
experimental values [32A]. 

Concern with solutions for unsteady state 
heat conduction problems continues. Thus, for a 
semi-infinite medium, [6A, 4A] impose boundary 
conditions involving temperature in a non- 
linear manner which, in some cases, lead to an 
integral equation for the surface temperature: 
[25A] imposes various heat inputs over the 
surface; and [I5A] presents a scheme for com- 
puting thick wall temperatures for arbitrary 
variations of adiabatic wall temperature and 
heat transfer coefficient. The heating of a plane 
wall behind a constant velocity plane shock 
moving parallel to it into a stagnant gas is 
accurately represented by integral equations 
solved by successive approximations [33A] 
Several approximate solutions for the melting o! 
a semi-infinite slab are noted and compared t 
exact solution by [8A]. Cooling of solid particles 
in a fluid by suitable assumptions reduces to 
system of linear, simultaneous equations with 
constant coefficients, solvable as eigenvalue 
problem [24A]. For transient heat conduction 
in hollow cylinders and slabs, [14A] presents 
dimensionless temperature for range of heat 
input for isotropic, constant properties, adiabatic 
boundary conditions. Disregarding evaporation, 
[18A] investigates the unsteady temperature and 
humidity fields in the vicinity of an infinite plate 
For variable properties, [13A] considers conduc- 
tion through a semi-infinite gas medium having 
a uniform initial and constant boundary tem- 
perature, determining integrated air therma! 
conductivities for oxygen dissociating tem- 
peratures. 

Additional transient studies, involving melting 
or freezing, arise from diverse sources. Thus, 
after onset of melting, [7A] describes simple 
successive approximation solution of ordinary, 
non-linear, differential equations which permits 
the heat input to be arbitrarily varied to a semi- 
adiabatic slab. The melting rate of a finite slab 
(initial temperature uniform and below melting 
point, one face adiabatic or constant tempera- 
ture) for constant heat input is solved approxi- 
mately by the heat balance integral [11A]; Ret 
[20A] extends previous work to include melting 
effect: and [19A] removes the prior condition 
that a molten region exist. Heat flow into an 
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infinite, homogeneous medium from a moving 
reat source, represented by a finite cylinder 
with time dependent radius, is determined [1A] 
with specific application to secondary oil 
recovery by underground combustion. A related 
cooling problem [16A] concerns the steady 
addition of metal at uniform temperature to an 
sothermal liquid metal column of different 
temperature, the bottom temperature of which is 
constant. Treating conductivity as arbitrarily 
temperature dependent, [I0A] considers 
transient conduction in a cylinder with one 
moving boundary using infinite differences and 
applies results to re-entry problem. 

Transient conduction, with heat 
examined for the case of a cylindrical, isothermal 
source in a semi-infinite body of constant 
boundary temperature using integral equation 
method to yield temperature field and heat 
flux [17A]. The transient temperature distribu- 
tion in a uranium rod depends on heat source 
and removal rates according to [21A]. In the 
same vein, [28A] examines the two-dimensional 
heat conduction problem for a uniform volume 
heat source, cooled by fully developed flow of 
coolant in circular passages arranged in tri- 
angular or square array. The generalization of 
heating and cooling rates, when the temperature 
rate of change describes all points in the system 
and is not influenced by the original temperature 
distribution, has application to temperature 
measurements and thermal behavior of complex 
systems [9A]. 

Steady state heat conduction in a circular cone 
with initial, non-uniform, surface temperatures is 
solved rigorously by [23A]. Ref. [29A] solves 
numerically the steady, linear, conduction 
equation when heat generation and conductivity 
are arbitrary functions of temperature. Using a 
heat balance error to correct the choice of 
gradient at the surface, [27A] gives steady-state 
results for a bar losing heat by radiation. An 
implicit numerical method for solving the two- 
dimensional conduction equation includes exact 
solution in linear case and uses iterative scheme 
to extend method to non-linear cases [2A]. 

Variations and extensions of the fin problem 
occur in [22A] which considers thin, rectangular, 
triangular, and optimum fins with internal heat 
generation and in [12A] which discusses the 


source, 1S 
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relation between heat transfer and thermal 
stress in fins. In this connection, [37A] notes the 
effect of unsteady thermal stress fields upon the 
formulation of the conduction equation. 
Reference [30A] considers the inverse problem 
of heat conduction: to determine the surface 
heat flux knowing an internal temperature 


variation with time. The numerical methods are 
developed for spheres but apply to other simple 
geometries. 

Finally, [3A] treats the problem of predicting, 
and correcting for, temperature disturbance 


caused by thermocouples placed beneath a 
surface of a heat sink (or calorimeter) exposed to 
heat flux during re-entry. 


CHANNEL FLOW 

Laminar heat transfer in the thermal entrance 
region of ducts continues to be of analytical 
interest. The classical Graetz problem, in which 
a hydrodynamically-developed isothermal flow 
enters a heated section of duct, has been analyzed 
by new calculation methods and for a broader 
class of boundary conditions. The eigenvalue 
problem associated with the solution of the 
energy equation for the parallel-plate channel 
or circular tube with uniform wall temperature 
has been solved to ten figure accuracy [6B]. 
This same method of analysis is applied to 
prescribed symmetrical or unsymmetrical heat 
transfer at the walls of a parallel-plate channel 
[7B, 8B, 9B]. The effect of heat conduction from 
the heated fluid into the unheated starting length 
is examined for a parallel-plate channel and 
found to be important only at low Peclet 
numbers [2B]. More accurate solutions of the 
energy equation very near the entrance section of 
tubes and channels were obtained by aban- 
doning the eigenvalue approach in favor of a 
boundary-layer formulation [26B, 25B]. 

Problems of the Graetz-type have been con- 
sidered for laminar flow in non-circular ducts. 
In one case, the eigenvalue problem for a square 
duct was attacked by a variational method 
[36B]. In another, the eigenfunctions for a 
rectangular duct were expanded in terms of 
slug-flow eigenvalues [14B]. An attempt has been 
made to bring together laminar heat transfer 
results for various non-circular ducts, but 
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notational difficulties make the final correlations 
difficult to interpret [39B]. 

As a variant of the Graetz problem, the 
simultaneous development of velocity and 
temperature distributions in the entrance region 
of tubes and ducts has been analyzed [35B, 29B, 
38B]. The first two of these are highly theoretical 
and are not easily applied. However, [38B] 
presents Nusselt number results in a relatively 
simple form and these show favorable compari- 
son with air data [4B]. 

Fully-developed laminar heat transfer is 
analyzed in annuli with blowing and suction for 
the condition of constant longitudinal mass 
flow [20B]. A circumferentially variable heat 
flux may lead to large circumferential variations 
in wall temperature [30B]. 

Two interesting problems in laminar heat 
transfer in tubes relate to the effects of non- 
isothermal chemical reactions [l0B] and to 


non-Newtonian viscosities [28B]. In the latter 
case, correlations are given with an accuracy of 
+ 10-15 per cent for flow in tubes having uniform 
wall temperature. 
In contrast to the purely analytical studies for 


laminar flow, the turbulent case has been treated 
both analytically and experimentally. For flow 
in tubes, analytically-derived Nusselt numbers 
for both the entrance and fully-developed regions 
are only slightly different for the boundary 
conditions of uniform wall temperature and 
uniform wall heat flux when the Prandtl number 

0-7 [34B]. An analysis gives heat transfer 
results when there is an internal heat generation 
in the flowing fluid [33B]. A critical review of the 
analogies between heat, momentum, and mass 
transfer resulted in a correlation for turbulent 
heat transfer in smooth tubes covering Prandtl 
(or Schmidt) numbers between 0-46 and 3000 
[27B]. Experiments were made on the turbulent 
flow of gaseous hydrogen in circular tubes at 
high pressures and high heat fluxes [17B, 24B]. 
The results could be correlated by Dittus— 
Boelter type formulas, provided that the fluid 
properties were properly evaluated. An extensive 
experimental program covering the Reynolds 
number range 20000 to 250000 produced data 
for heating and cooling of air and carbon 
dioxide with large gas-to-wall temperature 
differences [41B]. It was found possible to 


correlate data for the low-temperature dis- 
sociating system N,O, 2 2NO, by using suitably- 
averaged equilibrium properties and a mean 
kinematic viscosity in the Reynolds number 
[SB]. Thermal entrance region effects were 
clearly delineated in an experiment with air in 
the transition and low turbulent regimes [16B]. 
In a fundamental experimental study, tempera- 
ture and velocity profiles were measured in the 
thermal entrance region of a circular tube 
(hydrodynamically-developed velocity) [1B]. 
Eddy diffusivities for momentum e,, and for 
heat «, were computed from the data, and the 
ratio e,/e,, was found to be almost constant 
across the section, but rose to high values 
(~3 or 4) near the wall. A complementary 
analysis of the distribution of the radial heat 
flux [11B] was found useful in analyzing the 
data. 

Turbulent heat transfer in non-circular ducts 
has been studied. Calculation of heat transfer 
at one wall of a parallel plate channel (other side 
insulated) by using the heated periphery in the 
evaluation of the hydraulic diameter 
analytically explored and found to apply only 
for Prandtl number = 2 [19B]. A critical survey 
of heat transfer data for the annulus led to the 
conclusion that heat transfer at the outer pipe 
surface is calculable using the hydraulic diameter 
with wetted perimeter, but that there is no simple 
rule for the inner pipe [40B]. Analytical heat 
transfer predictions for turbulent flow in equi- 
lateral triangular and square cross-sections were 
calculated by applying generalized velocity and 
temperature profiles from circular tubes [13B]. 
Experiments for air flowing in an electrically- 
heated duct of isosceles triangular cross-section 
(11-46° apex angle) reveal thermal entrance 
lengths in excess of 100 diameters, in contrast to 
10-20 diameters for the circular tube [15B]. 

Unsteady laminar and turbulent heat transfer 
results corresponding to prescribed time-varia- 
tions of tube wall temperature were derived by 
solving the time-dependent energy equation for 
the fluid [32B, 37B]. Another approach assumes 
that the turbulent heat transfer coefficient is 
unchanging with time and position and com- 
putes the temperature response of the fluid and 
tube wall to changes in internal heat generation 
in the wall [3B]. An experiment (Re < 2200) 
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demonstrates that large increases in heat transfer 
can be attained by vibrating a duct wall normal 
to the direction of the main flow [31B]. 

Several interesting studies relating to swirling 
and vortex flows were carried out. Experiments 
with water and air flowing through pipes with 
several types of inserts and swirl promotors show 
both large increases in heat transfer and reduc- 
tions in the pumping power per unit heat 
transfer [21B]. Additional experimental results 
on this same problem are also reported in [18B]. 
Electrically-heated rotating tubes and annuli 
with throughflow, some running full and others 
partially filled, provided heat transfer data for 
water characterized by three distinct flow regimes 
depending on rotational speed [22B]. The 
throughflow Reynolds number was under 1000. 
Two analytical treatments of the vortex tube 
have appeared, neither fully predictive. In one, 
an inviscid flow model is assumed which com- 
bines a vortex, a sink, and a uniform axial flow 
[23B]. In the second, a turbulent compressible 
vortex is postulated in which pe (p density, 
é eddy viscosity) is assumed constant, with « 
undetermined [12B]. It is concluded that energy 


separation is primarily caused by the turbulent 
shear work. 


BOUNDARY-LAYER FLOW 

Boundary-layer solutions 

The main emphasis in recent boundary layer 
heat transfer analysis has been on approximate 
solutions and calculation methods. However, 
some work relating to exact solutions and classi- 
cal-type problems continues. Among these, the 
requirements for similar solutions of the energy 
equation were examined for laminar flow [58C]. 
If the wall temperature is uniform or varies 
according to a power law, the similarity require- 
ments are identical to those for the velocity 
problem. Adiabatic wall temperatures for 
laminar flow of high Prandtl number fluids over 
a flat plate have been re-examined [37C] and 
more accurate results calculated. An analysis has 
provided the heat transfer response of a cylinder 
or sphere immersed in a fluctuating laminar 
flow with small mean velocity [27C]. There has 
been further study of the wall jet (a free jet 
bounded on one side by a wall) relating to com- 
pressibility and heat transfer characteristics 
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[SC]. A study of Reynolds analogy for the 
laminar flat-plate boundary layer with blowing 
reveals that the ratio of Stanton number to 
friction factor increases with the blowing velocity 
[20C]. Mangler’s transformation, which reduces 
axial-symmetric boundary-layer problems to 
plane problems, has been successfully applied 
in the analysis of the high-speed, compressible 
boundary layer on a cone and results were 
obtained utilizing prior flat plate solutions [23C]. 
The unsteady flow and heat transfer on a flat 
plate moving with time-dependent velocity into 
a compressible fluid has been attacked using a 
series-expansion method [19C]. 

The calculation of heat transfer from non- 
isothermal surfaces continues to be of interest. 
A set of variable wall temperature solutions for 
laminar and turbulent flow over a flat plate 
is tabulated [4C]. Application is made to laminar 
flow over a plate whose surface has two separated 
isothermal zones and is otherwise insulated; 
mass transfer experiments with naphtalene agree 
well with the theory [53C]. Lighthill’s super- 
position integral for computing laminar heat 
transfer with variable wall temperature and 
variable free-stream velocity has been generalized 
to include the effects of aerodynamic heating 
[34C]. 

The compressible laminar boundary layer with 
variable free-stream velocity and isothermal wall 
has been analyzed to various degrees of approxi- 
mation. In one case, Stewartson’s transforma- 
tion is used to reduce the compressible conser- 
vation laws to those for an incompressible fluid 
and a series solution obtained [42C]. In a second 
study, the energy equation is eliminated by 
writing the temperature as a quadratic function 
of the velocity, which is in turn approximated 
by a quintic polynomial in the normal co- 
ordinate [16C]. Practical calculation procedures 
for determining the laminar heat transfer on 
blunt hypersonic vehicles are presented in [41C] 
and [65C]. 

An initial study of laminar non-Newtonian 
boundary-layer flow and heat transfer is based 
on the assumption that the shear stress is pro- 
portional to a power of the velocity gradient 
[1C]. For the flat plate, it was found that 
although the velocity solutions obeyed similarity, 
the temperature did not. Also of particular 





HEAT TRANSFER, A REVIEW OF CURRENT LITERATURE 227 


interest are the finite-difference solutions for 
axially-symmetric blunt bodies which were 
carried out without similarity assumptions [33C]. 
Laminar flow and heat transfer on a flat plate 
with wedge-shaped grooves in the flow direction 
was analyzed by the Karman—Pohlhausen 
method [28C]. Relative to laminar flow over a 
plane plate, the grooves lead to an increased 
heat transfer. 

Turbulent boundary layers continue to resist 
exact solution, but there is considerable activity 
in finding approximate results. Deissler’s eddy 
diffusivity expressions form the basis of an 
analysis of high-speed flat-plate flow and heat 
transfer under conditions of variable fluid 
properties and frictional heating [17C]. Results 
are given for Mach numbers up to 20. Another 
approach to this same problem starts by ana- 


lyzing velocity data and obtains the variation of 


the shear across the boundary layer [54C]. This 
information is then utilized to integrate the 
energy equation for the flat plate [S4C, 55C]. 
This same paper [55C] evolves a relationship 
between compressible and incompressible turbu- 
lent boundary layers with pressure gradient and 
Prandtl number not equal to unity. The turbulent 
compressible boundary layer over a slightly 
yawed cone is made tracable by assuming 
1, 7-power laws for the velocity distribution and a 
modified Blasius shear law [7C]. For a highly- 
cooled, blunt-nose body under hypersonic con- 
ditions at an angle of attack, it is demonstrated 
that the cross-flow velocity is negligible and that 
heat transfer is calculable by two-dimensional 
methods [62C]. A relatively simple relation for 
calculating turbulent heat transfer on a blunt 
body has been derived by postulating a simple, 
but unsupported, relation between enthalpy 
thickness and momentum thickness [64C]. 
Three interesting Russian papers relating to 
approximate heat transfer calculations have 
recently appeared in the literature. For the 
laminar boundary layer with arbitrary free- 
stream velocity, a method is proposed in which 
successive moments of the energy equation are 
taken [51C]. Various form factors (i.e. thickness 
parameters) are needed and these are obtained 
from flat plate and wedge-flow solutions. A 
second study treats the same problem, but 
extends consideration to laminar, transition, and 


turbulent flows [68C]. An integral analysis is 
utilized, and this is implemented by a semi- 
empirical law for the convective thickness. 
The final results require a knowledge of the 
locations at which transition begins and ends. 
A third paper considers the heretofore-neglected 
effects of density fluctuations on compressible 
turbulent flow and heat transfer about a flat 
plate [32C]. 


Dissociation and chemical reactions 

Fourier’s equation, describing heat conduction 
in a medium with variable heat conductivity, can 
be made linear by introduction of a heat flux 
potential defined as the integral of heat conduc- 
tivity over temperature. This equation is used to 
study analytically unsteady heat transfer in a 
stationary gas with chemical reactions [26C]. A 
considerable number of papers are concerned 
with the prediction of laminar heat transfer to 
high-speed objects, like missiles or satellites, 
moving or re-entering through the atmosphere. 
The air surrounding the object is then heated to 
such a degree that dissociation of the molecules 
may occur. The problem to determine whether 
chemical equilibrium or frozen condition with 
regard to dissociation of oxygen exists is investi- 
gated by a comparison of a_ characteristic 
residence time of the atoms within the boundary 
layer to a characteristic chemical reaction time 
[2C]. The simultaneous effect of a finite re- 
combination rate of oxygen atoms and of fluid 
injection has been calculated for Couette flow 
and for a flat plate of infinite extent suddenly set 
in motion (Rayleigh’s problem) [9C]. A similar 
calculation using an integral method and the 
assumption that Prandtl and Lewis numbers 
are equal to one and that the dissociation is a 
second order reaction gave the result that for 
Mach numbers between 10 and 20 and a flight 
altitude of between 50000 and 200000 ft, 
equilibrium is never approximated within the 
boundary layer on an adiabatic flat plate [11C]. 
A similar calculation for flow over blunt bodies 
is reported in two papers [61C, 12C]. Re-com- 
bination may also occur on a catalytic surface 
even when the dissociation is frozen within the 
boundary layer itself. A calculation of such a 
situation assumes a first order surface re-com- 
bination, a constant Schmidt number, constant 
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wall temperature and a gas for which the product 
of density times viscosity is constant [10C]. The 
results are well approximated by a simple 
empirical equation. The postulate of local 
similarity and use of constant property relations, 
into which the properties are introduced at a 
reference enthalpy, leads to heat transfer infor- 
mation which is in good agreement with the 
results of more involved boundary-layer solu- 
tions [18C]. Tables have been prepared from 
which laminar skin friction and heat transfer 
parameters can be read for flow of air with 
equilibrium dissociation over flat plates at 
angles of attack from 0 to 50°, for wall tempera- 
tures from 1000° to 3000°R and free stream 
velocities of 10000 to 28 000 ft/s [48C]. Simple 
relations for the properties of a dissociated gas 
with frozen chemical composition are reported 
[22C]. 

The chemical reaction of a gas released from a 
surface with a gas flowing in a laminar boundary 
layer over the surface occurs in a narrow reaction 
zone, provided the reaction rate is very rapid. 
The location of this zone is calculated, assuming 
a gas with Prandtl and Schmidt numbers equal 
to one and with a constant product of density 
and viscosity [21C]. A corresponding experi- 
mental study has been reported [36C]. The 
derivation from basic principles of the energy 
equation of a chemically reacting gas flowing at 
a low density over a surface indicates that energy 
transport caused by shear work at the surface 
has to be considered when slip occurs at the 
surface [47C]. 


Magnetohydrodynamics 

An excellent introduction into magneto- 
gasdynamics and its possible aeronautical appli- 
cations discusses the use of magnetic fields to 
nodify the forces and heat transfer on objects 
exposed to the flow of a conducting fluid [S50C]. 
Air is becoming electrically conducting by 
ionization at sufficiently high temperatures. The 
electric conductivity can also be increased by 
seeding with caesium or potassium. The influence 
of a magnetic field on heat transfer has been 
calculated for a number of various geometries 
and laminar flow situations: flow between two 
infinite parallel plates with the plate temperature 
varying stepwise in flow direction and with a 
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magnetic field normal to the plates [39C]; 
hypersonic flow in the region of a 3-dimen- 
sional stagnation point [30C]; wedge-type flow 
resulting in similar solutions for proper boundary 
conditions [31C]; flow past an infinite porous 
flat plate in the presence of a transverse magnetic 
field and with fluid ejection [25C]; steady and 
transient free convection on a vertical plate with 
a transverse magnetic field |24C]; convective 
motion of a conducting fluid between parallel 
vertical plates [44C]; free convection in the layer 
between a lower heated and an upper cooled 
surface [38C]; free convection of mercury in a 
closed circular tube with a transverse magnetic 
field [52C]. The calculations re-confirm the fact 
that heat transfer can be decreased by the 
proper application of a magnetic field. However, 
very large fields are required to get a reasonable 
reduction. The analogy between the magnetic 
vector potential and the temperature field, which 
exists when the electric field in the flow is zero or 
negligible, has been utilized to obtain informa- 
tion on the magnetic field for various geometries 
[35C]. The stability of laminar flow in a boun- 
dary layer or channel and the influence of a 
magnetic field has been analyzed by an extension 
of Tolmien’s method [46C]. In general, a 
magnetic field stabilizes the flow except for 
conditions where it creates velocity profiles with 
inflection points. One of the rare experimental 
studies in magnetofluidmechanics is reported 
[6C]. A hemispherical model of an eutectic alloy 
of bismuth with 117°F melting temperature was 
exposed to a stream of hot water and the 
melting process was filmed. A coil around the 
model support and a 6 V battery generated a 
magnetic field of 5000 G in the water. The velo- 
city in the molten layer decreased and the thick- 
ness increased when a magnetic field was applied. 
A preliminary report [56C] describes experi- 
ments on heat transfer to a water-cooled copper 
tube exposed to a carbon arc discharge with 
7000°K temperature or a water plasma jet with 
14000°K. Heat flux densities of 10° W/m? and 
10° W/m?, respectively, have been measured. 


Experimental investigations 

A considerable number of papers reported on 
experimental investigations measuring heat 
transfer in supersonic flow to objects with various 
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geometries. Use of a shroud with proper design, 
surrounding the model, gives the possibility to 
investigate large models in wind tunnels with 
restricted cross section [15C]. Laminar heat 
transfer on a cylinder normal to rarefied flow 
was found to be in good agreement with pre- 
dictions by Lees’ method [60C]. Use of the 
reference enthalpy method and flat plate 
relations based on local conditions described 
satisfactorily turbulent heat transfer on blunt 
objects [I15C]. Simple approximate expressions 
were developed describing the maximum turbu- 
lent boundary layer heating rates on a hemi- 
spherical nose [3C]. Experiments on heat transfer 
in Laval nozzles with flow of superheated steam 
gave good agreement with a turbulent boundary- 
layer method by Bartz but showed considerable 
deviations from tube flow relations [43C]. 


Measurements on heat transfer to cones arranged 
in supersonic flow with Mach numbers between 
2 and 5 and with various angles of attack [8C, 
29C, 59C] indicate that heat transfer at the 
stagnation line increased up to four-fold with 
increasing angle of attack. The heat transfer in 
the separated region was sometimes found to be 


as large as the heat transfer at the stagnation 
line. Skin friction in a compressible turbulent 
boundary layer on a cone is reduced by the 


injection of air, or Freon-12 and especially of 


helium [40C]. The reduction was found to 
decrease with increasing Mach number. The 
effect of surface cooling on boundary-layer 
transition was studied on a 15° cone at a Mach 
number 4 [66C]. Heat transfer to the leading 
edge of a wing exposed to a high Mach number 
flow can be considerably reduced if the leading 
edge is arranged oblique to the flight direction 
[14C]. Experiments on turbulent heat transfer 
from a non-isothermal flat plate established the 
following relations 


ca 0-4 


0-0296 Re, 0-2 Pr 0-4 = 


Str 


Stanton number, Re, Reynolds num- 
ber, Pr = Prandtl number, Too = upstream fluid 
temperature, 7, plate surface temperature) 
for a constant wall temperature and 


(St T 


St/Str = (1 — (é/x)®9]19 


describing the Stanton number at location x for 
a wall temperature which changes at location 
from Tx to T,, [45C, 13C]. Experiments on heat 
transfer near a convex corner normal to the 
flow direction [67C] and near a concave corner 
parallel to the flow direction [57C] were reported 
In the latter situation, laminar heat transfer was 
found to be up to 50 per cent higher near the 
corner due to shock boundary-layer interaction 
Turbulent heat transfer was not influenced by 
the vicinity of the corner. Free stream turbulence 
produced by a screen had the following effect on 
local heat transfer to a cylinder normal to the 
flow direction: laminar heat transfer increased, 
transition Reynolds number was reduced, tran- 
sition in the separated boundary layer occurred 
earlier, and the low temperature recovery factor 
at the rear of the cylinder disappeared [49C] 
Local heat transfer coefficients on a surface. on 
which an air jet impinges normally, have been 
measured [63C]. Some peculiarities of the 
results are probably caused by the 
test configuration. 


specific 


FLOW WITH SEPARATED REGIONS 

Analytical and experimental studies in the 
recent past have considerably increased our 
understanding of the heat transfer process in a 
separated region. The separated boundary layer 
behind a step in the surface contour can either be 
laminar or turbulent. Heat transfer measure- 
ments [9D] in the region of a separated flow 
with laminar boundary layer agreed well with an 
analysis by Chapman. In flow with a turbulent 
separated boundary layer, experimental heat 
transfer coefficients were considerably lower than 
calculated [9D, 11D]. A maximum heat transfer 
occurs at the point where the flow re-attaches to 
the surface. The average heat transfer coefficients 
are, however, considerably lower for separated 
flow than for attached boundary layers. This 
suggests the possibility to utilize separated flow 
at locations where one wants to have a small 
heat transfer, for instance, on high velocity air- 
craft or satellites. The shroud technique 
described in the boundary-layer section has been 
successfully applied to study heat transfer on the 
downstream part of blunt objects [2D]. Accom- 
modation coefficients and Nusselt numbers have 
been determined for hypersonic gas flow normal 
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to a cylinder from the free molecule to the 
continuum regime [13D] and also for a fluid 
with small Prandtl number [1D]. 

Pebble bed heaters are widely used to generate 
a high temperature gas stream, for instance, for 
supersonic wind tunnels. Experiments on such a 
heater [8D] established the following relation 

r the heat transfer to the packed alumina 
spheres in the heater 


St Pr?® = 0-400 Re-®-437 


Stanton number, Pr Prandtl number, 

é Reynolds number). This relation is 
surprisingly close to the one for a single sphere. 
Experiments were also concerned with heat 
transfer to the wall surface in a packed bed [14D] 
s well as in the bed itself [4D]. An analysis on 
heat (nuclear reactors) 


nternal generation 


established the tendency to develop hot spots 
{SD}. A similar analysis allows calculation of the 
unsteady temperature distribution in a packed 
bed for any initial temperature distribution and 
temperature variation of the entering gas [7D]. 
Heat transfer coefficients from a moving bed of 


quartz sand to the walls of a circular tube have 
been established [6D]. Measurements on heat 
transfer to the particles in a fluidized bed [10D. 
3D] established heat transfer relations and a 
survey of previous experiments on heat transfer 
between a fluidized bed and a vertical tube 
resulted in two correlations, one for fine particles 
with predominantly viscous flow and another 
ne for coarse particles with predominantly 
inertial forces [12D]. Considerable deviations 
between the results of the various experiments 
demonstrate the relatively poor knowledge of 
this flow and heat transfer process. 


TRANSFER MECHANISM 

K nowledge of the laminar or turbulent state of 
the flow and of the transition location is one 
f the most important prerequisites to a pre- 
diction of heat transfer. Visual observation and 
hot wire measurements contributed strongly 
to our understanding of the transition process 
[6E, 3E, SE, 8E, 13E, 9E]. The following model 
of the transition process has evolved from these 
studies: Transition is usually initiated by 
instability waves which amplify in downstream 
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direction and roll up into vortices. Such vortices 
with straight axes in shear flow are unstable and 
deform in the way that the axis builds loops. At 
the loops, the fluctuations are especially intense 
and cause the vortex to break down rapidly 
into finer and finer vortices (turbulent spots). 
This transition process occurs also in a separated 
laminar boundary layer [IOE]. The reverse 
transition from a turbulent into a laminar 
boundary layer can occur under specific situa- 
tions [14E]. The effect of an isolated [IE] or 
distributed [17E] roughness on transition in a 
supersonic flow can well be characterized by a 
roughness Reynolds number based on roughness 
height and velocity at roughness height for sub- 
sonic flow or sound velocity corresponding to 
the state at roughness height for supersonic 
flow. A shock tube is an excellent tool to study 
heat transfer and boundary-layer transition at 
high Mach numbers and temperatures [7E]. The 
turbulence intensity at the center of a flame 
holder plane was found to decrease when the 
ratio of mean free path length to Kolmgoroff 
scale exceeded a value 0-01 [IIE]. Analytical 
work on the transition process has proceeded 
[4E] and it is claimed that it now predicts the end 
of transition as well as its initiation [15E]. The 
theory of decaying homogeneous turbulence was 
improved by inclusion of quadruple correlations 
[2E]. The ratio of eddy diffusivities for momen- 
tum and heat is predicted as one by an analytical 
study [I6E]. Van Driest’s relation for the 
friction factor for turbulent flow near a wall is 
extended to flow at high Mach numbers and 
large temperature differences [12E]. 


NATURAL CONVECTION 

Analytical and experimental activities covering 
a broad range of problems in natural convection 
and combined natural and forced convection 
have been reported. Among the analytical 
studies, boundary-layer problems continue to be 
of interest. The wall temperature variations 
which permit steady and unsteady similarity- 
type boundary layers were examined [42F] in a 
formal manner, but without numerical solutions. 
Two improvements in the integral method of 
solution (i.e. Karman—Pohlhausen) are proposed. 
In one, velocity and temperature profiles are 
used which contain both exponentials and 
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powers of the distance from the wall [9F]; 
while in the second, the boundary layer is sub- 
divided into two zones depending on the relative 
importance of various transport mechanisms 
[4F]. Generalization of a previous integral 
solution is made to provide the wall temperature 
corresponding to an arbitrary variation of wall 
heat flux [IF]. The natural convection in a 
heated plume (jet) which rises above a horizon- 
tal wire has been analyzed by similarity solutions 
[SF, 34F]. Blowing or suction through a vertical 
isothermal plate (v, '4 x vertical) is 
found to significantly alter the heat transfer [6F]. 
An integral method is utilized to study the effects 
of a horizontal magnetic field (B magnetic 
intensity ~ x~!*) for the case of an isothermal 
vertical plate [I5F]. Conditions have been 
derived under which unsteady natural convection 
in gases can be treated as quasi-steady [37F]. 
Several papers relating to the analysis of 
combined natural and forced convection have 
appeared in the literature. The flow and heat 
transfer in a vertical tube with a linear tempera- 
ture gradient in the vertical direction has been 
solved (once again) by direct mathematical 
methods [26F]. A new approach appropriate 


to this thermal boundary condition uses complex 
variable theory and is illustrated for circular 


[38F] and rectangular [39F] cross sections. 
Another method for this type of problem is 
based on successive use of finite Fourier and 
Hankel transforms [23F] and solutions are 
given for the circular sector. Analytical studies 
have been performed to determine the inter- 
action of a transverse (i.e. horizontal) magnetic 
field on the flow in a vertical tube [35F] or 
parallel plate channel [33F]. A_ correction 
formula for small buoyancy effects in fully- 
developed laminar flow and heat transfer in a 
horizontal tube has been found to involve the 
product of the Reynolds and Rayleigh numbers 
[27F]. Buoyancy effects have also been studied 
for low Reynolds number flow about a sphere 
for both aiding and opposing conditions [21F]. 
Further analyses have covered a variety of 
subjects. The thermosyphon, which is a heated 
tube closed at the bottom and open at the top to 
a cooled reservoir, has been studied for the 
condition of a small angle of tilt relative to the 
vertical [22F]. A small increase in heat transfer 
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is predicted. Closed-loop natural convection 
inside a horizontal cylinder whose temperature 
varies sinusoidally over the surface is analyzed 
by an integral method assuming a boundary 
layer near the wall and a rotating core [I0F]. A 
mathematical study has been made the 
uniqueness of solutions for weak (low Grashof 
number) convection [8F]. The hot gases pro- 
duced by a fire experience an upward buoyant 
force. The characteristics of the ensuing turbu- 
lent natural-convection flow are predicted for a 
fire of arbitrary size in an atmosphere of arbitrary 
lapse rate [28F]. An order of magnitude estimate 
leads to the conclusion that natural convection 
caused by centrifugal forces (e.g. internal cooling 
of turbine blades) can be important even if the 
forced-convection mainflow is turbulent [43F] 
A new correlation formula 


of 


Vu 0-11 (Gr Pr)? (Gr Pr)®? 


is proposed [I6F] for predicting overall heat 
transfer from vertical plates and horizontal 
cylinders over the Grashof—Prandtl range from 
10-7 to 10". 

Considerable interest, both analytical and 
experimental, continues in the Benard problem. 
wherein a thin horizontal layer of fluid is heated 
from below. For sufficiently large temperature 
differences, the quiescent state becomes unstable 
and fluid motion in various cellular patterns 
in. A non-linear theory is advanced to 
explain the preference for hexagonal cells [31F]. 
For such a cell pattern, the streamline pattern at 
the point of instability has been derived [32F]. 
The heat transfer through such a flow has been 
determined [29F] and the effects of a super- 
posed magnetic field studied [29F]. When the 
heated layer is subjected to a time-dependent 
body force, the Rayleigh number at which 
instability sets in is found to be much higher than 
in the steady case [1IF]. Another interesting 
variant of the Benard problem is the super- 
position of a rotation about the vertical axis of 
the heated fluid layer. If a metallic liquid such as 
mercury is thus heated and rotated, the flow 
pattern at the onset of instability is charac- 
terized as overstable oscillations. The charac- 
teristics of this flow pattern are explored 
experimentally [30F] and the heat transfer 
determined [13F]. 
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A very large increase in free convection heat 
transfer near the critical point has been reported 
in past investigations. Additional experiments 
to explore this phenomenon have recently been 
undertaken. In one test, an electrically heated 
horizontal wire was immersed in Freon-114A 
[14F]. Visual observations at pressures beyond 
the critical revealed bubble-like aggregates 
(Fig. 1), but there was no large heat transfer 
increase as in nucleate boiling. A second experi- 
ment carried out with Freon-12 in a natural- 
circulation loop also failed to find dramatic 
ncreases in heat transfer [17F]. 

Several experiments on unsteady free convec- 
tion are reported. A vertical plate immersed in 
water was subjected to a step-function change in 
wall heat flux [12F]. Interferometric studies of 
the temperature field revealed that during the 
transient, the boundary layer overshot its steady 
state thickness; but, there was no marked over- 
shoot of the wall temperature. The question of 
whether the transient surface temperature can 
overshoot the steady state value was further 
explored with the aid of an circuit 
analogue [2F]. This apparatus was used to 
analyze overshoot data from an electrically 
heated wire immersed in a sucrose solution [3F]. 
Disturbances have been set up in a free convec- 
tion boundary layer by periodic pulsing with a 
fine heated wire, and the resulting boundary 
layer oscillations observed with an interferometer 
[I18F, 19F]. Photographic techniques have also 
been used to observe the effect of a sound field 
on free convection about a horizontal cylinder 
[7F]. Above a certain critical sound pressure 
level, a flow pattern characterized by the presence 
of two vortices above the cylinder is formed. 

Steady-state natural convection experiments 
have been carried out for a variety of configura- 
tions. The utility of the interferometer as a 
research tool is discussed and illustrated by 
photographs of the temperature field about 
various plates and cylinders [36F]. The measured 
effect [24F] of tilting a liquid-filled thermo- 
syphon is to decrease heat transfer for small tilt 
angles (in contradiction to Ref. 22F) and to 
increase heat transfer at larger angles of tilt. 
Steady-state heat losses from an inclined tube, 
heated at the base and filled with air, are reported 
as a function of inclination angle, tube diameter, 
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and wall conductivity [20F]. No consistent 
trend with angle is apparent. Temperature 
distributions and heat transfer have been deter- 
mined for natural convection within a horizontal 
cylinder, the two vertical halves of which are 
maintained at different temperatures [25F]. A 
detailed investigation of the mean and fluctuating 
temperatures above a horizontal heated flat 
plate was performed to gain insight into the 
structure of the turbulent convection [40F]. The 
heat transfer characteristics of spheres, both 
for purely natural convection [41F, 44F] and for 
combined natural and forced convection [44F], 
have been furnished by experiment. 


CONVECTION FROM ROTATING SURFACES 

By extending a previous analysis for a rotating 
disc, an approximate evaluation of the effect of 
curvature on the laminar heat transfer from a 
rotating spherical cap has been investigated 
[1G]. The theory which is valid for large Prandtl 
numbers allows an arbitrary meridional distribu- 
tion of surface temperature. Another study [4G] 
relates to the heat transfer by laminar flow from 
a rotating sphere and thus also examines the 
curvature effect. 

A rotating disc with mass injection or suction 
at the disc surface has been investigated [5G]. 
Laminar results are given for the velocity, 
temperature and mass-fraction distributions as 
well as for the heat transfer, mass transfer, and 
torque requirements. Asymptotic solutions are 
given for large suction velocities and it is shown 
that fluid injection sharply decreases the heat 
transfer at the disc surface. 

An infinitely long rotating circular pipe has 
been investigated under the conditions of 
constant rotational speed and a constant axial 
temperature gradient [2G]. The effects of com- 
pressiblity are examined by considering the 
fluid to be a perfect gas. Another internal flow 
situation, the motion of a fluid inside a rotating 
annulus of square cross section, has been studied 
[3G]. The inside annulus dimensions are taken 
to be small compared to the distance from the 
axis of rotation, and the side walls are held at 
different constant temperatures. Particular atten- 
tion is paid to the cell-like flow which develops 
at low thermal Rossby numbers. 

The final paper in this series [6G] presents an 





Fic. 1. Bubble-like aggregates in free convection 


at supercritical pressures (Ref. 14F). 
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analysis of the cellular motions within a hori- 
zontal rotating fluid layer which is heated from 
below. The distortion of the cell boundaries 
due to rotation are described. 


COMBINED HEAT AND MASS TRANSFER 

Under the influence of the re-entry problem, 
a number of papers have been published recently 
which report mass transfer experiments and 
design criteria for surfaces under the influence of 
large heat fluxes. The ablation characteristics of 
a number of plastics reinforced with inorganic 
fibers are reported in [20H]. The information 
which was obtained in a rocket exhaust is 
reported as “effective heats of ablation” for the 
various materials. This figure of merit represents 
the heat absorbed per unit mass of ablated 
material. A discussion [16H] is given of the 
agreement between experiment and _ various 
analyses when Teflon is exposed to the stagna- 
tion enthalpy and pressure levels encountered in 
hypersonic flight. The study concludes that 
caution must be exercised in the prediction of 
mass transfer rates of chemically reacting species. 

A simplified analysis is presented of hyper- 
sonic ablation in [14H] where it is concluded 
that the radiation heat flux is negligible compared 
to the heat absorbed by ablation. A calculation 
also illustrates the change in shape of a hemi- 
spherical nose cone during re-entry. In [IOH], the 
results of ablation tests in a plasma discharge on 
copper, aluminum, stainless steel, molybdenum, 
zircon, mullite, alumina, linen bakelite, nylon, 
and graphite are reported. Heat balances and 
“effective heats of ablation” are included. 

Ablation characteristics of clear and opaque 
quartz were determined experimentally in an air 
arc wind tunnel [2H]. Comparison of the data 
with the analysis of Bethe and Adams showed 
agreement within 8 per cent. Another analysis 
of stagnation point melting-ablation [1H] 
indicated that for glassy materials the thermal 
diffusivity is an important parameter when 
designing for minimum weight. In a paper con- 
sidering sublimation in a hypersonic environ- 
ment [15H], the pertinent equations are derived 
for the simultaneous processes of diffusion, 
convection, and thermal exchange and applied 
to the vaporization of a refractory material. 

A series of studies has been reported which 
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deal with mass injection into turbulent boundary 
layers. New experimental results [4H] with 
refined radiation-conduction corrections over 
previously published results indicate that the 
Rubesin analysis tends to overestimate the 
reduction in Stanton number from blowing. 
Another experimental study [I8H] reports on 
sublimation mass transfer from an adiabatic 
sharp-edged flat plate under free stream Mach 
numbers of 0-43, 2-0 and 3-5. An analysis of 
friction and heat transfer in turbulent compres- 
sible flow extended to these low mass transfer 
rates shows good agreement with the experi- 
mental data. 

A study of available experimental data has 
been carried out to evaluate various turbulent 
theories [8H]. Particular attention was given to 
the influence of the molecular weight of the 
injected gas on the reduction in Stanton number. 
An analysis [21H] is presented for injection into 
an incompressible turbulent boundary layer 
under the hypothesis that the effect of injection 
is restricted to the sub-layer region. Experi- 
mental measurements tend to substantiate this 
hypothesis and the solution for this model is 
particularly simple for smal! values of injection 
and contains no arbitrary parameters. A two- 
dimensional Laval nozzle with nitrogen injection 
into a nitrogen free stream has been studied [7H]. 
Experimental heat transfer measurements are 
compared to Rubesin’s turbulent theory. A 
series of measurements has also been made [13H] 
of the skin friction in a compressible turbulent 
boundary layer on a cone. Injected gases into 
an air free-stream consisted of helium, air and 
Freon-12. 

An experimental study is reported [12H] of the 
effect of slot injection angle in film cooling 
effectiveness. Data were obtained from normal 
hole configurations and angled slots. The effect 
of shock generated vorticity on mass transfer 
effectiveness has been investigated [9H]. It is 
shown that reduction in heat transfer rates due 
is substantially than 
spheres and 


to mass injection less 
boundary-layer predictions for 
cylinders due to this vorticity 

A laminar analysis of helium injection into 
air has been carried out considering the effect 
of a free stream pressure gradient [3H]. The 
influence of the pressure gradient on both the 
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skin friction and heat transfer was investigated. 
Another laminar analysis [6H] considers the 
case where there is constant injected mass flux 
at the plate surface. This condition is compared 
to the previous cases investigated of either a 
blowing velocity distribution that yields a 
constant surface temperature or one of uniform 
blowing velocity. Solutions have also been 
presented [SH] for the compressible laminar 
boundary layer on yawed cylinders with trans- 
piration cooling. The results indicate that at 
large Mach numbers and yaw angles an incom- 
pressible analysis underestimates the amount 
of coolant required. 

An unusual mass transfer condition has been 
investigated [17H] where the injected velocity 
was as large as 19 times the free stream velocity. 
This was done by examining an evaporating 
liquid into a low-speed inert gas at pressures 
near the vapor pressure of the liquid. Another 
study [11H] has examined the effect of a de- 
celeration force on a melting boundary layer 
which opposes the downstream flow of the liquid. 

The reader's attention is called to a summary 
article by Professor D. B. Spalding entitled 
“Heat and Mass Transfer in Aeronautical 
Engineering” [19H]. Utilizing the mass transfer 
literature, Professor Spalding develops design 
procedures for a number of specific technical 
problems. Typical of the problems considered 
are the calculation of the rate of burning of a 
graphite heat shield and the rate of enlargement 
of the throat area of a solid-propellant rocket 
motor having a graphite nozzle. 


CHANGE OF PHASE 

The extensive experimental and analytical 
work in this area reflects both the broad scope 
and complexity of the problems. 
To gain understanding of 


boiling 
mechanism, experimental studies have examined 
bubble mechanics. Photographic evidence of 
nucleate boiling in a rectangular cross section 


the 


flow channel yields expressions for bubble 
growth, collapse, and distribution of maximum 
bubble diameters which are related to bubble 
energy transport [33J]. Examining the problem 
of bubble formation in superheated liquids and 
drops, [22J] reports data and correlations useful 
in predicting conditions required for homo- 


IRVINE, JR., E. M. 


SPARROW and W. E. IBELE 
geneous nucleation, while [4J] gives measured 
bubble growth in various superheated liquids. 
Using aqueous solutions of surface-active agents, 
bubble formation was observed and the in- 
creased boiling coefficient attributed either to a 
decrease in dynamic surface tension or an 
increase in active nuclei in solution [14J]. High 
speed photographs show generation and growth 
of bubbles from a single orifice source in a liquid 
N,—O, mixture [6J]. 

A step toward the economic recovery of fresh 
water appears in the use of thin, evaporating and 
condensing films (Fig. 2) to yield overall heat 
transfer coefficients as high as 8000 Btu h ft® ~F 
{[21J]. Heat transfer coefficients for film boiling 
of Helium I from a single wire agree with those 
for other liquefied gases [7J]. The forced 
vaporization of water, carbon tetrachloride, 
benzene, methanol, and n-butyl alcohol in a 
tapered tube permits the influence of evaporation 
area to be evaluated [5J] and natural convection 
boiling results for liquid Freon-12 in a single 
tube appear in [20J]. Using hydrodynamical 
model, [36J] examines transition of water from 
bubble to film boiling for various values of 
pressure, water velocity, and subcooling. Liquid 
superheating shows influence on boiling coeffi- 
cients [34J, 16J] depending on presence or 
absence of bubbles which originate from active 
sites determined by surface roughness [16J]. 

Analytical efforts consider the hydrodynamic 
boundary condition (i.e. temperature jump and 
pressure deviation from equilibrium) for 
evaporation and condensation [15J] and 
vaporization processes in the hypersonic, laminar 
boundary layer for a vehicle of arbitrary material 
{[25J]. The correlation of existing data yields 
generalizations of heat transfer for nucleate 
boiling [23J, 18J]. 

Evaporating liquids into low-speed, inert, gas 
streams at pressures nearly that of the liquid 
vapor pressure shows the influence of high 
concentration gradients and evaporative velo- 
cities on mass transfer rates for the Graetz 
number range 0-1 to 1800 [26J]. Observation of 
rates of evaporation of drops containing dis- 
solved solids in a hot air stream affords a basis 
for predicting spray-dryer performance ([3J]. 
Evaporation rates predicted for small drops 
(diameter of order of mean-free-path of steam 
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molecules) compare favorably with experi- 
mental data and suggests valid use for larger 
drops [8J]. Further drying implications are 
inherent in the examination of convective heat 
exchange between a current of hot air and a 
flat, wet surface [13J]. Ref. [30J] attributes the 
diminution of humidity of porous materials in 
the presence of water saturated atmospheres to 
capillary effects. The application of energy and 
mass transfer equations permits an accurate 
estimate of the reduction of evaporation from a 
water surface caused by the application of a 
mono-molecular film [11J]. 

Continuing earlier work in condensation, 
[19J] compares theoretical equations with 
experimental data for laminar and turbulent 
film condensation and introduces correction 
factors (accounting for effects of liquid inertia, 
convective transport, wave motion and variable 
properties) which give good agreement. Also 
part of a continuing study is the determination 
of the influence of vapor drag on heat transfer 
during condensation for Prandtl numbers 10 
and 0-008 [28J]. Considering the inertia forces 
and energy convection terms neglected by 
Nusselt, [29J] performs a boundary-layer analy- 
sis of laminar film condensation on a horizontal 
cylinder and reports heat transfer results for the 
Prandtl number range 0-003 to 100. Factors 
examined for the influence they exert on con- 
densation are (a) crossflow in the case of steam 
and steam—gas mixtures condensing on a vertical 
tube [9J]. (b) geometry in the case of Freon-22 
condensing on the outer surface of single, 
horizontal, smooth and ribbed tubes [27J], and 
(c) viscosity of condensate (water and glycerine) 
[375]. Ref. [10J] presents experimentally verified 
equations for calculating water vapor transfer 
through composite walls. 

Interest in burnout heat flux continues with 
the reporting of the influence exerted by non- 
uniform, peripheral heating of steam—water 
mixtures in vertical tubes [31J]. Further data 
[1J] for water in a vertical tube (8-2 mm i.d.) at 
varying pressures (20 to 300 atm), subcooling 
(0 to 140°C), and tube length (35 to 135 mm) 
disagree on several counts with previously 
published data. For the vertical upflow of water 
in uniformly heated rectangular, burnout heat- 
flux data at 2000 p.s.i.a. shows correlation with 


fluid mass velocity and burnout enthalpy [2J]. 
Further comparisons of tube burnout data for 
boiling water are made in [32J]. Experiments 
showing the hydrodynamic instability of a two 
phase layer are related to burnout heat flux and 
afford a predictive criterion [17J]. 

Ablation of solids (naphthalene and camphor 
spheres) receives photographic study in [35J, 
38J], leading to the determination of local 
ablation rates for Reynolds number range 120 to 
16 500. Analytically, [24J] examines the unsteady 
mass loss and energy accumulation caused by 
aerodynamic heating of blunt bodies. 

Reference [12J] reports measured heat and 
mass transfer rates for the interesting case 
where a weak NH, in water solution flows down 
the outside of a water cooled, $ in o.d. tube while 
absorbing anhydrous NH, at | atm. 


RADIATION 
A unique feature of the past years’ radiation 
literature has been the large number of papers 
concerned with radiation heat exchangers and 
the equilibrium temperature of objects in space. 
Some of the studies deal with a single fin 
exchanging radiation with specified black en- 


vironment, and one paper presents an exact 
formulation of the multi-fin radiation problem 
which leads to a number of mathematical 
complexities. 

The radiation fin efficiency for a single circular 
fin has been studied [9K] under the conditions 
of no incident radiation. Companion papers 
[23K, 2K] investigate a radiating rectangular 
thin fin which is irradiated by a uniform source. 
Optimum fin geometries for minimum weight 
are investigated. Another paper [36K] reports 
on the same problem with the inclusion of a 
discussion of meteorite puncture probabilities. 
Two papers [38K, 25K] discuss the important 
problem, as far as space applications are con- 
cerned, of the best shaped radiation fin of 
minimum mass. In the first paper [38K], it is 
shown that the best shaped fin has 61-2 per cent 
of the mass of a rectangular fin with the same 
performance. It should be pointed out, however, 
that these optimum shapes are always convex 
and no account has been taken of radiation 
exchange between different parts of the fin. An 
exact formulation of the problem of radiating 
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fins with mutual irradiation as well as radiant 
interchange with nearby surfaces and _ the 
environment is presented in [14K]. The formula- 
tion leads to an integro-differential equation. 

A unique type of heat exchanger for space 
applications is described in [37K]. A rotating 
circular belt picks up waste heat on one point on 
its circumference and radiates this heat to a sink 
in its travel around the periphery. The analysis 
of the temperature distribution in a rotating 
cylindrical shell which is heated on one side by 
the sun in space is given in [11K]. The shell is 
considered to have a finite thermal conductivity. 
\ transient analysis of a similar geometry in 
space but without rotation and having a speci- 
fied infinite thermal conductivity is reported in 
[28K]. 

Selective non-gray coatings which have a 
different absorbtivity for solar radiation from 
their emissivity value have been studied. The 
use of such coatings for the temperature control 
of satellites is discussed in [16K]. Another paper 


[21K] describes the preparation and_ high 


temperature stability of selective coatings that 


will withstand surface 
1000 °C. 

The general problem of radiant interchange 
within an enclosure continues to receive con- 
sideration. A series of three papers [5K] presents 
an analysis of this situation using the radiation 
network method. Gas conduction is neglected. 
The radiation characteristics of long cylindrical 
cavities have been determined by numerical 
solutions of the governing integral equation 
[31K]. Thermal radiation between infinite 
parallel plates separated by an absorbing and 
emitting gas is described in [35K]. This analysis 
also neglects the effects of conduction in the gas. 
Equations of radiative transfer in gases are 
formulated for the one dimensional case to 
include radiation exchange with solid boun- 
daries [15K]. An example of the solution of 
these equations is given for an infinite flat layer 
of gas bounded by parallel plane surfaces. In this 
analysis, the effects of gas conduction are con- 
sidered. 

The four dimensional heat flux integral for 
diffuse radiation between two surfaces separated 
by an absorbing gas is considered in [26K]. The 
complex integral is transformed into a sum of 


temperatures up to 
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one dimensional integrals for the case of 
opposite-parallel and adjoining-perpendicular 
rectangles. The results are suitable for numerical 
integration techniques. Analytical relations have 
been obtained [20K] which suggest an experi- 
mental procedure for the determination of 
radiation geometric factors as well as the 
radiation properties of the surfaces involved. 

A new approach to the formulation of the 
radiation transport equation is described in 
[12K]. The method involves replacing the stan- 
dard spectral absorption coefficient with an error 
function absorption coefficient. The advantages 
gained are that the error function coefficient is 
well behaved and has been measured for a num- 
ber of gases. The paper describes how to rewrite 
the radiation transport equations in terms of the 
new coefficients. 

A “three measurement” method of measuring 
the spectral emmisivity and temperature of 
solid surfaces has been described [33K]. In- 
volved in the procedure is a simultaneous 
determination of the brightness and color 
temperatures at three wavelengths. Another 
interesting experimental paper [32K] describes 
a high-speed bolometer for measuring large 
incident radiation fields such as those coming 
from nuclear fireballs. The response time of this 
instrument is of the order of 50 micro-seconds. 

The normal spectral emissivities of ceramic- 
coated and uncoated specimens of inconel and 
Stainless steel have been reported [27K]. The 
measurements were made at temperatures of 
900, 1200. 1500 and 1800°F over a wave- 
length range of from 1-5 to 15 pw. Spectral 
radiation properties have also been reported 
[13K] for a number of fabric materials from 1-0 
to 23 uw. Materials examined included cotton, 
linen, silk, orlon and nylon. 

A transient technique for measuring the total 
hemispherical emissivity of highly polished 
metals has been reported [8K]. The apparatus, 
which can be operated from 100 to 900°C has 
an accuracy of 8 per cent. It can also determine 
the specific heat of the material to within 
+2 per cent. The analytical solution of a con- 
stant area fin radiating into a low-temperature 
environment has been utilized to design an 
experimental apparatus to measure the total 
hemispherical emissivity of polished iron in the 
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temperature range from 300 to 500°R [7K]. 
The method has the advantage, important in 
low-temperature work, that no calorimetric 
measurements are required. 

Two papers have appeared which deal with 
unsteady heat conduction in a solid with a radia- 
tion or non-linear boundary condition. The 
transient temperature field in an infinite slab 
with radiation cooling at the surfaces is solved 
by an integral approach in [29K]. Another 
study [10K] considers a semi-infinite solid with a 
non-linear transfer process at the surface. As an 
example, the temperature distribution in the 
solid is determined under the conditions of 
Stefan—Boltzmann radiation at the surface. 

Radiation in diathermanous materials such as 
glass is discussed in [24K]. Analysis and experi- 
ment are coupled to investigate the temperature 
distribution in the glass. Another paper dealing 
with the same subject [4K] presents a calculation 
of the spectral radiation emitted normally from 
the surface of a thin sheet of glass. The results of 
the calculation are used to design a pyrometer 
to measure glass temperatures. 

The influence of internal radiation exchange 
in the reduction of temperature differences in 
solid structures has been examined. A transient 
analysis [3K] investigates the structural tem- 
perature distribution under the conditions of 
external convective heating. Simple models such 
as parallel plates are used in [IK] to evaluate 
the same effect. The use of insulation in the 
areas of greatest aerodynamic heating is dis- 
cussed method of reducing structural 
temperature differences. 

The subject of radiative transfer through 
particulate media continues to be of interest. 
Radiant transfer through fibrous and foamed 
insulating materials was investigated theoretically 
and experimentally in [22K]. The optimum 
diameters of fibers and pores were determined 
for minimum radiative transfer over the tem- 
perature range from 200 to 800°F. A related 
study [17K] reports on radiative transfer between 
discrete solid particles in a bed. A theory is 
presented which accounts for different particle 
geometries, and experiments are reported which 
show satisfactory agreement with the analysis. 

The analysis of laminar compressible flow in 
the stagnation region has been modified to 


as a 
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examine the effects of foreign gas injection from 
the surface [18K]. It is found that the overall 
heat transfer to the surface may be reduced 
by as much as two-thirds by the injection of a 
gas having an absorption coefficients several 
orders of magnitude higher than water vapor. 
Another analysis [6K] deals with the effect of 
thermal radiation on the inviscid flow over a 
blunt body. It is deduced that for practical 
hypersonic flows, the velocity distribution out- 
side of the boundary layer will not be significantly 
affected. 

An experimental investigation was reported 
[19K] on the effect of injection of carbon black 
on the radiation properties of flames. It 
found that such injection produced a significant 
increase in flame emissivity. 

The use of the calculus of variations as a tool 
in radiation analysis has been described [30K]. 
An example is given of the application of this 
method to the case of two finite non-black 
parallel plates and a comparison is made with 
the exact solution. Among other solution 
techniques, the variational method described 
above is utilized to examine the thermal radiation 
from a finite cylindrical enclosure with a specified 
wall flux [34K]. The inside temperature distribu- 
tion is also determined for both gray-diffuse and 
black surfaces. 


Was 


LIQUID METALS 

A survey covering the current state of know- 
ledge in liquid metal heat transfer has been 
published [3L]. The large spread among data 
for tube and duct flows which was highlighted in 
the 1955 Lubarsky—Kaufman survey remains 
Information on free convection, boiling and 
condensation is given, but in the latter two areas. 
the data is particularly sparce. 

The lack of agreement between theory and 
experiment is sometimes ascribed to the existence 
of a surface contact resistance. A static experi- 
ment using mercury and chrome-plated copper 
finds a resistance too small to explain the 
discrepancy [6L]. In response to reactor applica- 
tions, information on the maximum temperature 
in a tube or annulus having a longitudinally- 
varying sinusoidal wall heat flux has been 
obtained by correlating mercury data [7L]. 
Nucleate boiling of mercury (with wetting 
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additives) in a natural convection loop achieved 
heat fluxes of 600 000 Btu/h ft? without yet reach- 
ing the critical value [9L]. Another boiling study 
is reported [4L], but a translation could not be 
found. 

Tests and operating experience on_ heat 
exchangers utilizing NaK with air or a molten 
salt are described [5L]. and design precepts 
based on this knowledge set forth [2L]. A 
feasibility study relating to boiling mercury 
under zero-gravity was carried out in an airplane 
flying a zero-gravity arc [8L]. The tests were 
generally positive. but the effects of non-con- 
densable were demonstrated to be 
particularly important. 

An analytical study led to the conclusion that 
the effects of variable fluid properties on liquid 
metal heat transfer in tubes is moderate and Is 
not the cause of discrepancies among data [10L]. 
A modification of Prandtl’s mixing length 
theory is applied to the analysis of turbulent 
tube flow [IL]. The final equation for the 
Nusselt number contains a separate dependence 
on the Prandtl and the Peclet numbers which is 
neither supported nor refuted by currently 


available data. 


gases 


LOW DENSITY HEAT TRANSFER 


Experimental and theoretical efforts focused 
on heat transfer between simple geometries 
(cylinders and spheres) and high-speed, rarefied 


concern from tech- 
nissile, satellite and space 


streams. This arises 
nological needs of 
vehicle design and because of the interest in the 
physical processes at work in this region. 
Experiments with chromel-alumel wires in 
crossflow at about Mach 6 covered a Knudsen 
number range of 0-001 to 15 and yielded Nusselt 
numbers 0-01 to 10 and accommodation co- 
efficients of 1-0, 0-9 and 0-4 for argon, nitrogen, 
and helium respectively [9M]. Another study, 
[SM]. gave similar results for a 0-5 in cylinder 
in continuum and slip flow regimes for the 
Mach range 1-3 to 5-7. Measuring the heat loss 
from thin wires (L/D > 1000) in the transition 
regime showed the effect of wire diameter [2M]. 
Collecting new and existing data, [1M] reports a 
general Nusselt number correlation for trans- 
verse and yawed cylinders in continuum. slip, 
free molecule air flow at subsonic and 
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supersonic conditions. Excluding dissociation 
effects, the results cover a Knudsen number 
range 4 10°-* to 37 and a Mach range 0-001 
to 6°0. 

Application of the complete Navier-Stokes 
equations to the viscous layer—thin shock and 
the merged layer—thick shock portions of the 
transition regime gave heat transfer rates in the 
stagnation region of adiabatic and _ highly 
cooled spheres and cylinders in hypersonic 
flows [6M]. Considering a hot wire in forced 
convection with a low Mach number stream, 
[SM] obtained Nusselt numbers reasonably 
accurate throughout the transition regime. 
Introducing slip and temperature jump into an 
incompressible shock layer analysis, stagnation 
point heat transfer for blunt bodies in hyper- 
sonic streams approaches boundary-layer pre- 
dictions [4M]. Solutions of the Boltzman 
equation for parallel plate heat transfer through- 
out the transition regime are compared with 
other predictions [3M] and a useful review 
[7M] cites investigations, kinetic theory develop- 
ments, and salient features of the free and nearly- 
free molecule flow regime. 


MEASUREMENT TECHNIQUES 

Several new techniques for temperature 
measurement have recently been proposed. An 
absolute noise thermometer has been developed 
[7N] in which use is made of the relation between 
temperature and thermal noise, measured elec- 
trically, in a resistor. The method has particular 
utility at temperatures lower than 140°K. 

The accurate measurement of surface tem- 
peratures of solids at temperatures in excess of 
1500°K has long been a difficult experimental 
problem. It has been proposed [I4N] that 
measuring the velocity distribution of a beam of 
atoms which has been reflected from the surface 
offers a promising method. It appears that the 
reflected beam is in temperature equilibrium 
with the surface over a wide range of surface 
types, smoothnesses, and temperatures. Thus 
the effect of departure from black body condi- 
tions which must be accounted for in pyrometric 
measurements is absent. 

Another paper [12N] discusses the relative 
merits of thin film probes versus hot wires. The 
film probe has the advantages of ruggedness and 





HEAT TRANSFER, A REVIEW 


low sensitivity to contamination products in the 
gas stream. Its chief disadvantage is in its 
considerably greater size. 

A number of studies have appeared concerning 
the measurement of thermal properties. An 
apparatus has been developed [17N] for the 
determination of thermal expansion coefficient. 
specific heat and _ thermal 
refactories to temperatures up to 3650°C. 
Another device [9N] measures the thermal 
conductivity of insulating materials from liquid 
nitrogen temperature to room temperature. A 
special feature of the equipment is the short time 
necessary to reach thermal equilibrium. A 
measurement can be made at different tempera- 
ture levels every 15 min. 

Angstrom was the first to show that by 
subjecting one face of a material to a time 
dependent and cyclic temperature pulse its 
thermal conductivity could be determined if the 
amplitude and phase of the pulse were measured 
at two interior points. This method has been 
adapted to measure the thermal conductivity of 
semiconductors [8N]. Thermal measurements of 
diathermanous materials in which more than one 
mode of heat transfer prevails are particularly 
difficult. A study is reported [2N] dealing with 
the determination of thermal conductivities of 
transparent su)stances. 

The last paper in this series [6N] deals with 
the development of a probe for measuring the 
thermal conductivity of building materials. The 
probe is only 0-11 inch in diameter and may be 
used to determine the thermal conductivity at 
various locations in the cross sections of struc- 
tures up to about 1-2 in below the surface. 

Another group of papers is concerned with 
errors which exist in temperature measurements. 
The study of errors involved in measuring 
boundary-layer temperatures because of con- 
duction down the leads is reported in [I8N]. 
A similar study [5N] discusses the effect of lead 
conduction errors when making ground tem- 
perature measurements in geological researches. 
The greatly neglected technique of substituting 
manganin for copper in a copper-—constantan 
thermocouple is shown to substantially reduce 
the lead conduction error. A third paper [IN] 
presents an analysis of the errors when a thermo- 
couple is placed beneath the surface to measure 


conductivity of 
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surface temperatures. Two problems considered 
are the disturbance in the temperature field 
caused by the presence of the thermocouple and 
the effect of having the thermocouple removed a 
certain distance from the surface. 

A method of measuring temperatures down- 
stream from a shock wave is discussed in [13N] 
The technique is based on the use of the emitting 
and absorbing characteristics of sodium D lines 
Temperatures from 4000 to 5000°K_ were 
measured under laboratory conditions with an 
error of from 100 to 200°K. A probe for the 
measurement of gas temperatures is described 
in [23N]. Probe errors of radiation, base con- 
duction and thermocouple wire conduction are 
minimized by electrically heating the probe base 
and shield. 

Transient temperature measurements are dis- 
cussed in [16N] and [3N]. In the first paper, a 
thermocouple installation is described to measure 
the temperature change on the cylinder wall 
surface of an internal combustion engine. The 
temperature measurement is made over an area 
only 0-25 mm in diameter and the junction is 
located only 25 « below the surface. The second 
paper [3N] discusses a special thermocouple 
plug developed to measure transient tempera- 
tures at relatively large distances from the surface 
within rocket nozzle walls. 

Two thermocouples suitable for the measure- 
ment of temperatures up to 2800 °C are described 
in [4N]. They are made from tungsten/26 
rhenium-tungsten and _ tantalum/26 rhe- 
nium-—tungsten respectively. Important features 
are the suitability for operation at higher tem- 
peratures than is possible for existing thermo- 
couples and their high sensitivity of 15 4V/ C 
In connection with thermocouple installations, 
a quick connector for multipoint thermocouple 
assemblies is described [11N] which is easil; 
constructed and which affords protection 
against factors which affect thermocouple 
calibration. 

An improved method for measuring turbu- 
lence in wakes [ION] uses a condenser-type 
microphone and a hot wire annemometer 
Results of measurements made with this 
instrument indicate the contribution of pressure 
fluctuations to the turbulence characteristics 
Another experimental investigation [21 N] relates 
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to the effect of relaxation times on impact- 
probe measurements. The proper probe size for 
such measurements under a variety of conditions 
was determined. 

Two new techniques for making flow measure- 
ments have been described. The use of nuclear 
resonance detection in tracers is discussed in 
[19N]. This technique offers promise in measur- 
ing flow rates in blood vessels where conventional 
methods are difficult to apply. By X-raying with 
a narrow beam [I5N] it 1s possible to measure 
both the average vapor content in a channel 
cross section in two phase flow and the local 
vapor concentration in a small portion of a 
boiling-layer. 

\ pair of general papers complete this section. 
The first [20N] is a convenient listing of papers 
n the literature which describe pitot and static 
their origin, principles, evaluation, 
performance, modern modifications and applica- 
tions. The last paper [22N] gives a complete 
description of a temperature standards labora- 


probes. 


tory in a research laboratory. A complete list of 


all the instrumentation is included as well as the 


accuracies obtainable in the different kinds of 


calibrations. 


HEAT TRANSFER APPLICATIONS 
Heat exchangers 

Interest remains high on the transient response 
of heat exchangers. The last paper of a three 
part series [1P] presents a general solution for the 
transient temperature distribution resulting from 
an arbitrary time rate of change of heat genera- 
tion starting from an arbitrary initial condition. 
The reader’s attention is also directed to the 
discussion at the end of this paper. The relative 
merits of “exact” and numerical solutions are 
presented ably and cogently by adherents of both 
viewpoints. 

Another paper [9P] investigates the transient 
response and the steady state behavior of a 
solar heat exchanger wherein the energy transfer 
processes are by radiation. Other papers related 
to radiation heat exchangers are discussed in the 
section on Radiation in the present review. 

Experimental data on the effect of flow 
pulsations on the efficiency of shell and tube heat 
exchangers are presented in [2P]. Pulsation 
frequencies of 40, 80, and 160 cycles/min are 
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applied over a tube Reynolds number range 
from 4000 to 50 000. It is found that the increase 
in heat transfer caused by the pulsations de- 
creases as the Reynolds number increases. 

Two types of special purpose heat exchangers 
have been investigated [3P, 10P]. The former are 
nuclear reactor heat exchangers which operate 
with power densities up to 10 MW/ft®. Under 
these severe conditions, critical problems are 
thermal stresses and methods of metal fastening. 
The latter paper presents heat transfer and 
pressure drop data on heat exchangers involving 
liquid metals and molten salts on the two sides. 
The two types of flow investigated were through 
round tubes and flow outside an array of round 
tubes and parallel to the tubes’ axes. 

Another pair of papers deals with artificial 
methods of increasing heat transfer. The study 
of mechanical wiping on surfaces of evaporation 
has received attention in [7P]. Analysis which is 
substantiated by experiment shows large in- 


creases in heat transfer over conventional 


surfaces. The second paper [8P] reports an 
investigation of the effect of turbulence pro- 
moters in three typical heat exchanger designs. 
Suitable correlations allow the prediction of 


heat transfer coefficients for these designs under 
a variety of operating conditions. 

Tube sheets of U-tube and _ bayonet-tube 
exchangers have been investigated for the 
strengthening effect of tube-bending reaction 
[4P]. This effect is evaluated and presented in 
the form of simple design factors. A regenerative 
pebble-bed heat exchanger has been constructed 
to produce large quantities of high temperature 
air [6P]. Data have been obtained on both the 
air and bed temperature distributions and 
compared with predicted values. 

Another study has reported the heat transfer 
and friction characteristics of compact heat 
exchangers [5P]. The exchangers which were 
examined have the largest surface to volume 
ratio of any investigated thus far in the program 
at Stanford University. 


Aircraft, missiles, and satellites 

Interest in aeronautics has now mainly shifted 
to an analysis of the re-entry conditions through 
the atmosphere of manned and unmanned 
satellites. It is concluded [4Qj that either a blunt, 
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dense vehicle with an ablation cooling system, 
or a radiation cooled vehicle with drag break or 
lifting surface is best suited for this purpose. 
Similar conclusions are reached and simple 
procedures for a surface temperature prediction 
have been developed [5Q, 8Q, 2Q. 3Q, 1Q]. 
These studies consider entry into the atmos- 
pheres of other planets as well. The possibility 
of simulating atmospheric re-entry conditions 
in experiments with small scale models has been 
investigated, with the conclusion that such a 
simulation is possible as far as the thermal 
Stresses and the skin temperatures are con- 
cerned [10Q]. The chemical decomposition 
process on an ablating Teflon wall is investigated 
[9Q]. Film cooling with water is proposed for 
the re-entry of satellite vehicles and experi- 
mental results for this method are reported [7Q]. 
The temperature conditions in orbiting satellites 
are essentially determined by the radiation to and 
from the surface and by internal conduction 


and radiation processes. The thermal control of 


the Explorer satellites is described and analyzed 


[6Q]. 


THERMODYNAMIC AND TRANSPORT 
PROPERTIES 


Experimental and theoretical efforts extend 
from cryogenic to plasma temperatures for a 
variety of fluids. 


Thermodynamic properties 

Investigation of the p-V-7T behavior of water 
and steam [I13R] obtained data in the pressure 
range 700 to 900 kg/cm* and temperature range 
650 to 700°C accurate to 0-06 per cent. Com- 
piled and correlated data for helium resulted in 
T-s and h-s charts for the temperature range 
3-0 to 20°K and pressure range 0-5 to 100 atm 
[14R]. Use of statistical mechanics [20R, 6R] 
predicts equilibrium air properties for tem- 
peratures 500 to 15000°K and pressures from 
0-0001 to 1000 atm. Ref. [7R] reports similar 
data for nonionized N,—O, mixtures to 10 000°K. 
Hydrogen data from 600 to 5000 K and 0-01 to 
100 atm are compiled for calculating rocket 
performance [12R]. 
Transport properties 

Employing hot wire techniques, [22R] reports 
thermal conductivities for the nonatomic gases 


[He, A, Kr, Xe, Hg (vapor)] from 0 to 500°C 
at 1 atm pressure with a maximum error of 
1-8 per cent while [4R, 3R] finds that the 
N,O, = 2 NO, system has conductivities 9 times 
that computed for equivalent non-reacting 
systems in the region 20 to 215°C and 0-02 to 
| atm pressure. Coaxial, cylindrical cells yield 
thermal conductivities of air, A, N,, CO,, and 
steam to 900°C at | atm pressure [21R], liquid 
and gaseous N, and A in the region 85 to 200°K 
and | to 135 atm [3R], and D,O in the region 
75 to 260°C and 24 to 294 atm [24R]. Ref. [SR] 
reports direct Prandtl number measurements for 
He-air mixtures at 270°K. 

Absolute viscosities for air, A, CO,, D,O, 
He, H,, Kr, Ne, N., O,, and H,O (vapor) at 
20°C by the oscillating-disc method are reported 
accurate to 0-05 per cent [10R] and the soundness 
of the method further verified [11R]. 

Statistical mechanics methods applied to air 
[6R, 2R] supply estimates of transport proper- 
ties, from 500 to 15000°K and from 0-0001 to 
100 atm, useful in hypersonic laminar boundary- 
layer applications [19R]. Based on the Lennard 
Jones potential, transport properties from 200 
to 1500°K are estimated for He-air mixtures 
at low pressures [5R] and for the atmospheres 
of Venus, Mars, and Jupiter [8R]. Ref. [12R] 
reports equilibrium, hydrogen transport pro- 
perty predictions for the temperature range 
600 to 5000°K and warm plasma (an equili- 
brium mixture of plus ions, neutral particles, 
and mobile electrons) conductivity is predicted 
in [17R]. 

For point source diffusion, [I8R] reports the 
effect of concentration-dependent coefficients 
on the concentration distribution in one, two, 
and three dimensions, while [IR] notes that 
diffusion coefficients may be calculated from 
the change of asymmetric concentration profiles 
over known distances. 

Addressing the problem of 
behavior at elevated temperatures, [16R] reports 
collision integrals for the exponential repulsive 
potential and [I5R] the effect on these of 
excitation and charge exchange in mixtures, both 
important in predicting the transport properties 
of gases at high temperatures. A useful review of 
molecular transport properties of fluids is given 
by [9R]. 


microscopic 
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LIST OF SYMBOLS 


diameter of pellet, ft; 

volumetric flow rate of gas, ft®/h ft*; 

mass transfer factor based on liquid flow in two 
phase flow, dimensionless; 

mass transfer factor in single phase flow, 
dimensionless; 

mass transfer coefficients based on water flow 
in two phase flow, Ib/ft? h; 

mass transfer coefficients of single phase flow, 
lb/ft? h; 

mass velocity of water, lb/h ft?: 

volumetric flow rate of water, ft®/h ft®; 
Sherwood number, dimensionless ; 

G,/L,, dimensionless; 

temperature, “F; 

void fraction, dimensionless; 

viscosity of liquid. 


INTRODUCTION 


It 1s known that the mechanical agitation of the fluid 
increases the rates of transfer process from a solid to 
the fluid [1]. When the fluid is a liquid, injection of a 
gas produces agitation of the liquid. The injection of a gas 
into the flowing liquid also reduces the space available 
for the flow of the liquid past the solid surface, thus 
increasing the linear velocity of the liquid. This intensifies 
the turbulence and reduces the thickness of the laminar 
boundary layers around the solid. This should promote 
the rate of mass transfer. The agitating action of the gas 
also increases the back-mixing of the fluid in the axial 
direction of fluid flow. Also the effective transfer area 
between solid and liquid may be reduced by the presence 
of the gas. The last two effects should retard the mass 
transfer. 

It can be expected that the first two effects, i.e. the 
breaking up of the boundary layer and the increased 
linear velocity of liquid, will predominate when the 
quantity of injected gas is relatively small; and the 
last two effects, i.e. increased back-mixing of the liquid 
and the reduction of the effective transfer area, will be 
increased as the rate of gas injection is increased. This 
can be observed in a number of published papers [2, 3] 
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on the effect of gases on the rate of heat transfer between 
the wall of circular pipes and liquid. Few published data, 
however, are available concerning the effect of gas 
injection on mass transfer. 


EXPERIMENTAL PROCEDURE 


The liquid and gas used in this work were water and 
nitrogen respectively. The solid used was cylindrical 
pellets of benzoic acid, with 0-224 in diameter and height. 

The test section consisted of a 2 in i.d. by 6 in high 
cylindrical glass column which was placed above a 14-in 
section of 2 in i.d. pipe which served as a mixing and 
calming section. First, 2} in of inert clay pellets were 
packed in the column. The clay pellets were of approxi- 
mately the same size and shape as the acid pellets. The 
acid pellets were packed into a bed above the inert clay 
packing. The pellets were then confined by a coarse 
screen and spring mechanism to reduce the movement of 
pellets. 

Each series of experimental runs consisted of one run 
without gas injection and several runs with various rates of 
gas injection. The concentration of benzoic acid in samples 
obtained from each series of runs was determined by 
titration. 

The degree of randomness of the beds was checked by 
comparison of single phase (water) flow data with a 
generalized correlation of solid—fluid mass transfer [4], 
which was obtained for randomly packed beds. 


DISCUSSION AND CONCLUSION 

The increase of the mass transfer coefficients due to the 
injection of inert gas is represented in Fig. | as ratios of 
mass transfer coefficients with gas injection to those under 
single phase flow. 

Figure 1 indicates that the mass transfer rate is ac- 
celerated appreciably by injection of relatively small 
quantities of gas to the flowing liquid. Unlike most of the 
heat transfer data published, the curves in Fig. 1 do not 
tend to decline after reaching a maximum point in spite 
of the fact that the gas injection rate was increased almost 
five fold in comparison to that used in heat transfer work 
[2]. This may be explained as follows: 
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Fic. 1. Effect of inert gas injection on rate of mass transfer. 


While the data presented here were obtained in a 
column packed with particles of benzoic acid, the heat 
transfer data [2] were obtained in an unpacked plain 
circular tube. The contact area between the solid and 
liquid is usually much larger in a packed column than in 
an unpacked column. A 2 in diameter by 3 in height 
glass tube packed with 627 benzoic acid particles with a 
total surface area of 1-06 ft? was used in these experiments. 
The ratio of the surface area of benzoic acid particles to 
that of the tube inside was roughly eight. Therefore, it 
might be expected that more than an eight fold increase 
in the gas quantity over that used in the heat transfer 
work [2] would be needed to produce decreased mass 
transfer rates due to the cover-up of transfer area by the 
gas. 

In a manner similar to the results of heat transfer 
studies, the effect of gas injection in increasing the mass 
transfer rate becomes smaller as the liquid flow rate 
increases. Simple reasoning leads to the conclusion that 
as the liquid flow rate approaches infinity the injection of 
finite quantity of inert gas will not produce any effect. 

In the range of this work, the following empirical 
equation approximates the (k,/kj))max OF, in term of mass 
transfer factor, (Jg/Jao)max- 


5-0 exp |- 1:76 « 10-3 oe | 
€) 


(1 


(7) 


Since, in general [4]: 


max 


Ja ] ye Dba | 0-44 
6) 


ma 


8-85| Dt. ~ 
e) 


me 


(3) 


exp | 1:76 x 10-8 Dob A 
€ 


me 


From the results of this experimental investigation, the 
following conclusions could reasonably be drawn: 


(1) Injection of gas is a very effective means of ac- 
celerating the mass transfer rate from solid to 
liquid. 

(2) When the injection rate of the gas is relatively small, 
the effect of intensified turbulence due to increased 
linear velocity of the liquid and mechanical 
agitation of gas bubbles predominates. 
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(3) When the gas velocity is increased further, the 

effect is partially nullified by the reduction of 
effective transfer area and by the increased back- 
mixing of liquid in the direction of flow. 
The magnitude of the increase of solid—liquid mass 
transfer rates due to the injection of gas is com- 
parable to that effected by mechanical pulsation of 
the liquid [5]. It appears, however, that a much 
less complicated mechanism is required to inject 
the gas into the liquid than to induce the pulsation 
of the flowing liquid [5]. 
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IN HIS book on Heat Transfer in Condensation and 
Boiling, Kutateladze [1] states that experimental results 
on burn-out heat transfer rates can be correlated by the 
expression 

g (0:16 + 0-:03)L. p,)2. Ste f (1) 


where 


Ges is the burn-out heat transfer rate, cal/cm* s; 
is the latent heat of the liquid, cal/g, which is 
assumed to be at its saturation temperature: 

Pi, Pv, are the densities of liquid and vapour, g/cm’: 

S, is the surface tension of the liquid, dyn/cm. 


It is not clear from the text whether the symbol g 
represents g,, the local gravitational acceleration (cm/s*), 
or whether it stands for gp», the conversion constant from 
force to mass units (= 981 gcm/s* g force = 1 g cm/s? dyn) 
which appears in equations of motion. Although irrele- 
vant to most terrestrial experiments this distinction could 
be important under space flight or orbital conditions. A 
dimensional check shows that the correct form of the 
equation, taking this distinction into account, is 


g (0-16 + 0-03) L. p,/?. {g,.2@9.S.(p »)} 4, (La) 


This formula was brought to our attention by a private 
communication from Professor D. B. Spalding, who 
grouped the variables into two dimensionless parameters 
by introducing the mean bubble size as a reference 
length. The following note is an attempt to give the 
simplest possible physical explanation of the form of the 
equation and the size of the experimental constant. A 
rather more detailed explanation, in terms of the fre- 
quency of bubble shedding and the instability of two- 
phase flow has been given by Zuber [2]. 

Consider the stability of a growing bubble on a flat 
horizontal heating surface. Suppose that at any moment 
the volume of the bubble is V (cm*) and the radius of the 
circle of contact r, the angle of contact with the surface 
being 4. Then the net buoyancy force upwards on the 
bubble is V. (p Py) . Z,/Zq and the resolved part of the 
surface tension force downwards is 27r.S .sin 6: since 
the movement of the centre of gravity of the bubble is 
negligible as long as it remains attached to the surface, 
these forces must be in static equilibrium. 
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As the liquid is heated and the bubble of vapour grows, 
the buoyancy force, which varies as the volume, must 
increase faster than the surface tension force, 27r . S, so 
that, to preserve static equilibrium, sin @ must increase. 
The limit is reached when sin @ 1. If it is assumed that 
the bubble is then hemispherical the equation of static 
equilibrium yields 


a3 . £,/2o- (2) 


Any further increase in size makes the system unstable 
and the bubble is accelerated away from the surface. 

Thus the critical size of bubble, r, (cm), is obtained 
from equation (2) as 


r2 = 3S. go/(p Py) « Zoe (3) 


Burn-out occurs when the whole surface is covered with 
vapour—that is when the bubbles crowd on each other 
so fast that there is no room for fresh liquid to reach the 
surface and keep it cool. Thus to avoid burn-out one 
bubble must be able to accelerate away from the surface 
faster than a new one grows into the space it vacates. In 
the limiting case we may suppose that the bubbles just 
touch at the moment of release of the second one. 

Let us assume that the bubble maintains its hemispheri- 
cal shape (any other assumption would only introduce a 
small numerical correction factor) and that the drag is 
negligible at the small dispatch velocities involved. Then 
in the time ¢ (s) taken for one bubble to form, the centre 
of gravity of the preceding bubble must have moved 
upwards a distance r,. 

Thus 

(4) 


where a (cm/s?) is the acceleration of the centre of gravity 
of the bubble. 

Once the bubble is launched, buoyancy is the sole force 
acting on it, so its equation of motion is 


Pr)» By 
That is, 
Pr)/ Pee 


If L (cal/g) is the latent heat of the liquid and 4q, 
(cal/cm? s) the mean rate of heat transfer at burn-out, the 
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time taken to produce a bubble of mass $z7r?. p, is given 


by the equation 


(6) 


Substituting into equation (4) from equations (5) and 
(6) 


therefore 
q? 3 er. ie 
Substituting for r, from equation (3) 
Gf = 4g, .(p: Py). py. L? V/ [3S . go/(p 
therefore 


Go = 062 L . p,'* {g, . gp - S-(p py} 4, (7) 


Comparing equations (7) and (la) it is evident that 
their form is identical, but the constant in equation (7) is 
about three or four times as large as that determined 
experimentally. There are several possible reasons for 
this. 


(1) The minimum clearance between successive bubbles 
must be greater than the limit assumed, in order to 


allow for deformation of the bubbles, access of 
fresh liquid, etc. 


(2) The bubbles cover an area less than the total super- 
ficial heating area, so their rate of growth for a 
given mean g, is greater than would be calculated 
if g. were uniform. Even if the bubbles were 
regularly spaced on hexagonal centres this would 
reduce g, by a factor of three-quarters. 


(3) In many burn-out tests the heating surface is not 
horizontal, so the acceleration rate normal to the 
surface will be less than the vertical buoyant 
accleration. 


A further check on the applicability of equation (3) 
is obtained by substituting typical values for the physical 
variables to obtain r-. 


For water at 100 C, on the earth’s surface, 


58-8 dyn/cm, 

1 g cm/s® . dyn, 
981 cm/s*, 
0-958 g/cm’*, 
0-0006 g/cm’, 


therefore 


r (3 « 58-8/0:957 « 981) = 0-43 cm. 


Although this figure would seem to be a little on the 
high side it is certainly within an order of magnitude of 
that observed in practice. 

Summarizing, then, we would suggest that a possible 
physical explanation of the observed empirical law is that 
bubbles break away from the surface as soon as the 
buoyancy forces are greater than the surface tension 
forces holding them on; and that burn-out occurs when 
the buoyant acceleration of the bubbles away from the 
surface is no longer great enough to keep the bubbles 
clear of their successors. 
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VELOCITY AND TEMPERATURE PROFILES IN A WALL JET 


R. A. SEBAN* and L. H. BACK* 


(Received 8 February 1961, in revised form 24 May 1961) 


Abstract—Conditions approximating those of the wall jet have been obtained by operating a system, 
involving tangential air injection into a turbulent boundary layer, with very low values of the free 
stream velocity. Under such conditions the flow is essentially produced by the injected air and measure- 
ment of the velocity profiles shows correspondence to the theory for the turbulent wall jet. With some 
alternation of the eddy diffusivity of that theory the measured temperature profiles can also be pre- 
dicted and these, together with the velocity profiles, are shown to agree generally with the measured 
values of the adiabatic wall temperature. The measured heat transfer coefficients are related to the 
hydrodynamic characteristics by a formulation of the Colburn type. 


Résumé—Des conditions se rapprochant de celles du jet a la paroi ont été réalisées avec un dispositif 
compartant une injection tangentielle d’air dans une couche limite turbulente, les vitesses de |’écoule- 
ment libre étant trés basses. Dans de telles conditions, écoulement est essentiellement produit par 
l’air injecté et la mesure des profils de vitesses est en accord avec la théorie du jet turbulent a la paroi. 
Les profils de température mesurés se retrouvent également par cette théorie si l'on fait quelques 
corrections sur la diffusivité turbulente; ces profils de vitesse et de température sont généralement en 
bon accord avec la température de paroi adiabatique mesurée. Les mesures des coefficients de trans- 
mission de chaleur sont reliées aux caractéristiques hydrodynamiques par une formule du type Colburn. 


Zusammenfassung—Durch tangentiales Einblasen von Luft sehr kleiner Freistromgeschwindigkeit in 
die turbulente Grenzschicht wurden angenidhert die bei einem Schlitz auftretenden Verhaltnisse 
erreicht. Die Str6mung wird dabei im wesentlichen von der eingeblasenen Luft hervorgerufen und 
Messungen des Geschwindigkeitsprofils zeigen Ubereinstimmung mit der Theorie fiir turbulente 
Schlitzstr6mungen. Nach Anderung der turbulenten Austauschgrésse der Theorie kénnen auch die 
gemessenen Temperaturprofile vorherbestimmt werden und stimmen, zusammen mit den Geschwindig- 
keitsprofilen, im Allgemeinen mit den ermittelten Werten der adiabaten Wandtemperatur iberein. Die 
gemessenen Wiarmeiibergangskoeffizienten sind nach einer Formulierung von Colburn auf die kenn- 
zeichnenden hydrodynamischen Grdéssen bezogen. 


AnnoTamua—C moMOUbIO cncTeMbI, OGOecnedHBalOlleli BAYB BOBIYxXa MO KacaTedbHOli B 
rypOVJeHTHbI NOrpaHM4Hbii Cuoll, MOTV4YeHbI YCIOBMA, ANMpPOKCHMHpyOollie YCIOBUA WIA 
CTPYM BOAM3H CTeEHKH (MIplt O“eHb MaJIbIX 3HAYeHHAX CKOPOCTH HeBOSMYIWEHHOrO MOTOKA 

II pi TaKMX VCIOBMAX TOTOK, MO CVIMECTBY, COBLaeTCA 3VBaeMbIM BO3LYXOM, a 13MepeHHbe 
HNpopual CKOPOCTH CBUAeTeEIbCTBYIOT O COOTRETCTBUM MX © TeOpHeil TypOyaeHTHOL cTpyn 
BOUM38H CTeHKN. Ecam HeCKOUbKO M3MeHHTh TPHHATHT B OTOH TeOpHnM KoodpulMteHtT 
Midipysull BUXpA, TO M3MepeHHble TeMMepaTYpHble MpoPMmt MOryYT TaksKe ObITh 8ajaHbl 
Ilokasano, 4TU BMeCTe C IIpOPMAIAMM CKOPOCTH OHM, B OOMLEM, COrMacywoTcA C W8aMepeHHBIMI 
BeIMYMHaAMM TeMiepaTypbht ajuadarmueckolt cTenku. Hoopdunwente: mwepenoca Tera 
CBABAHLI C PIpOWHAMMYeCKMMH XapakTepHCTHKaAMM pH MOMOMM anasorum hoodopna. 


NOMENCLATURE 4 injection slot height; 
defined in equations (1) or (2): ’ temperature above free stream 
specific heat at constant pressure; F; f, injection air, ¢, free stream, 
local heat transfer coefficient; t, adiabatic wall temperature; 
ar = auoiaeas a . ; 7 absolute temperature, °R: 
rotessor 0 -cnhanica ngineering, niversity oO . i . . + 
OP scconce ol agendas scree velocity; u, injection air, u, free 
California, Berkeley, California. 7 oe : 
+ Research Assistant, Institute of Engineering Re- stream, u, maximum velocity, 
search, University of California, Berkeley, California. U reference velocity ; 
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velocity ; 

distance downstream from slot; 
positive distance between the 
slot and the effective origin of 
the jet: 

distance from wall. 


Greek symbols 
& x +x, distance downstream from the 
effective origin of the jet: 
distance from wall to the point 
in the outer region at which 
w= 4/2: 

distance from wall to velocity 
maximum; 

, distance from velocity maximum 
to the point where u iP 
dimensionless distance from 
wall: 
similarity variable 
equation (4); 
velocity profile parameter ; 
kinematic viscosity ; 
diffusivity ; 
shearing stress at wall: 
Prandtl number; 
density. 


defined in 


Subscripts 
S, injection air; 
l. free stream: 
a, adiabatic wall. 


INTRODUCTION 
RESULTS have been presented [1] in a previous 
report for the heat transfer coefficient and for 
the effectiveness that were obtained from a 


BACK 


system involving the tangential injection of air 
into the turbulent boundary layer produced 
by an air stream flowing over a plate. This 
apparatus, which was essentially a model of a 
film cooling system, was operated with both high 
and low ratios of the injection velocity to the 
free stream velocity, and for the high ratios 
the results for the effectiveness and for the heat 
transfer coefficient were found to correspond to 
the earlier results of Jakob [2] that were obtained 
on a similar system in which the free stream 
velocity was zero. Without free stream velocity, 
the flow situation is that of the wall jet and that is 


the focus of the present consideration even 


though the free stream velocity could not be 


eliminated completely in the system from which 
the present results were obtained. It was the 
availability of this system for the provision of 
some detailed hydrodynamic and _ thermal 
characteristics that produced the present results, 
which demonstrate that the major characteristics 
of the flow agree with the theory of the wall jet 
as given by Glauert [3] and that the effectiveness 
and the heat transfer coefficients that have 
already been correlated empirically do agree 
with the consequences of that theory. 

The system shown in Fig. 1, from which were 
obtained the present results, consisted of a test 
surface, 12 in wide and 18 in long, which was 
one side of the 4 in 12 in rectangular test 
section of a small, once through, wind tunnel. 
The injection slot, variable in height, spanned 
the 12 in width of the test surface and was 
located at its upstream edge, just downstream of 
the tunnel nozzle. There existed provisions for 
heating the injection air, heating the plate, and for 
the determination of the necessary temperatures 








Fic. 1. Slot and test section. 


Point “*A” 


is the effective origin of the jet. 
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and pressures. The low free stream velocities 
that existed for the operation that is con- 
sidered here were obtained with the tunnel 
blower inoperative and the main stream flow 
was also restricted to the point of incipient back 
flow in the test section. 


THE WALL JET 

Glauert [3] achieved an analytical specification 
of the wall jet for both laminar and turbulent 
flow, for the latter on the basis of a near 
similarity in which the velocity profiles are 
relatively invariable for given orders of the 
Reynolds number. The essential nature of these 
profiles is characterized by a parameter a, 
indicative of the proportional extent of the 
inner flow, between the wall and the velocity 
maximum, to that of the outer flow between the 
velocity maximum and the stationary fluid far 
from the wall. Fig. 2 shows the nature of the 
velocity profile of the flow, which begins at a 
source and proceeds downstream, with the 
maximum velocity diminishing according to a 
power law, u,, ~ €°. The width of the layer, too, 
follows a power law, 6 ~ €° and the exponents 
a and + are related to the parameter a in two 
possible and similar ways, 

4a 


a 


a 
(2) 


h 


The analysis gives the local velocity in terms 
of a reference velocity U, not easily defined, and 
an additional parameter A which depends on a. 


4 — 4b (UE\*-* df 
. 


u . (3) 


A dy 


The function f, associated with the stream 
function, is of course the essential result of the 
similarity solution. The similarity variable, », is 

4— 4b yU (—*) a 


Vv 


(4) 


A Vv 
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FiG. 2. Velocity profiles from Glauert’s theory 


Curve a is the profile for a 1-2, curve d for a 1:3 
The inset shows the distribution of the diffusivity and 
curve c is that corresponding to the velocity distribu- 


tion for a 1-2. Curve d is a deduction based on the 


measured temperature profiles 


Fig. 2 shows d f/d» as a function of », through 


co-ordinates which are actually 


df d / 

[a | 
as a function of »/n,, with 6 being the distance 
from the wall to that point in the outer region 
at which the velocity is half of the maximum 
value; this is the distance most precisely deter- 
mined by the experimental results. The figure 
defines also two other distances that are signifi- 
cant, that from the wall to the velocity maximum, 
5,,, and 6, from the velocity maximum to the 
point where u u,,/2. The flatness of the 
experimental profile near the velocity maximum 
makes the latter distances hard to define experi- 
mentally, as revealed by the typical theoretical 
profiles of Fig. 2. 

Primarily because of later concern with the 
temperature profiles it is important to specify 
the eddy diffusivity from which were predicted 
the velocity profiles. Since similarity is un- 
attainable if molecular transport is included 
precisely, the diffusivity « is presumed to include 
the molecular effects to the extent they are 
compatible with similarity. A convenient form 
for illustration gives the diffusivity in the form 
produced by integration of the momentum 
equation 
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€ 


d[d(u,,,5)/dé] 


+b) f°... 
5) | F248 


where F u/u,, and C y/o. 

The values of the diffusivity contained on 
Fig. 2 were evaluated from equation (5) in the 
outer region but near the wall accuracy required 
the use of the alternative specification of Ref. 3. 
The constant value in the outer region can also 
be specified as 0-85 (u,,,0/€) I/x, so that 
K 0-72 (a b)d5/é and the constant value of « 
implied for the outer region is realized if b = 1. 


VELOCITY PROFILES 

Figure 3 shows the experimental velocity 
profiles obtained downstream of a slot 0-250 inch 
in height, at seven downstream positions, to 
reveal that essential similarity was obtained at 
the station at 0-642 ft (v/s 37-0) and beyond. 
The profile at x = 0-38 (x/s 18-3) is close to 
these profiles and in fact gives the best cor- 
respondence with Glauert’s prediction, while 
the downstream profiles agree with that of 
Sigalla [4], obtained experimentally on a wall 
jet. This points to the possibility that the diffusi- 
vity in the outer region may be slightly lower than 
that assumed in the theory. 

Figure 4 presents the experimental profiles 
obtained with a 0-063 in slot for two different 
injection velocities. The profiles for the injection 
velocity of 211 ft/s agree better with the theory 
than do those for the 0-25 in slot, shown on 
Fig. 3. Only the profile for x = 0-05 ft (x/s = 9-6) 
shows a marked departure and that at the next 
Station, x/s 29, reveals similarity and agree- 
ment with the theory. Similar results exist for 
the lower injection velocity, except for a depar- 
ture of the profile at the last station, but there 
the velocities were very low and the accuracy 
of the determination much diminished. Generally 
the results for the smaller slot correspond 
better with the theory, though the results for 
the larger slot are not inferior and all the profiles 
support the theory even in the present case in 
which the finite free stream velocity terminates 
the profiles in the outer region of the flow. The 
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Fic. 3. Velocity profiles for the 0:25 in slot. 
Curve a is the same curve of Fig. 2, curve b is the 
result of Sigalla [4]. The slot Reynolds number was of 
the order of 6850. Quantities associated with the 

profiles are as follows. 
(ft/s) 4 (in) U»,9/1 


u, (ft/s) wu, (ft/s) u, 


i) 56 60 0-27 
1] 56 56 0-35 

52 0-37 
9 45 0-51 
9 57 0-71 
1] 55 0-86 
11 56 3: 1-3] 


7920 
9650 
9400 
11300 
13900 
16000 
21100 


influence of the free stream flow is indicated to 
be small even for ratios u,/u,, as large as 0-40. 
The considerable correspondence between the 
theoretical and the experimental profiles leads 
immediately to the question of the degree to 
which the power law dependence indicated by 
the theory is borne out by the experimental 
results. Since that distance is measured from a 
source at the effective origin of the flow, it must 
be obtained from a combination of experiment 
and theory in reference to some feature of the 
flow and the profiles themselves can be used for 
this. If the thickness, 5, is specified from equation 
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Fic. 4. Velocity profiles for the 0-063 in slot. 


The upper set of results is for an injection velocity of 

99 ft/s and the lower for 211 ft/s, the slot Reynolds 

numbers being of the order of 3030 and 6450 respec- 

tively. The curves are curve “a” of Fig. 2. Associated 
quantities are as follows. 

(ft/s) 6(in.) U,,/1 


x/s u, (ft/s) u, (ft/s) u, 


4580 
6050 
9270 
22300 


0-085 
0-17 
0-39 
1:56 


9-6 : 99 107 
29 3 99 69 
73 2 99 47 

250 99 28 


10100 
13600 
20500 
41700 


9-6 3 196 0-10 
29 : 135 0:20 
73 94 0-43 

250 57 1:44 


(4) and the maximum velocity, v,,,, from equation 
(3), then the reference velocity can be eliminated 
to define the distance €; or, equivalently, the 
(positive) distance from the upstream origin to 
the slot location. 


E x x fe) OU, 1/4 4 
ae wR 


s S S Ss Vv 


«(1 EF f) oe +00m- (4 


m 


) |. (6) 
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The function /,,, f,,, and the distance , are given 
as functions of a in Ref. 3 and the values for 
X»/s that are obtained from the profiles of Fig. 
3 are contained in Table 1. 


Values of Xo/s, 0°25 in slot 


Table 1. 


From profile at x 0-208 0-308 
for a 1-2 13 
1:3 34 


It is clear from the results in the table that the 
dependence of the upstream distance x»/s on the 
parameter a is far too strong in terms of the 
scant choice in the value of the parameter that 
can be made from the velocity profiles. A dis- 
quieting feature of the tabulated results is the 
increasing upstream distance that is defined by 
the profiles at greater downstream distances and 
consequent implication that a true power law 
behavior may not exist in the experimental 
results. Such a situation is possible and may be 
engendered by the increasing influence of the 
free stream velocity at large downstream 
distances, where the maximum velocity becomes 
low. In any case, equation (6) does not yield 
consistent results and as an alternative a best 
fit to a power law behavior was obtained by 
arbitrary choices of the distance x,/s. This is not 
a particularly definitive procedure and a con- 
siderable latitude is available in the choice; the 
value X,/s 12 was chosen as a magnitude 
giving the reasonable portrayal contained in 
Fig. 5. There the experimental values are subject 
to the empirical generalization of representing 
(u,,5)/(u,s) and u,,/u,. This applies fairly for the 
local value of w,,,5, and the values thereof can be 
found, within 5 per cent, from the relation 


<\ 0-60 


0-212 (~) (7) 


§ 


a... Oo 


U.S 


There is less agreement in the case of the 
maximum velocity, and in particular the values 
for the 0-25 in slot reveal a reduced dependence 
on distance, while those for the 0-063 in slot 
indicate a small magnitude dependence on the 
injection velocity. To obtain a single equation, 
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Fic. 5. The maximum velocity and the layer thickness 
The curves represent the best fit to the experimental 
data and are equations (7) and (8). 


an approximately 5 per cent tolerance is ac- 
cepted and the last point for the 0-25 in slot 
neglected, with the result 


(dS) 


Table 2 contains the individual results for the 
exponents a and A, for u 
includes the predictions of these exponents for 
a 1-2 and 1-3 from equations (1) and (2). The 
experimental values of the exponent ‘‘a” are a 
little low, those of “h” a little high, but the 
degree of dependence is of the same order as is 
the selection that is available from equations 
(1) and (2). 


~ €* and 6 ~ &, and 
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SHEAR COEFFICIENTS 
Shear coefficients have been determined from 
the velocity profiles by a _ semi-logarithmic 
representation of the values near the wall and the 
location of this part of the profile in agreement 
with the law of the wall, taken as 
: 5 + 2-5log? ve” (9) 
V 70/P z of 
and also with the profile of the transition layer, 
taken on the Karman basis as 


u 
V 7o/P 


The use of the transition layer velocity distribu- 
tion for the appraisal of the friction was dictated 
by the small extent of the region where the law 
of the wall could be expected to apply, for in 
most cases the velocity maximum occurred in the 
region of yy/(79/p)/v 150 and the influence of 
the greater diffusivity that existed there was 
evident in a departure of the velocity profile 
from equation (9) in that part of the inner layer 
near the velocity maximum. The uncertainty in 
the determination of the friction, particularly 
due to this effect, made the possible error in the 
coefficients about 5 per cent for the results for 
the 0-25 in slot and 10 per cent for those for the 
0-063 in slot 

Figure 6 shows the values, as coefficients, 
T)/pu2,, presented as a function of the relative 
distance €/s and demonstrates approximately the 
power law behavior predicted by the theory, 
in which it was assumed that near the wall 

Te 0-0225 


(11) 


(uy/v)\4 


pu" 


If this relation is presumed to hold as far as the 
velocity maximum then there is indicated a 


Table 2. Power law exponents 


Slot (a 


0-250 

0-063 

0-063 
Equations (7, § 


0-60 
0-60 
0-63 
0-60 


hb) hb 


0-90 
; 0-90 
Equation (2) ; I 

. l 


Equation (1) 
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proportionality of the shear coefficient to 
&~(**) 4 and Fig. 6 then demonstrates agreement 
with the values of the exponent that are obtained 
from equations (1) or (2). In more specific 
reference to the experimental results, with 4,,,/6 





10 


Ww +b 


T)/pUjm x 10° 


nm 











Fic. 6. Skin friction coefficients 


Curves a and + are equation (12) for slot Reynolds 
numbers of 3500 and 7000 respectively. 


taken as 0-18 and equation (7) used for u,,6, 
equation (11) becomes 


(12) 


Te 0-054 € 
| 


(u.s/v)'4 


pu .) 

Fig. 6 contains the indication of equation (12) 
for two values of the Reynolds number that are 
typical of the experimental values to demonstrate 
an acceptable correspondence, particularly at 
the higher Reynolds number. The results for the 
lower Reynolds number are above equation (12), 
but the accuracy of these values is particularly 
questionable. 


TEMPERATURE PROFILES 

Temperature profiles were obtained with a 
40 gage nichrome-constantan thermocouple, 
mounted on a fork made of sewing needles. 
Traverses were made with heated injection and 
an adiabatic wall, for operating conditions 
similar to those for which the velocity profiles 
were determined. These temperature profiles 
are presented as the ratio ¢/f,, where f, is the 
observed wall temperature and the few instances 
in which the ratio exceeds unity at the wall 
reflect discrepancies between the indication of 
the thermocouple probe and the thermocouple 


TEMPERATURE 
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in the wall. Fig. 7(a) presents the profiles 
obtained for the 0-25 in slot and reveals essential 
similarity for those profiles at positions at and 
downstream of x/s 18 (€/s = 30). This agrees 
with the indication of the velocity profiles that 
it is in this region that similarity is first achieved. 

All of these profiles are for an adiabatic wall 
condition but only those for positions very near 
the slot show a slope of zero at the wall. At the 
downstream positions for which similarity is 
attained the curvature of the profile at the wall is 
so great that the initial slope of zero is not dis- 
cernable. This feature exists also in the analytical 
predictions that are presented later. 














FiG. 7. Temperature profiles. 
(a) and (b) show results for the 0-250 and 0-063 in 
slots respectively. Operating conditions were similar 
to those for the velocity profiles shown on Figs. 3 
and 4. The curve is the mean experimental profile for 
the 0-250 in slot. 


Figure 7(b) presents the few profiles obtained 
for the 0-063 in slot and also reveals that 
similarity was attained at least for the first 
position at x/s 28-8. The average experi- 
mental curve determined from the profiles for 
the 0-25 in slot is also shown on Fig. 7(b) and 
exhibits a good degree of correspondence to the 
profiles shown on that figure. 

Beyond the realization of the expected 
similarity, the further appraisal of the profiles 
must deal with the extent to which the theoretical 
prediction is realized and such a prediction can 
be made from the hydrodynamic solution if the 
diffusivities for heat and momentum are taken 
to be equal. Insofar as the molecular contribu- 
tions are concerned, this implies of course 
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a Prandtl number of unity. The energy equation, 
with dissipation neglected and properties taken 
as constant, Is 


(13) 


With wu/,,u F’(C), where 


bg € 


5° d[d(u,,d)/d€] 


depending only on ¢: and f t,g(C) with 
this equation transforms to the 
ordinary differential equation: 


tz ~ € 














dgF d € dg 
. : : # (14) 

dz d¢ | d[d(u,,,5)/dé]} dé 
With an adiabatic wall, dg/d¢ = 0 at € = 0 and 
dg d[d(w,,,5)/dé] , 
: oF (15) 

dé € 

and since g(0) 1, there is obtained for the 


temperature profile 


6 d(u,,5)] .. 
dc (16) 





g = exp: \F | 

Figure 8 shows the profile predicted from the 
velocity distribution and diffusivity for a 1-2 
as they are indicated on Fig. 2, except that the 
“inner” diffusivity was used as far as € = 0°18. 
Comparison with the curve that approximates 
the experimental profile shows that the predicted 
resistance near the wall is too large and that in 
the outer layer, beyond the velocity maximum, 
it is too small. To show how the prediction 
is affected by the magnitude of the diffusivity, a 
prediction is also shown for the case in which the 
diffusivity of the inner layer has been increased 
by a factor of 1-65 and that of the outer layer has 
decreased by a factor of 0-77. This agrees with 
the experimental values in the inner region and 
it is to be noted that the increase in the diffusivity 
that has been used is far greater than might be 
expected from any consideration that the Prandtl 
number of the air is 0-70. There is an irregularity 
in the prediction near the velocity maximum 
that is due to the sudden increase in the postu- 
lated diffusivity but the remainder of the 
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Fic. 8. Temperature profiles. 


7 


The experimental curve is that shown in Fig. 
Curve a is that for the diffusivity given by curve c on 
Fig. 2 for « 1-2. Curve / is that also given by 
curve c on Fig. 2, but with « increased by 65 per cent 
for ¢ 0-18 and decreased 23 per cent for ¢ > 0:18. 


4 


prediction is in accord with experiment out to 
y/o 1. Beyond this, the experimental values 
themselves are not well represented by the line 
that is indicated for them, as it is in this region 
that the existence of the finite free stream velocity 
apparently diminishes the diffusivity to values 
below that of the prediction. 

Another view of the value of the diffusivity 
that is needed for better correspondence is 
presented in Fig. 2, where there has been indi- 
cated the diffusivity that would be required for 
the realization of the linear temperature profile 
with the theoretical velocity distribution cor- 
responding to a 1-2. This of course is obtain- 
able directly from equation (15) in a particularly 
simple way when the temperature profile is 
approximated as linear. The diffusivity obtained 
in this way varies continuously with ¢ and in the 
outer region there is indicated an average value 
of the order of €/6 [d(w,,,5)/d&] 0-40. In the 
theory the diffusivity in the outer region is 
presumed to vary only with distance along the 
plate according to u,,,5,/€ 1/«. From equation 
(5), 

(a+b) 8 

0-85 & 
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and with equations (7) and (8) used to evaluate 
5/€ and to define (a h), this becomes 


€ 
0-069) 
987) » 5 1d(u.8)/dé] 


This gives « = 0-042 and 0-028 for 


€ 
| 8[d(u,,,5)/dé] 


equal to 0-61 and 0-40 respectively and these 
values are larger than that of « — 0-012 inferred 
by Glauert for the radial wall jet. 


EFFECTIVENESS 


The effectiveness is the ratio of the local 


adiabatic wall temperature to the temperature of 


the injection air, and the observations con- 
cerning the similarity of the temperature and 
velocity profiles imply that the effectiveness 
should be proportional to € “*") at down- 
stream distances greater than & 
30. Fig. 9 shows the values of the effectiveness to 
indicate this to be true, and that the individual 





Fic. 9. Effectiveness. 


The curve is equation (20) for 1-0. 


slopes for the three runs illustrated do vary 
slightly from about — 0-60 for the 0-25 in slot to 

0-57 for the 0-063 in slot with the high speed 
injection. Table 2 gives (¢ + b) — 0-60 for both 
conditions, as does equation (7). 

Further consideration of the 
requires the specification of ¢, from an energy 
balance 


effectiveness 


p 


ut v e 
7” 4(5) (t7) 


Cy Psst, PyC Uy, 1,0 | 
Jo P 


For the relatively small temperature differences 


s of the order of 
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involved in the results shown in the figure, for 
which 7,/7, 1-11, the integral in equation (17) 
can be approximated as 


we y i {°f*e\i a } 
Nw. 1,9(5) “7 | = d{-). (18) 


d e 


The second integral is 0-7 times the first but the 
coefficient t,/7, is only 0-11 as a maximum, so 
that the second term of the expression (18) is 
neglected and equation (17) is approximated in 
the following form, the denominator then being 
at most 8 per cent high. 


i oss ET? a 4 } 
d(*,}. 

f PlmOf Jo Um ft 8 
The integral, evaluated from the linear tempera- 
ture profile of Fig. 7 and the theoretical velocity 
profile for a 1-2, has a value of 0-607, and if 
equation (7) is used for the ratio u,s/u,,6 there is 


(19) 


obtained 


(20) 


l 


There is risk in this formulation because both 
the velocity profile used in the integral in 
equation (19) and w,s/u,,5 given by equation (7) 
were obtained for isothermal conditions, and 
not for the case of variable density now con- 
sidered. Also, the value of the integral as used 
in equation (19) is too high, as noted. Thus 
equation (20) shown on Fig. 9 with p,/ p, 1-0 
is at least something less than I1 per cent too 
high for the 0-063 in slot, the difference de- 


creasing with increasing slot size. 


HEAT TRANSFER 

Temperature profiles were not obtained for the 
runs made with heat transfer and the considera- 
tion is limited to the comparison of the results 
previously reported to the evidence about the 
flow that has been presented here. Fig. 10 shows 
the pertinent runs portrayed in the correlation 
proposed, as a function of the 
This is essentially the por- 
except that the 
12 eliminates the 


previously 
effective distance €. 
trayal originally [1] 
addition of the distance xp/s 
need in these runs, at least, for the separate 
correlation that was used for the region near the 


used 
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slot. But previous evidence here indicates that 


the power law dependence 


0-60 


(21) 


0-41 (“| 


should not be 
expected closer to the slot than €/s 30. 
Beyond this point the correlation is fairly 
successful, approximating a power law with a 


shown on Fig. 10 as curve ¢, 


scatter of points in a band about 10 per cent 
in width. 

Contrasted to the the 
transfer depends crucially on conditions near 
the wall, and the solution of equation (13) will 
need to be matched to some appropriate sub- 
layer assumptions in order to obtain a proper 


effectiveness. heat 


result. In lieu of this there is chosen here the 
Colburn analogy, 


pu,, 


as a possible appropriate relation between the 
heat transfer and friction If this 
choice is combined with equations (12) and (8), 
there is obtained the relation 


coefficients. 


h 0-25 0°60 


Puc, POL, ° (22) 


Fig. 10 shows that the prediction of equation 
(22) is not more than 10 per cent low and that the 
effect of the difference in the exponents of the 
slot Reynolds number in equation (22) and the 


Fic. 10. Heat transfer 


Curves a and + are equation (22) for slot Reynolds 
numbers of 3000 and 6000 respectively. Curve c is 
equation (21). 
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correlation used on Fig. 10 is not a crucial one 
in the range of Reynolds numbers that is en- 
compassed there. It is noteworthy that the 
correspondence between the thermal and the 
hydrodynamic behavior that is achieved for this 
flow is the equal of that usually found for the 
more conventional systems of pipe flow and the 
usual turbulent boundary layer on a plate. 


SUMMARY 

An approximation to the wall jet, in which the 
free stream velocity was small but not zero, has 
been investigated experimentally to appraise 
the degree to which the behavior of the theoreti- 
cal flow was realized and to establish the extent 
to which the measured effectiveness and heat 
transfer coefficient might be predicted. Generally 
successful achievement of these comparisons 
embraced the following items. 

The velocity profile in that system considered 
is practically the same as that predicted and this 
correspondence holds almost to the point 
at which exists the free stream velocity; and this 
agreement existed beyond about 18 slot heights 
downstream of the Power law behavior 
exists approximately with respect to downstream 
distance with exponents being of the order of 
magnitude that are indicated by the theory, but 
this is the weakest part of the comparison. The 
friction factors can be predicted well if the 
experimental dependence’ on 
employed. 

Agreement between the predicted temperature 
profiles and those determined experimentally 
with an adiabatic wall requires some alteration 
of the eddy diffusivity and in particular the value 
in the outer region must be reduced by 30 per 
cent from that implied by the theory: but other 
than this, the correspondence is perhaps better 
than would have been anticipated. When values 
of the effectiveness are predicted from the 
hydrodynamic and thermal profiles the predic- 
tion agrees with the results for the larger slot but 
is Otherwise high by about 15 per cent. 

Heat transfer coefficients, predicted from the 
flow results, are about 10 per cent below the 
data; and the prediction, based upon the Col- 
burn analogy, verifies this relation for this 
system. 


slot. 


distance 1s 
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THE EFFECT OF A MAGNETIC FIELD ON FREE 
CONVECTION HEAT TRANSFER 


E. M. SPARROW* and R. D. CESS* 
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Abstract—Free convection heat transfer due to the simultaneous action of buoyancy and induced 

magnetic forces is investigated. The analysis is carried out for laminar boundary-layer flow about an 

isothermal vertical plate. It is found that the free convection heat transfer to liquid metals may be 

significantly affected by the presence of a magnetic field; but that very small effects are experienced by 
other fluids. 


Résumé—Cet article étudie la transmission de chaleur par convection libre résultant de l’action 
simultanée des forces de convection naturelle et de forces magnétiques induites. L’étude a été faite 
pour un écoulement de couche limite laminaire sur une plaque verticale isotherme. On a trouvé 
que, pour des métaux liquides la transmission de chaleur par convection libre pouvait étre notable- 
ment affectée par la présence d’°un champ magnétique; avec d’autres fluides ces effets sont tres petits. 


Zusammenfassung—Es wurde der Warmeiibergang durch freie Konvektion bei gleichzeitiger Ein- 

wirkung von Auftriebs- und induzierten magnetischen Kraften untersucht, und zwar fiir die laminare 

Grenzschicht an der senkrechten isothermen Platte. Es zeigt sich ein starker Einfluss des Magnetfeldes 

auf den Warmeiibergang bei fliissigen Metallen, bei anderen Flissigkeiten dagegen nur ein sehr 
geringer. 


Annotauna—B crarbe paccMaTpuBaeTcH mMepeHoc Tenmsa nox jeiicranem cBoOoHoli 

KOHBE KUM H HHLY IM pOBaHHOrO MarHHTHOro TOJIA. IlecaaveTca laMMHaApHbLA MOrpan 4H bil 

COM BOKPYr HB30TeEPMHYeCKOM BepTHKAIbHOI MW1acTuALt. VeTraHopseHo, 4TO Ha mepeHoc 

Tenia mpi CBOOOTHOM KOHBEKITMM B KRAJIKMX MeTadlaX CYUeCTBeCHHO BINHeT Halii4ne 

MarHuTHoro MOA, B TO BpeMA Kak Ha pyrite MILTKOCTH BIAAHMHe MarHiuTHOrO § TIO.1H 
Hevo.Tbiloe, 


NOMENCLATURE i Prandtl number, v/a: 


magnetic induction vector; 

externally imposed y-component of B; 
induced magnetic force; 

x-component of F; 

transformed stream function equation 
(10); 

functions of »; 

Grashof number, g§|7,,, T 0|x?/v*: 
acceleration due to gravity; 

current density vector: 

thermal conductivity: 
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overall rate of heat transfer; 

Q in absence of magnetic field; 

local rate of heat transfer per unit area; 
q in absence of magnetic field: 

static temperature; 7+, ambient tem- 
perature; 7), wall temperature; 
AT = T,, — Ta; 

velocity component in x direction; 
velocity vector; 

velocity component in y direction; 
co-ordinate measuring distance from 
leading edge; 

co-ordinate measuring distance normal 
to plate. 


Greek symbols 
thermal diffusivity ; 


a 
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thermal expansion coefficient, 

1/p (ep/eT),: 
similarity variable, equation (9a): 
dimensionless temperature, 

(T — Tx)/(T, Tx); 
functions of 7; 
kinematic viscosity; 
magnetic parameter, equation (9b); 
density; 
electrical conductivity; 
stream function. 


INTRODUCTION 
IT is common to classify buoyancy forces and 
induced magnetic forces among the body forces 
which may occur in fluid mechanics problems. 
The separate action of each of these forces in 
establishing and modifying fluid flows has been 
studied rather extensively. In the present 
investigation, consideration is given to the situa- 
tion where buoyancy and magnetic forces act 


simultaneously. 

The specific problem selected for study is the 
flow and heat transfer in an electrically-con- 
ducting fluid adjacent to an isothermal vertical 
plate. The configuration is pictured schematically 


in Fig. 1. The plate surface is maintained at a 
uniform temperature 7, which may either 
exceed the ambient temperature 7, Fig. I(a), 
or may be than 7, Fig. 1(b). When 
T T~, an upward flow is established along 
the plate due to free convection; while when 
7 T~, there is a downflow. Additionally, a 
magnetic field B, acts normal to the plate surface. 
The interaction of the magnetic field and the 
moving electric charge carried by the flowing 
fluid induces a force which tends to oppose the 
fluid motion. Consequently, the resultant flow 


less 





(b) Tw< To 


Fic. 1. Physical model and co-ordinates. 
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and the corresponding heat transfer should be 
decreased relative to the case of pure free 
convection. 

There is an interesting distinction between the 
present problem and others involving magneto- 
hydrodynamic effects in forced convection boun- 
dary layers. In the latter situation, induced 
magnetic forces may modify the free stream 
flow and in turn, this may effect the external 
pressure gradient or the free stream velocity 
which is imposed on the boundary layer. Thus, 
a complete boundary-layer solution would 
involve a magnetohydrodynamic solution for the 
inviscid free stream (for example, see Refs. 
| and 2). In some cases, the interaction between 
the free stream flow and the magnetic field has 
been treated in an incomplete manner, giving 
rise to an ambiguity in the boundary-layer 
results [3]. On the other hand, in the free 
convection problem, the velocity is zero in the 
ambient fluid and induced magnetic forces do 
not exist there. Consequently, the influence of 
the magnetic field on the boundary layer is 
exerted only through induced forces within the 
boundary layer itself, with no additional effects 
arising from the free stream pressure gradient. 
As a consequence, the free convection problem 
may be formulated in a simpler and perhaps 
more exact manner than the forced convection 
problem. 

The analysis is carried out for the case of 
uniform surface temperature 7,, and uniform 
imposed magnetic field B, (independent of x). 
These conditions do not lead to a similar solu- 
tion of the laminar boundary-layer equations. 
Therefore, solutions of the governing equations 
have been obtained utilizing a series expansion 
method. At the time this study was carried out, 
there were no analyses of the magnetohydro- 
dynamic free convection problem in the readily- 
available literature. During the process of 
review by the Journal, some additional references 
were brought to the attention of the authors. 
The magnetohydrodynamic free convection 
problems considered therein are complementary 
but different from the situation considered here. 
In Ref. 4 the isothermal vertical plate is analyzed 
under the assumption that the imposed magneti: 
field B, varies as x~!*. This is the condition 
required to achieve a similarity boundary layer. 
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Approximate solutions were obtained by the 
Karman—Pohlhausen integral method. Refs. 
5 and 6 also consider similarity-type solutions. 
In Ref. 5, the isothermal wall case is solved 
numerically for various Prandtl numbers and 
magnetic parameters and additionally, asymp- 
totic solutions are given. Ref. 6 explores the 
relationship between the x-dependence of wall 
temperature and imposed magnetic field which 
provides similarity conditions, but numerical 
results are not given. An imposed field By 
varying as x'* along an isothermal plate was 
considered in Ref. 7. This did not lead to a 
similarity-type boundary layer and a series 
expansion method was utilized. The results of 
Ref. 7 are somewhat in doubt inasmuch as an 
error was discovered in one of the governing 
differential equations [5]. 


ANALYSIS 

Mathematical formulation 

The starting point of the analysis is the basic 
conservation laws of momentum, and 
energy. To obtain the mathematical statement of 
these laws, we utilize the well-known governing 
equations for free convection (for example, 
p. 327 of Ref. 8) to which are added terms appro- 
priate to the magnetic effects. Characterizing the 
induced magnetic force by F, we write 


mass, 


mass: 


energy: 


oT OT 


CX 


u 


The plus-minus sign has been attached to the 
buoyancy force g8(T — T~) so that the equations 
are valid for both the upflow and downflow 
situations pictured on Fig. l(a) and 1(b) respec- 
tively. Fluid property variations have been 
considered only to the extent of a density 
variation which provides a buoyancy force. 
Viscous dissipation has been neglected in the 
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energy equation (3). Further, since the Joule 
heating (electrical dissipation) is usually the 
Same order as the viscous dissipation, it too 
has been neglected. 

The magnetic force F may, in the absence of 


excess charges, be written as [9] 
F= 3x8 (4) 


where J and B are respectively the current 
density and magnetic induction vectors. Further, 
when the external electric field is zero and the 
induced electric field negligible, the current 
density is related to the velocity by Ohm’s Law 


as follows 
(5) 


where o denotes the electrical conductivity of the 
fiuid. Next, under the condition that the mag- 
netic Reynolds number is small, the induced 
magnetic field is negligible compared with the 
applied field. This condition is usually well 
satisfied in terrestrial applications, especially so 
in (low-velocity) free convection flows. So, we 
write 

» =, 2. (6) 


together equations (4), (5), and (6), 
is found to be 


Bringing 
the force component F 


- ouBs 


and this may then be introduced into the momen- 
tum equation (2). 

The specification of the boundary conditions 
is necessary to complete the statement of the 
problem. At the surface, the velocities are zero 
to satisfy the conditions of no slip and an 
impermeable wall. In addition, temperature 
continuity requires that fluid and solid share the 
same temperature. Far from the surface, the 
velocity approaches zero and the temperature 
approaches that of the surroundings. Formally, 
these conditions may be stated as 


u v 0 
(3) 
T const. 


Having thus completed the statement of the 
problem, attention may next be directed toward 
finding a solution. The first thought would be to 
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seek a similarity solution; that is, to seek a form 
of solution in which the velocity and temperature 
profiles maintain a similar shape at all values 
of position x. Mathematically speaking, the 
desirable property of such a solution is that the 
governing equations (1), (2), (3), and (7) become 
ordinary differential equations. However, it is 
found that the conditions that B, and 7,, are 
both independent of x cannot be satisfied by a 
similarity solution. As a consequence, some other 
approach must be found. 


Series solution 

Previous experience with non-similar boun- 
dary layer problems that a 
solution might be useful in the present situation. 
To this end, the following new co-ordinates are 


suggests series 


introduced 


1 1/4 9 
(Ja) 
r\ 4 
o B°x*/ pv , 
> (9b) 
(Gr/4)' ? 
where Gr is the Grashof number. The variable 7 
is immediately recognized as the free convection 
similarity variable. On the other hand, €, which 
is essentially a stretched x co-ordinate, is an 
index to the relative importance of the magnetic 
forces. Next, new dependent variables f and @ 
are defined as 


j 
Ww 


[64 g8v? T 
T — Tz 
T To 


T| axes? 
(10) 


where us, the stream function, is related to the 
velocities u and v in the usual manner 


(11) 


This definition of y% immediately satisfies the 
conservation of mass equation. 

We may then proceed to transform the con- 
servation of momentum and energy equations 
into the new co-ordinates. To facilitate the 
transformation, it is useful to have the velocity 
components explicitly expressed in terms of the 
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new variables. From equation (11) in conjunc- 
tion with (10) and (9), there is obtained 


(12a) 


db . (12b) 


With these, and utilizing the definitions of », &, 
and @ from equations (9) and (11), the conserva- 


tion equations (2) and (3) becomes 


momentum: 


energy: 
aa ‘ad ; “0 
3f + 2é =« Mi 
C7 r i 
It may be noticed that in the absence of a mag- 
netic field, i.e. € 0, these equations reduce to 
the standard free convection equations as first 
derived by Schmidt and Beckmann (p. 447 of 
Ref. 10). 

Notwithstanding their change in form, equa- 
tions (12) and (13) are, like their predecessors (2) 
and (3), partial differential equations. In order 
to reduce the problem to one involving more 
tractable ordinary differential equations, we 
expand the variables f and @ in series as follows 


SE. 9) = folly) + Efi) + SF) (14) 


A E, n) G,( n) £6,(m) E74,(7) ( 15) 
These may be substituted into equations (12) 
and (13) and terms grouped according to powers 
of €. From this, there is obtained the governing 


equations for the fy. 4. /;. 4, . . . as 


fo T 3 foto’ 2( fy)? 
6’ +. 3Pr fh —0 
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5 fo''h =So — 9 | 
ons > (17) 
5 f19% J 


where primes represent differentiation with 
respect to 7 and Pr denotes the Prandtl number. 

For computational purposes, the series were 
truncated after the @, and /,; terms. Formulated 
in this way, the problem takes the form of a 
basic free convection flow upon which the effects 
of the magnetic field constitute a disturbance. 
From the numerical results to be shown later, 
it would appear that truncation after the second 
term is not a too serious restriction. 

The boundary conditions (8) may also be 
rephrased in terms of the new variables. Utilizing 
the velocity expressions (12) and the definition 
of @, equation (10), it is found that 


fi" + shi" — 6fohi + 
¥ 3 fo; 2 fo 4 


4,(0) 


asn-> « 


FO) = f,'(0) = 0, 
to - 0, 6, -0 


(16a) 


4,(0) = 0 


asyn> & 


f,(0) = f,'(0) 


fi>0, 0-0 (iva) 


4 


It may be seen that equation (16) and the 
corresponding boundary conditions (16a) coin- 
cide with the final ordinary differential equations 
for pure free convection. Numerical solutions of 
these equations covering the Prandtl number 
range 0-003 to 1000 have been tabulated in 
detail in Refs. 11 and 12. The computational 
task thus remaining for the present study was to 
solve equations (17) subject to the boundary 
conditions (17a). 

By inspection of these equations, it is seen 
that since f, and @, appear in both equations, 
simultaneous solution is required. Additionally, 
it is necessary to utilize the solutions of equations 
(16) as input data, since fo, fo’, fo’, and 65, all 
appear in equations (17). Analytical solutions of 
equations (17) could not be found, and it was 
necessary to use numerical means. Solutions 
were carried out on an IBM 704 electronic 
digital computer for Prandtl numbers of 0-02, 
0-72, and 10. Input data for the lowest of these 
was taken from Ref. 12, while that for the 
higher Prandtl numbers came from Ref. 11. 
From the solutions, the essential information 
which is needed in the heat transfer computation 


T 
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is (d6,/dy),, —9. These results are listed in Table 1, 
along with the values of (d@,/dy),—, as taken 
from the references. 


Table 1. Temperature derivatives 


6;(0) ;(0) 85 (0)/85(0) 
0-107 
0-123 
0:137 


0-125 
0-:0618 
0-0152 


1-169 
0-5046 
0-1116 


There are two aspects of these results which 
deserve mention. First is the fact that 6;(0)/@(0) 
varies only slightly with Prandtl number over the 
very wide range considered here. This suggests 
that one may interpolate between or extrapolate 
beyond the tabulated results without fear of 
incurring large errors. The second relates to the 
small magnitude of 4@;(0)/6,(0) ~ 0-1. Hence, 
only with fairly large € values (e.g. ~2) will the 
second term of the series begin to be important. 


| is me 


O} 








Fic. 2. Variation of the function 6,()). 
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Fic. 3. Variation of the function f/(7). 


Thus, even with truncation after the second term, 
the theory appears to be able to accommodate 
fairly large €. Of course, small € values are 
accommodated without question. 

In addition to the tabulated temperature 
derivatives which will be used in the heat 
transfer computation, it appears worthwhile for 
the sake of completeness to give more detailed 
information on the new solutions which have 
been obtained. To this end, the functions 6,(») 
and f,'(y) have been respectively plotted on Figs. 
2 and 3 for Prandtl numbers of 0-02, 0-72 and 
10. The @, function is associated with the 
temperature distribution by equation (15); 
while the f/f,’ function is associated with the 
distribution of the velocity component u by 
equations (12a) and (14). The functions 6, and 
fo which are additionally needed in the deter- 
mination of the temperature and velocity pro- 
files are given in Refs. 11 and 12. 


HEAT TRANSFER RESULTS 
The local rate of heat transfer flowing from 
the surface to the fluid may be calculated by 
Fourier’s Law 


-) 


C v y~-0 


q -k | (18) 
Utilizing the definitions of 6 and » from equations 
(10) and (9a), the expression for q can be 
rephrased as 
. 
q it. (19) 


yy\ 1/4 dé 
x , “ 


_ {Gi 
T)| : dy 


Then, introducing the series expansion (15) for 
6, there is obtained 


k . , Gr\l4 
“* MG 


[—@,(0) — €0,(0) —...] = (20) 


In the absence of a magnetic field, the local heat 
transfer rate qd, is given by 
. Gr\ 4 
qo= ~ (Tw — Te) | - )} [—%0)]. 21) 
The effect of the magnetic field upon the heat 
flux is then obtained by combining equations 
(20) and (21), with the result 


q sd 
Yo 4,(0) 


2c B; 
p [gp 3 


x2 


Tx\] 


(22) 


where & has been replaced according to equation 
(9b). 

In appraising the influence of the magnetic 
field, reference is made to the information 
listed in Table 1. Since 6/(0)/6(0) is negative, it 
follows that the magnetic field reduces the heat 
transfer, as was expected on physical grounds. 
Additionally, it is seen that since 6;(0)/8(0) is of 
the order of 0-1, the presence of the magnetic 
field is significant only if 


2c B?x)? 
p[gB|T,, — Txo|}? 


is of the order of one or two. 

For 8 N sulphuric acid (1-9 mhos/in) under 
the reasonable conditions 4T 50°F and 
x = 1 ft, a magnetic field of 25000 gauss would 
be required to have a significant effect on heat 
transfer. Such a magnetic field is exceedingly 
large and may be considered outside the range 
of ordinary laboratory practice. For salt water 
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(0-64 mhos/in), similar field strengths are re- 
quired to influence the heat transfer, and even 
larger fields would be needed for ordinary tap 
water. In the case of gases, electrical con- 
ductivities of technically-interesting magnitudes 
are not achieved until the gas temperatures are 
very high. For example, even at a temperature of 
5500°F and a density corresponding to 100 000 
ft altitude (1/70 of standard sea level density), 
the electrical conductivity of air is only about 
10-4 mhos/in (Ref. 13, Fig. D, 34a). For these con- 
ditions, a magnetic field of perhaps 20 000 gauss 
is needed to significantly effect the free convec- 
tion heat transfer. The combination of such high 
temperatures and high magnetic fields is difficult 
to achieve and is not commonly encountered. 
Somewhat lower temperatures and_ smaller 
magnetic fields would be required if the air were 
seeded with potassium. 

At the other end of the from these 
illustrations is the case of liquid metals. For 
liquid mercury (2-5 10? mhos/in), a 25 per 
cent reduction in the local heat flux can be 
achieved with a magnetic field of 1000 gauss for 
AT = 50°F and x = 3 in. Thus, it would seem 
that among all the fluids, the liquid metals 
appear to be most susceptible to the effects of a 
magnetic field. 

Thus far, consideration has been given to the 
local heat flux g. The overall rate of heat transfer 
O from a section of plate from x = Oto x = x 
may be calculated by integrating as follows 


scale 


Q = J%qdx. 


= 


Substituting for g from equation (20) and noting 
that Gr) 4 ~ x*° 4 and € ~ x! ?, there is obtained 


3 [ &(0) iin 
5 18(0)| pleslT. — Tx\}'2~ 


where Q,, the overall heat flux for pure free 
convection, is given by 


Gr 14 
O,= 3 K(7, Tx) | | {—4,(0)]. (25) 


By comparing equations (22) and (24), it is 
seen that the presence of the magnetic field has a 
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lesser effect on the overall heat transfer than on 
the local heat transfer. 

Equations (22) and (24) may be regarded as 
computational formulas for g and Q provided 
that gy and Q, are known. These may be evalu- 
ated from equations (21) and (25) in conjunction 
with the 6;(0) values of Table 1. When equations 
(22) and (24) are used for Prandtl numbers 
other than those considered here, then results 
for gy and Q, are available in Refs. 11 and 12, 
the former being most useful in the range of high 
Prandtl numbers and the latter for the liquid 
metal range. 


Comparison with other solutions 

It is interesting to see how the results from the 
present analysis relate to those of other investi- 
gations. As previously mentioned, the only 
reliable results currently available are those for 
the isothermal plate with a magnetic field which 
varies as x-'/4 (i.e. the similarity case). Although 
this is different from the uniform field case 
considered here, it still may be interesting to 
compare the heat transfer results. One of the 
possible comparisons is to look at the local 
heat transfer predictions under the condition 
that the local values of the magnetic parameter 
€ in the two analyses (z in Ref. 5) are identical. 
The local equality of the € parameters at a given 
x can be achieved by arranging the magnetic 
field strengths to have identical values at that 
x.* Making use of the analogue computer 
solutions of Ref. 5 for the similarity case and of 
equation (22) and Table | for the uniform field 
case, remarkably close agreement between the 
heat transfer predictions was found for all 
Prandtl numbers for € up to and including 
unity. This finding suggests that, at least for 
situations where the magnetic field has a 
moderate effect on heat transfer (~10-15 per 
cent), the local heat transfer reduction is not 
much influenced by the details of the upstream 
variation of magnetic field. For € values exceed- 
ing unity, the analogue computer solutions for 
the similarity case are available only for a 
Prandtl number of 0-73. For these higher & 
values, the agreement between the local heat 


* The field strength for the similarity case would there- 
fore be larger at smaller values of x. 
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transfer results from the two analyses is not so 


good, those from the present study being lower. 


This 


deviation may be due either to the 


differences in the upstream magnetic field varia- 


tion or perhaps, to the series truncation of 
equation (22). 


For the more important low 


Prandtl range, only approximate results are 
available for the similarity case for € > 1. 


we 
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CONVECTION DE LA CHALEUR DANS UN GAZ EN REGIME 
LAMINAIRE DANS LE CAS D°UN GRADIENT DE PRESSION 
ET D'UNE TEMPERATURE DE PAROI QUELCONQUES 


BERNARD LE FUR 


Laboratoire d’Aérothermique, Sorbonne, Paris, France 
(Received 20 April 1961) 


Résumé— Une nouvelle transformation généralisant celle d’Illingworth-Stewartson permet de ramener 
les équations de la couche limite laminaire compressible aux équations de la couche limite incom- 
pressible, lorsque les distributions de vitesse extérieure et de température pariétale sont quelconques. 
Pour cela, on utilise une enthalpie de référence généralisant celle de Monaghan et l'on néglige les 
termes de gradient de pression dans les équations transformées. 

La comparaison entre les résultats obtenus ainsi et ceux de l’intégration des équations completes 
dans les cas étudiés par Cohen et Reshotko montre que les profils de vitesse et de température sont 
presque identiques, tout au moins quand la température pariétale est comprise entre la moitié et le 
double de la température totale. Lorsque la température pariétale décroit, erreur augmente en restant 
inférieure 4 7,3 pour cent, par exemple, pour le coefficient de convection au point d’arrét dans un 
écoulement bidimensionnel, le nombre de Prandtl du gaz étant égal a 1. 

Lorsque la température de la paroi d’un obstacle quelconque est faible devant la température totale, 
la densité de flux de chaleur pariétale est donnée par une formule différant legerement de celle de Lees. 


Abstract—A new transformation, generalizing Illingworth—Stewartson’s, transforms the compressible 
laminar boundary layer equations to the incompressible boundary layer equations, for any external 
velocity and wall temperature distributions. For this, a reference enthalpy, generalizing Monaghan’s 
formula, is employed; pressure gradient terms are neglected in the transformed equations. 
Comparison between results obtained thus and those obtained by Cohen and Reshotko by inte- 
grating the full equations shows that the velocity and temperature profiles are almost identical, at 
least when the wall temperature lies between half and twice the stagnation temperature. When the wall 
temperature decreases, the error rises while staying below 7-3 per cent, for example, in computing the 
heat transfer coefficient at a two-dimensional stagnation point with the gas Prandtl number equal to 1. 
When the wall temperature of an arbitrary body is small compared with the stagnation temperature, 
the heat-transfer rate at the wall is given by a formula differing slightly from that of Lees. 


Zusammenfassung—Eine neue Transformation, welche die von Illingworth-Stewartson verallge- 
meinert, gestattet es, die Gleichungen der laminaren, kompressiblen Grenzschicht auf die Gleichungen 
der inkompressiblen Grenzschicht zuriickzufiihren bei beliebiger Verteilung der 4usseren Gesch- 
windigkeit und der Wandtemperatur. Hierzu wird eine gegeniiber Monaghan verallgemeinerte 
Bezugsenthalpie verwendet; die Terme des Druckgradienten werden in den transformierten Gleichun- 
gen vernachlassigt. 

Der Vergleich zwischen den so erhaltenen Resultaten und denen der Integration der vollstandigen 
Gleichungen in den von Cohen und Reshotko behandelten Fallen zeigt, dass die Profile der Gesch- 
windigkeit und der Temperatur fast identisch sind, mindestens dann, wenn die Wandtemperatur 
zwischen der Halfte und dem Doppelten der Gesamttemperatur liegt. Bei fallender Wandtemperatur 
wachst der Fehler an, bleibt aber z.B. kleiner als 7,3 °, fiir den Ubergangskoeffizienten im Staupunkt 
einer zweidimensionalen Stré6mung bei einer Prandtlzahl des Gases von 1. 

Wenn die Wandtemperatur eines beliebigen Hindernisses klein ist gegen die Gesamttemperatur, 
lasst sich die Warmestromdichte an der Wand durch eine Gleichung wiedergeben, die etwas von der 

Gleichung nach Lees abweicht. 


AnHoTayuwA—B cratbe nmpuBoquTca Hopoe Ob6oOmeHHOe npeodpasoBanne IlamurBopya 
CrioapTconHa, KOTOPOe MO3BOTHeT BLIBECTH YpaBHeHHA WaMMHapHOrO WOrpanwM4noro COA 
IA CxARMMaeMOrO Ta3a M3 YpaBHeHMA JaMMHapHoro HOorpanM4HOrO COA pM 060M 


275 





BERNARD LE 


paciipeleTeHiit BHETIHHX IIpHCTeHHBIX ChOpocTell I TeMiMepat Vpbl. pi ih 
OTHOCHTC.1bHatt 


Monarava, uenoub3syerca OOOOMmeHHAaH 


FUR 


OTST OT 
VULThI Bal TCH 


ITOTO, B 


IHTAIbDUINA Wo He 


YT@HbI PpaqheHta jab AeHHA B mpeodopa s;OBAHHBIX VpaBHeHHAX. 
Cpapnenie NOTVYYCHHBIX WaHHbIX C pesy.1TbTaTaMH HHTerpHpoBaAHHA MO.THBIX YpaBHeHHil B 


HKoxenom u PemotTKo 
NouTH TOAWeCTBeHHH. C 


VBeJIIMNB aeTcn, 


pacCMOTPeHHBIxX 
TeMMepat \ pb 
HOrpemHoct b 


CAVdaAXx 
TOHMAReCHILEM 
OUHAKO OCTAaeTCH 


WOKasbBaeT, YTO Tpo*PwI ckOpocTH 
IIpHCTeHOUHO = TeMnepatTypbl 
MeHbule 7,3%, HanpumMep aa Kooddny 


HeHTa KOHBEKIMIM B KPUTHVECKOH TOUKe AByMepHOrO NoTOKAa Mp Uncae IpanArad WIA rasa 


paBHoM j1 
reiLia Ha CTeHKe 


Korwa remmepatTypa CTCHKH HuUKe WOJTHOT TeMHepatTyphl, TO WIOTHOCTh HOTOKAa 
MOMECT OLITh BbIPamketa VpaBHeHHeM, KOTOPOe HeCKO.IBKO OTINMNAeTCH OT 


ypapHenna «Inca 


NOTATIONS 
abscisse curviligne prise le long d’un 
profil ou d’un méridien: 
ordonneée prise perpendiculairement a la 
paroi: 
rayon: 
composante de la vitesse le long de l’axe 
des x; 
composante de la vitesse le long de l’axe 
des y; 
température absolue: 
célérité du son; 
nombre de Mach; 
masse volumique: 
fonction de courant; 
viscosité ; 
viscosité cinématique: 
tension de frottement: 
coefficient de conductibilite: 
chaleur spécifique a pression constante: 
rapport des chaleurs spécifiques ; 
enthalpie massique: 
densité de flux de chaleur a la paroi: 
température de frottement: 
température effective locale: 
pression statique: 
nombre de Prandtl; 
facteur thermique pariétal de frottement: 
facteur enthalpique pariétal de frotte- 
ment; 
facteur enthalpique pari¢ta) de convec- 
tion local; 
coefficient de convection local: 
nombre de Reynolds rapporté a x: 
coefficient de transport d’enthalpie (ou 
nombre de Stanton). 


Indices inférieurs 
e, écoulement extérieur a la couche limite: 
Pp, conditions a la paroi; 


conditions a l’arrét en un point quel- 
conque, 

conditions a l’arrét a lextérieur de la 
couche limite; 

grandeurs de référence; 

conditions a la paroi thermiquement 
isolée: 

premiere approximation: 

conditions a l’enthalpie moyenne. 


Indices supérieurs 

( )*, grandeurs transformées par la nouvelle 
transformation; 

(~), grandeurs transformées par la_trans- 
formation de Cohen et Reshotko: 
grandeurs correspondant a l’équation de 
l’énergie sans second membre. 


INTRODUCTION 
LoRSQUE, dans un gaz, les vitesses et les dif- 
férences de température ne sont plus tres 
faibles, il faut tenir compte de la variation des 
propriétés physiques dans les équations de la 
couche limite laminaire. 
Dans le cas particulier ot la chaleur specifique 


a pression constante c, est constante, le nombre 


de Prandtl Pr est égal a 1, la viscosité « pro- 
portionnelle a la température absolue @ et la 
paroi de l’obstacle thermiquement isolée, les 
equations de la couche limite peuvent se ramener 
aux équations de la couche limite incompressible. 
Cette possibilité avait été démontree rigoureuse- 
ment pour la plaque plane par Dorodnitzin [1] et 
Howarth [2]. Elle a été étendue au cas ou la 
distribution de extérieure u(x) est 
quelconque par Stewartson [3] et Illingworth 
[4]. 

On sait que, si l'on abandonne les hypotheses 
précédentes, les equations de l’impulsion et de 


vitesse 
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energie ne peuvent plus étre rendues indépen- 
dantes. Nous allons montrer qu’on peut encore 
se ramener a une couche limite incompressible 
dans des conditions plus générales et notamment 
lorsque la température de paroi est quelconque. 
Pour cela, nous devrons utiliser certaines hypo- 
théses de calcul simplificatrices. 

Nous supposerons que le gaz est parfait, mais 
que c, est, en général, fonction de 6. D’autre 
part, la loi de variation de » en fonction de @ ne 
sera pas imposée a priori. Le nombre de Prandtl 
Pr sera supposé constant, mais pas forcément 
égal a |. 

L’écoulement en dehors de la couche limite 
sera suppose isentropique. 


1. EQUATIONS GENERALES 
1.1. Equations de Prandtl 
On sait que les équations de conservation de la 
masse, de la composante longitudinale de 
limpulsion et de l’énergie dans la couche limite 
laminaire, dans un écoulement permanent et 
bidimensionnel, sont: 


(pu) C( pv) 


(1) 


OV 


du, 


dx 


ch 
= pu 
ey 
C pe 
cy \Pr 


1.2. Equations de von Mises 

Effectuons la transformation de von Mises [5] 
qui consiste a prendre, comme variables indé- 
pendantes, l’abscisse x et la fonction de courant 
ws définie par: 


1 ob 
_— +o (4) 
p Ox 
et telle que / = 0 lorsque y = 0. 
Les trois équations de la couche limite (1), 
(2) et (3) se réduisent a deux: 


c Cu 
aU | Lpu , 
f C us MF Cc ws 


© [upu— ch 
u ; 
p Cu \ Pr edb 
> « (ou\* 
Lp*u~ . 
MF | Cc uw 
Prenons comme variables dépendantes: 
Z(x, Ws) u*(x, ws), 
T( Ny us) 


u>(x) 
A(x, ys) 
h(x, ws) 


) 
6,(x), > (7) 
| 


et H(x, us) h(x). 


Comme l’enthalpie ne dépend que de @, T(x, ) 
sera fonction de H(x, us) et de h,(x). En effet: 
T(x, b) = OH + h,) — Oh,), 
la fonction (hf) étant la fonction inverse de 
h(6) = Jéc,(@)d0. 
Les équations (5) et (6) deviennent, en tenant 
compte de l’équation d’état des gaz parfaits: 
oZ OZ 2u, du, 
(, f ; (8) 


? 
Cus 6, dx 


I 


C a) u, du, r 


a / 
, Uu ‘ 
yr Oub (1 rd 0, dx 


Cus 


>» Ou OZ 
lads ; : (9) 


2 Ob ap’ 


avec les conditions aux limites: 


lim Z(x, vs) 0, 


x—0 


lim Z(x, w) 


> 0 


= u(x), 


lim Z(x, wW) 0, 


lim H(x, Ws) 0, 


> 0 


lim H(x, ¢) = h,(x) — hAx), 


> 0 


& 


lim H(x, &) = 0. 


bo w 
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C 


1.3. Enthalpie de référence 

1.3.1. Plaque plane. On sait que lon a pu 
intégrer numériquement les equations de la 
couche limite sur une plaque plane a température 
uniforme en tenant compte de la variation de pu 
et de Pr en fonction de /. On peut retrouver 
respectivement les valeurs de 7, et de ®, en 
utilisant les formules de la couche limite a 
propriétés physiques constantes dans lesquelles 
les valeurs de », de p et de Pr sont celles que 
posséderait le gaz pour la méme pression et 
pour une enthalpie h, dite enthalpie de référence. 

Eckert [6] a remarqué que l’on pouvait choisir, 
sans grande erreur, pour le calcul de 7, et de 
®,, dans le cas de l’air, la méme enthalpie de 
référence, celle-ci étant une fonction linéaire 
empirique des enthalpies pariétale /,, effective 
here* et extérieure a la couche limite /,: 


h, =h, + 0,50(h, — h,) + 0,22 (here — h,), (12) 


avec: 


hess h, r dh; h,). (13) 


r, étant le facteur enthalpique pariétal de con- 
vection local, égal environ a [Pr(h,)}'. 

Lorsque le nombre de Prandtl n’est pas con- 
stant, l’enthalpie effective n’est égale a l’enthalpie 
de frottement /, que sil’on a ®, = 0, (herr = /,). 

Monaghan [7] a montré que l’on avait aussi 
une bonne approximation en_ choisissant 
comme enthalpie de référence la moyenne /,, 
de lenthalpie par rapport a u, x étant laissé 
constant: 


h d(u/u,) 


a 


l : C1 
. h(x, ws) 
U, . 


oY 


(14) 


Si l'on remplace dans les équations ., p et Pr 
par les valeurs ,,. py p0,/8,, et Pr(h,,), on 
voit qu’elles se raménent aux équations de la 
couche limite a propriétés physiques constantes. 
En remplagant dans (14) A(x, &) et u(x, &) par 


+ L’enthalpie effective est celle qui s*introduit dans la 
définition du coefficient de convection: 


a 
(h, hers): 
c,(8,) 


on trouvera plus loin, 1.5.2, une définition plus précise. 


les expressions approchées obtenues ainsi, l'on 
obtiendra, pour Pr 0,725. qui correspond a 
la valeur moyenne du nombre de Prandtl de 
l’air, expression donnée par Monaghan: 


h, =h, + 0,54 (h, — h,) + 0,16 (hetr — h,). (15) 


général d’une distribution quelconque de pres- 
sion sur un obstacle a température non-uniforme, 
nous essaierons de généraliser la notion d’enthal- 
pie de référence. Si nous examinons les equations 
(5) et (6), nous voyons que les propriétés physi- 
ques n’interviennent que par le groupement 
upu: il semble donc assez logique d utiliser 
lenthalpie moyenne (14) comme enthalpie de 
référence, de préférence a l’enthalpie de paroi 
ou a l’enthalpie de écoulement libre. 

Nous remplacerons donc, dans les équations 
(8) et (9), le groupement jp, fonction de x et 
de w, par la valeur j,p,, fonction de x seulement, 
qu'il prendra pour la méme pression p,(x) et 
l’enthalpie de référence (14). Cette enthalpie sera 
déterminée a posteriori a l’aide des profils de 
vitesse u(x, &) et d’enthalpie A(x, %) obtenus 
grace a l’intégration des équations simplifiées. 

Les valeurs de la tension de frottement parie- 
tale +, et de la densité pari¢tale de flux de 
chaleur ®, seront obtenues a l’aide des formules 
Suivantes: 

(16) 


/ 


: cu 
lim ( pu ). 
0 Ow 


© l i ch 
: Pr y aw? | tes any ) 


ou wp sera également remplacé par p,:,. 


1.4. Equation transformée de l’impulsion 
Nous allons poser: 


: PY erp, 
x* e(x) dx, 
Jo MePe 
tY p 
y* (x) dy, 
o pl 


u* u/ e(X), 


e(x) étant une fonction que l’on déterminera 
plus loin; , et p, étant la viscosité et la masse 
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volumique qu’aurait le gaz a l’extérieur de la 
couche limite s’il était ramené isentropiquement 
au repos. 

L’équation de l’impulsion s’écrira, en utilisant 
les grandeurs étoilées, et en posant: 


y* | pu*dy* = yf, (19) 
0 


c27* 


*2 


on” 


* 
4,p,U 
y* I 


Cus 


2u, du, T de 
@, Gx* e 


c. 


. 
dx* (21) 
Le second membre de I’€quation (21) s’annule 
lorsque w* croit indéfiniment. Nous allons 
choisir «(x) de telle fagon que ce second membre 
s’annule aussi a la paroi. 

I] faut donc que: 


1 de 
<« ax” 
e(x) sera defini par la formule: 


mr p 


p é 


du, 
u 


e(x) = C exp | | 


La constante et l’abscisse x, sont arbitraires et 
indépendantes; x, peut étre pris égal a zéro, 
sauf si la vitesse u, s'annule a l’origine. 

Le second membre de (21) est égal alors a: 


2u, du, | 
0 dx* ex) 
8.) | 


l dM, be py 


M, dx [Ly Pp, 


6) (1 


Ce terme est peu important, lorsque: 


(a) soit, u, est faible: 
(b) soit, M, est élevé: 


(c) soit, dM,/dx est faible: 
(d) soit, #,, est voisin de @,, Pr étant voisin de 1. 


Nous allons a présent négliger le second membre 
de l’équation (21), qui se raméne alors a 
l’équation de l’impulsion dans une couche limite 
fictive 4 propriétés physiques constantes j., et p;: 
C 27 * 


* J 6 
Ly py aap? Q. >) 


oZ* 
ox* 
On peut donc utiliser les méthodes générales 
de la couche limite a propriétés physiques con- 
stantes comme, par exemple, celles approchées de 
Pohlhausen et de Eckert [8] ou celle exacte de 
GOrtler [9]. On pourra également choisir la 
méthode d’intégration par approximations suc- 
cessives de la Ref. 10. 
Une fois calculée la 
pariétale fictive: 


tension de frottement 


T* = p(eu*/cy*),, 
la veritable tension de frottement parictale 7, 
sera obtenue grace a (16), c’est-a-dire que: 
[er Py 
bePr 


(26) 


€*(x) tn 


1.5. Equation transformée de I’ énergie 
Si l’on fait les changements de variables (18), 
(19) et (20), equation de l’énergie deviendra: 


be py ¢ a u, du, T 


us* e. ax” 


(27) 


1.5.1. Solution particuliére. Soit (H), la solu- 
tion particuliere de l’équation (27) correspond- 
ant a une densité de flux de chaleur nulle a la 
paroi et (7), la fonction deéfinie par: 


(T), = 0[((H), + A] 6, 


nous aurons: 


u, du, 


OH), pmeip, 6 =) 
u 
6, dx* 


c ix* Pr c us* c w* 
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(H), doit limites 


suivantes : 


obeir aux conditions aux 


lim (7), 


>0 


lim *} 


-~0 


lim (H) 


Posons: 


(H), (H),/€*(x). (30) 


L’équation (24) devient, en utilisant la relation 


(22): 


oH)? 


Le troisieme terme du premier membre est, 
a la paroi, égal a: 
2 du, | 


[(@ 4.\(h, 


u, ax* 6,6€%(x) 


(6, 4, \(h, 


1 dM 


[(@, 6h, — h,) 


- (6, 8. \(h, 


h,)). 


ou /, et 6, sont respectivement lenthalpie et la 
temperature de frottement 

Cette expression est faible dans les cas (a), (b), 
(c), (d) envisagés au paragraphe 1.4. 

Si nous négligeons le troisieme terme du 
premier membre, nous aurons donc: 


c(H )F OH)? 


u* 
ox* 


by Py 
Pr ii* b* 
< ( 7 * 


Cus* * 


(33) 


Cette equation est identique a l’équation de 
"énergie dans une couche limite fictive a vis- 
cosité et masse volumique constantes, le nombre 
de Prandtl étant reste le méme. 


FUR 


Les conditions aux limites (29) combinées 
avec (30) montrent que, dans la couche limite 
fictive, la paroi doit étre également thermique- 
ment isolée. Nous pourrons donc calculer le 
facteur enthalpique pariétal de frottement: 


2(H )* 


h, — h, 
lim (34) 


h,—h, o| ur? 


Si on utilise la méthode de la Ref. 11, on 
voit qu’en premiere approximation r, est non 
seulement indépendant du gradient de pression, 
mais encore du nombre de Mach de l’écoule- 
ment amont: 


r, (Pr) = Pri’? F,\ 4, 3 
cette formule etant valable lorsque } << Pr 


1.5.2. Equation sans second membre. Posons: 


H = H — (A), (36) 


7 T — (T),. (37) 


H sera solution de léquation sans second 


membre: 
¢ H [4+ Py 


ox* Pr ow* Cus* 


QO, 


oH u, du, . 
( u* = ' I 


6, dx 
(38) 


et satisfera aux conditions aux limites suivantes: 


lim H 


>0 


lim H 
/ 0 
lim H 

Le troisieme terme du premier membre de 
(38) est, a la paroi, egal a: 


u, du, 


0. ax” 


dM, 


Hip, GF, 0, 
« ax pp, 


(40) 
e(X) 

Cette expression est faible dans les quatre cas 
envisages au paragraphe 1.4. 
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Si on néglige le troisitme terme du premier 
membre, on obtiendra: 


cH Hi Py ; C (w* cH 


( x* Pr C ab* ( s* 


Q. (41) 


Cette equation est identique 4 l’équation de 
"énergie sans second membre, dans une couche 
limite fictive a viscosité et masse volumique con- 
stantes, le nombre de Prandtl étant resté le 
méme. 

Nous pourrons donc employer les méthodes 
de la couche limite a propriétés physiques con- 
stantes en y remplacgant c,@ par /. Si la tem- 
perature de la paroi est uniforme, on pourra, 
par exemple, utiliser les solutions d’Eckert [12] 
correspondant au cas ol u* cx*", comme 
ont fait Brun et Vasseur [13] et Merk [14]. 
Dans le cas général d’une température de paroi 
non-uniforme, on pourra appliquer la méthode 
d’intégration par approximations successives de 
la Ref. 10, dont la premiére approximation est 
deécrite dans la Ref. 11. 

Une fois calculée la densité pariétale fictive de 
flux de chaleur: 


fhe Py =) 


(:p* (42) 


Cus* 


lim { u* 
pi 0 


rr 
on obtiendra la véritable densité pariétale de 
flux de chaleur ®, grace a la formule (17), soit: 
Hr Py 
be Py 


e(x) D*. (43) 


On peut definir les enthalpies effectives 
locales dans la couche limite fictive de la fagon 
Suivante: supposons que lenthalpie pariétale 
h,(x*) soit de la forme h, aP(x*), Penthalpie 
effective locale /er(x*), en un point d’abscisse 
x*, sera la valeur de lenthalpie pariétale pour 
laquelle ®* s’annule lorsque l’on fait varier le 
paramétre a, les expressions j1,p, et €(x) restant 
inchangees. 
Le coefficient de convection local dans la 
couche limite réelle sera defini par la formule: 
D, c, (8,) 
h, here 


J 


(44) 


Comme h, et «(x) dépendent en réalite de /,, 
a et here en dépendront également et leur con- 


sidération offre dans ce cas moins d’intérét 


que dans celui ot les propriétés physiques peu- 
vent tre supposées constantes. On présentera en 
général les résultats des calculs sous la forme de 
la fonction ®,(x), pour chaque distribution de 
température pariétale @,(x) envisagée. 


2. ETUDE DE LA NOUVELLE TRANSFORMATION 
La nouvelle transformation prend une forme 
plus simple dans deux cas particuliers qui se 
présentent assez souvent en pratique. 
2.1. Paroi thermiquement isolée 
Lorsque c, est constant, le facteur enthalpique 
pariétal r, se raméne au facteur thermique 
parictal : 


Si l'on choisit pour r l’expression r,(Pr) donnée 
par la formule (35), «(x) prend une forme 
tres simple. 

En effet: 


2 [Log 4,(x) Log @,(X9)]. (45) 
En choisissant convenablement x, et la constante 
de la formule (23), pour que la couche limite 
réelle se raccorde, au voisinage du point d’arrét 
(ou h, h,), a la couche limite fictive trans- 
formée, on obtient: 

e(x) = (6,/0,)""* (46) 


Lorsque l’enthalpie de référence /, est prise 
égale a l’enthalpie de frottement /,, les formules 
de transformation (18) of l'on a remplace «(x) 
par (46) sont identiques aux formules obtenies 
auparavant par Rott [15], Tani [16] et auteur 
[17]. 

Ces formules avaient été établies en utilisant 
léquation globale de la quantite de mouvement 
et diverses lois hypothétiques de temperature. 
On voit qu’ici cette restriction a été levée puisque 
la loi de température est obtenue a l'aide de la 
solution de l’équation de l’énergie transformee. 

Si l’on suppose, en outre, que Pr 1, on se 
raméne a la transformation d’Illingworth 
Stewartson [3, 4], qui ne serait valable rigoureuse- 
ment que si la viscosité était proportionnelle a 
la température absolue. 
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2.2. Paroi a température uniforme 
La fonction «(x) prend également, dans ce cas, 
une forme simple, lorsque c,, est constant. 
En effet: 
6 6, du, 


(A 1) Log [u,(x)/u,(%»)] 
t, 


» Log [6,(x)/8,(%9)], (47) 


ou k est le rapport de la température de paroi 
6, a la température totale @,. 
La forme générale de ¢«(x) sera donc: 


€(.x) (48) 


ou u, est une vitesse de référence qui joue le 
rGle des constantes de la formule (23). 


3. PROFILS EN ANAMORPHOSE 
3.1. Equations de Cohen et Reshotko 

Pour savoir si le fait d’avoir négligé certains 
termes dans les équations de l’impulsion et de 
énergie conduit a des résultats différents de 
ceux obtenus en intégrant les équations com- 
pletes, nous allons examiner un cas ol cette 
intégration a été effectuée. 

Nous utiliserons les formules (18) ot «(x) 
sera pris égal a (6,/6,)! *. Nous désignerons les 
grandeurs transformées par lettres sur- 
monteées dun tilde: 


des 


On peut montrer que, dans le cas ou la 
temperature de la paroi 6, est uniforme, c,, est 
constant et Pr est égal a 1, les équations de l’im- 
pulsion et de l’énergie se raménent a des équa- 
tions différentielles lorsque 4@, .. Ee 
nombre de Mach M, a l’extérieur de la couche 
limite est alors une fonction paramétrique de 
x de la forme suivante: 


M, cX" la, ) 


Pi 12,8, Y s kas “ly 1x r (50) 
; | - —. X2m dx. 
- | 0 11,6, | 2 a; . J 


y étant le rapport des chaleurs spécifiques et a 
iy l)c,9} étant la célérité du son dans le 
gaz. La température de référence @, est une 
fonction de X qui sera déterminée apres linté- 
gration des equations. 
On doit poser: 


: M25 ) A, k: 4). 


¥(8.k:%) (6 


(54) 


vx 


. af ("3 gs Ui, ) 


Les paramétres sont § 2m/(m 1) et k; 


rapport de la température de paroi @, a la 
température totale 6,. 

Les équations de l’impulsion et de l’énergie 
deviennent: 


¥(k — 1)] = 0, | 


J 
Les fonctions f(8, k; 7) et Yo(8, k: A) devront 
satisfaire aux conditions aux limites suivantes: 


B,k:0) = f'(B, k: 0) 


lim f (8, k: 7) 1; lim ¥,(8, k; 7) = 0. (57) 


Le systeme (55) a été intégré numériquement 
par Cohen et Reshotko [18] qui ont obtenu ainsi 
les profils de vitesse u(x, y) et de températures 
d’arrét 6,(x, y) sous les formes anamorphosées: 


u = u,f (8, k; 7) 





CONVECTION DE LA CHALEUR DANS UN GAZ EN REGIME LAMINAIRE 283 


6.) ¥o(8, kK; 7). 


p 


Pour repasser aux profils réels, on utilisera la 
formule paramétrique: 


5y—1 
6,\ 4«v-v / 2v,x 
y | é, \ | (m + l)u, 


jo + (k — 1)Y,(B. k: 9) 


6 f'4B, k: 9)] da. 
3.2. Application de la nouvelle transformation 

Nous allons voir a présent si la nouvelle trans- 
formation définie par les formules (18) avec 
expression (48) de «(x) peut s’appliquer au 
cas ou la distribution du nombre de Mach 
M(x) est exprimée a Taide des formules para- 
métriques (50). 

A condition que la température de référence 
soit la méme, nous obtiendrons, dans la couche 
limite fictive: 

(59) 


(m+ 1)(R—1) 
m(1i—k)+1 


km 61 
‘ (61) 
ml —k)+ 1 
On se raménera donc aux équations de la 
couche limite a propriétés physiques constantes, 
dans le cas dit des diédres, avec: 


Posons: 


2vutx*\ . 
m* +- 1) AB. 1; 7*), (64) 


et 


(66) 


* 


x 


Les equations de l’impulsion et de l’énergie 
dans la couche limite fictive sont: 


Bk 


f(Bk, 1; n*) et Y,(Bk, 1; n*) 


fonctions 


Les . 
obéissent aux conditions aux limites suivantes: 


f'(Bk, 1: 0) 0: 
Y (Bk, 


f(Bk, 1; 0) 
1; 0) 
et 

lim f (8k, 1; »*) es 


lim Y,(Pk, 1; »*) = 0. (69) 


3.2.1. Profils de vitesse et de température 
d’arrét. Pour pouvoir comparer les profils de 
vitesse et de temperature d’arrét, nous allons 
déterminer les rapports u/u, et (6 6,)/(6,, — 9) 
en fonction de 7, en partant des profils de la 
couche limite fictive exprimés en fonction de 


* 
7) ° 
En effet, comme us us w%*, on voit facile- 


ment que l’on doit avoir: 


>») = f(Bk, 1; 7*). (70) 


Nous avons porte sur les Figs. 1-5, u/u, en 
fonction de 7, pour les cas suivants: 


0 0.2 0.6 et 2. 


5 


en utilisant les profils de vitesse de la couche 
limite a propriétés physiques constantes calculés 
par Smith [19]. 

Nous avons porte sur les Figs. 6 et 7, (6, 
6,)/(6, 6,) en fonction de 7, pour les cas 
suivants: 

0 et 2, 


B 0,5 k 


en utilisant les calculs de Gértler [20]. 
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Fic. 1. 8 = 0,5; k 0; Pr l Fic. 4. B 0,5; k 2; fr I 
—— Cohen et Reshotko [18}| Cohen et Reshotko [18] 
Méthode actuelle. Méthode actuelle. 


. B 0,5; k 0,2; Pr Fic. 5. B lL: k 2; Fr 
Cohen et Reshotko [18] Cohen et Reshotko [18] 
Méthode actuelle. Méthode actuelle. 


Fic. 3. 8B = 0,5: k = 0,6; Pr Fic. 6. B 0,5: k 0: Pr 
—— Cohen et Reshotko [18] Cohen et Reshotko [18 
Méthode actuelle. Méthode actuelle. 





CONVECTION 


\ 


Fic. 7. B 0,5; k 2: 2 
Cohen et Reshotko [18} 
Méthode actuelle. 


Les profils de vitesse et de température d’arrét 
calculés par les deux meéthodes sont presque 
indiscernables pour 8 = 0,5, k = 0,6 et 2. Pour 
B = 0,5, k 0 et 0,2, les profils obtenus avec 
la nouvelle transformation sont légerement in- 
férieurs aux profils de Cohen et Reshotko. Dans 
le cas B letk 2, on n’obtient évidemment 
pas un profil avec survitesse comme celui de 
Cohen et Reshotko, mais les profils sont encore 
assez VOisins. 

Remarquons que la comparaison a été faite sur 
les profils anamorphosés a l’aide de la variable 
7). Pour repasser aux profils réels, il faut utiliser 
la formule (58) dans le cas de Cohen et Reshotko, 
et la formule suivante: 


1 
1) 


2v,x " 
JJ (m + l)u, \, [I 
1) Y¥ (BA. 1; »*) 


6 ’ ‘ 
5 1 (Bk, 1; 1*)] dy, 


70, (71) 
pour les profils obtenus avec la nouvelle trans- 
formation. 

3.2.2. Coefficients de frottement et de transport 
d’enthalpie. Soient la tension de frottement 
parictale: 


ep, lim 
y—> 0 
et le nombre de Reynolds: 


u,X u, (8,\1/2 [ brPr { 8, 12 
R, - | (,°) dx. 
Vy Vy a.) G, 


o MtPt 
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Le coefficient de frottement sera donné par: 


2(m +- 1)? (8, k:0)R. 12. (74) 


p,O, 


128, | @ 


Le coefficient de frottement local obtenu a 
aide de lintégration des équations non sim- 
plifices (55), sera donné, en fonction de R,, par: 


2r S - 


pur 2,0, 


bd G, 


(m ])1/2 £"(B, k: O)R 1/2 


pO 


D’autre part, si l'on pose: 


lim { w* 


on aura: 


> 


C? o9 = 2/3 (n* 
pus? 


12 (Bk, 1; 0)R*-2. 
(79) 

D’apres (26): 

2(1—k) /@ 


| 9 ] Tp 


Le coefficient de frottement local obtenu a 
l'aide de la nouvelle transformation et de I’inté- 
gration des équations simplifiées (67) sera donné 
par la formule approchée: 


fy Py u, 
.(=} (80) 
u, 


ftp 


L,0, ~_ 
2 (m 1)? f"(Bk, 1;0)R-*?. (81) 
pO 
La densité de flux de chaleur pariétale dans la 
couche limite fictive est obtenue a l’aide de 
Pintégration des équations non simplifiées (55): 


PD 4,0, (0 6,) 


i+ 1 &,, 
J’ 7) 


V,X 
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Puisque Oer; = 6, lorsque Pr 1, le coefficient 
de transport d’enthalpie local sera alors égal a: 
@ ; 
pu pG, G,) 


| . 
) ¥o(8. k: O)R-¥2. (83) 


5 


D’apres (43): 


rhe {9,\"" .. 
np. \8,) % 


PD, 7 
I C, 
peu,c (8, 0,) 14,8, 


OA ered as 














B= 2m/ 


Fic. 8. Pr = 1 
— -— Cohen et Reshotko [18] 
Méthode actuelle. 


D’autre part, on a: 


os _ [4C, (8, 6,) 


ie tt n-ne 
/ ~— ---*. |) ¥i(Bk, 1:0). (86) 


\ Vix 

Le coefficient de transport d’enthalpie local 
obtenu a l’aide la nouvelle transformation et de 
l’intégration des équations simplifiées sera donné 
par la formule approchée: 


Be / cud ') y(Bk, 1:0) Ro¥2 (87) 


18, \ & 


Nous avons porté sur les Figs. 8 et 9 les courbes 

représentant les variations des expressions: 
C,R12/(m + 1)? et €,RY2/(m + 122, 

en fonction de §, pour les deux groupes de 

formules (76), (81), (85) et (87), A prenant les 

valeurs 0; 0,2: 0,6; 1 et 2. 











Fic. 9. Pr 1 
— + — Cohen et Reshotko [18] 
Méthode actuelle. 
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Lorsque k = 1, on a évidemment les mémes 
courbes. Lorsque k > 1, les formules ap- 
prochées (81) et (87) ne sont valables que 
lorsque B < 2/k. 

Pour k 0,6 et 2, les points calculés par 
Cohen et Reshotko sont extrémement voisins 
des courbes approcheées. 

Lorsque k = 0 et 0,2, les courbes approchées 
sont en-dessous des courbes de Cohen et 
Reshotko. Cela concorde avec le fait que les 
hypothéses introduites aux paragraphes 1.4 et 
1.5.1 sont d’autant plus justifiées que @, 0, 
est faible. 


3.3. Flux de chaleur aux points d’arrét dans un 
écoulement bidimensionnel ou de révolution 
Au voisinage d’un point d’arrét, on a: 


u(x) = x(du,/dx),. 


On peut alors montrer, comme au para- 
graphe 3.1, en utilisant la transformation de 
Mangler [22] pour le cas de révolution, que les 
profils de vitesse et de température d’arrét 
peuvent se mettre, Si c, est constant, sous les 
formes anamorphos¢es : 


- = f'(8, k; Pr; %) (88) 


- Y,(8, k; Pr; 7), (89) 


- 6(0)/8; 


dy. (90) 


J (1 +f) (du,/dx)-} i 
; iq FrPr d 0 ‘ 


8 et j prennent respectivement les valeurs | et 0 
dans le cas bidimensionnel, et les valeurs } et 1 
dans le cas de révolution. 

Les fonctions f(8, k; Pr; 4) et Yo(8, k; Pr: 4) 
sont solutions des équations: 


Sf" +f" +BU—f?+ Yoek— 1] =0, \ "6 
Y, +Prf Y, =9, J 
avec les conditions aux limites (56) et (57). 

U 
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La densité de flux de chaleur au point d’arrét 
sera donnée par: 
c,[6,(0) — 4;] 


P, 
: Pr 


(1 +f) trpe(du,/dx),} 


Y,(8,k; Pr; 0). (92) 
La température effective est égale 4 la tempéra- 
ture totale et la température de référence sera 
donnée par la formule: 

- a(B, k; Pr) (8,(0) — 4], 


0, = 0, (93) 


avec 
a(B,k; Pr) 
{° Y(8, k; Pr: 4) f'(8, k; Pr; 9) dy. (94) 


Si lon utilise la nouvelle transformation, on 
pourra poser: 


J (Bk, 1; Pr; n*), 


Y,(Bk, 1; Pr; *), 


u* 
- Bk)x* { 
t- 7) (du,/dx),) [Y 
Pr Pr | 


rr. 
: ‘ \ v2 


(1 
. J 


Les fonctions f (8k, 1; Pr; »*) et Yo(8k, 1; 
Pr; 7*) sont solutions des équations: 
f+ 9" + pkl—f?)=0, 
" ae > (98) 
Y, +Prf Y, =0, J 
avec les conditions aux limites (68) et (69). 
La densité de flux de chaleur au point d’arrét 
sera donnée par: 
c,[8,(0) — 4] 
, Pr 


(97) 


p d) . 
) 


? Vid + Jere Adu,/dx),} 
Y (Bk, 1; Pr; 0). (99) 
La température de référence sera: 
6, + a(Bk, 1; Pr) [@,(0) — @,], (100) 
avec 


a(Pk, 1; Pr) = 
64 Y,(Bk, 1; Pr; »*) f (Bk, 1; Pr; n*) dy*. (101) 
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Fic. 10. Point d’arrét dans un écoulement bidimensionnel 
Squire [24] Reshotko et Cohen [23] . Méthode actuelle. 





k= G/B. 


Fic. 11. Point d’arrét dans un écoulement de révolution 
Brun et Vasseur [13] >  Reshotko et Cohen [23] ZL, Méthode actuelle. 
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Fic. 12. Point d’arrét dans un écoulement bidimensionnel ou de révi 


Valeurs calculées avec les profils exacts 


On a porté sur les Figs. 10 et 11 les valeurs de 
a/c, [,p(du,/dx),}/? en fonction de k, pour 
Pr = 0,7 et 1, en utilisant les formules (92) et 
(99), ot les Yj ont été calculés, d’une part, par 
Reshotko et Cohen [23] et, d’autre part, par 
Eckert [12]. 

Lorsque k = 1, on retombe sur les valeurs de 
Squire [24] pour le cas bidimensionnel, et sur 
les valeurs de Brun et Vasseur [25] pour le cas 
de révolution. On voit que les valeurs obtenues a 
aide de la nouvelle transformation sont voisines 
de celles obtenues en intégrant les équations 
completes, surtout lorsque 0,5 < k < 2. 

On peut passer ainsi d’une fagon continue de 
la théorie de Kalikhman [26] ot l’on néglige le 
terme en (u,/0,).du,/dx dans (5) et (6), a la 
théorie de Lees [21] qui correspond au cas ot 
lon prend «(x) constamment égal 4 u,/u,, quel 
que soit k, et ot l’on néglige alors le second 
membre de (21) et le troisitme terme du premier 
membre de (38). 

On remarquera qu’on peut traiter, avec la 
nouvelle transformation, le cas des points 
d’arrét en écoulement bidimensionnel ou de 
révolution, lorsque c, est variable. On a alors: 


- ®.,c,[6,(0)] 
~ hy 0) — hy 


a 


. le . - 1, 
itvec ies approcnes. 


Valeurs calculées 


4. OBSTACLE QUELCONQUE A TEMPERATURE 
UNIFORME FAIBLE DEVANT LA TEMPERATURE 
rOTALE 


Lorsque le rapport k tend vers zéro, le gradient 


de pression dans la couche limite transformée 
u,. On aura alors: 


s annule, car alors u* 


L’indice j est égal 4 0 pour un obstacle bidi- 
mensionnel et a 1 pour un obstacle de revolution. 
Lest une longueur de référence. 

La densité de flux de chaleur a la paroi sera 


égale a: 


i, py Ru here — h,) Yo(0, 1; Pr; 0) 


—— = , (103) 
Pr{2{*R*® je, pp Ue Ax]'” 


P(x) 
L’enthalpie de référence est donnée par la 

formule approchée: 

h, =h, + a(0, 1; Pr) (h, — h,) 


+ b(0O, 1; Pr) (Ay — h,), (104) 
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a(O, 1; Pr) = 


> ¥ (0, 1; Pri *) f'(O, 1; Pr; y*) dy* (105) 


Jo 
et 


b(0, 1: Pr) 
dy* ff P'dy*® (Uf ''?-P" dy* 


a(O, 1; Pr). (106) 


h, est Venthalpie de frottement qui est égale a: 


u?(x) 
5 


hy =hi + (rp (107) 


ry (108) 


2Pr VS “vr d»* {cs "2-—P d»* 


Les courbes représentant les variations de 
a(O, 1; Pr) et de b(0, 1; Pr) en fonction de Pr 
sont porteées sur la Fig. 13. 


Fic. 13. Plaque plane. 


L’enthalpie effective /res:(x), introduite dans 
(103), sera calculée en considérant, comme au 
paragraphe 1.5.2, la convection sur une plaque 
plane ot Jlenthalpie parié¢tale est égale Aa 
h, h(x). Si nous utilisons la méthode de la 
Réf. 11: 


hy+ 


r(Pr) — 1 se 


herr, = 


ame Gbeix”)L. (900) 

La formule (103) differe de la formule de 
Lees [21] en ce que l’on a choisi l’enthalpie de 
référence /, donnée par (104) au lieu de /,, et 


lenthalpie effective /ers donnée par (109) au 
lieu de /y. 

Eckert et Tewfik [27] ont obtenu un bon 
accord avec les résultats expérimentaux dans 
l'air de Kemp et a/. [28] en utilisant la formule 
de Lees avec l’enthalpie de référence d’Eckert 
[6], voisine de celle donnée par (104), et A, 
comme enthalpie effective. 


CONCLUSION 

La transformation présentée ici permet de 
ramener, moyennant certaines simplifications, 
les équations de la couche limite dans un gaz 
parfait aux équations dans une couche limite 
fictive a viscosité et masse volumique con- 
stantes, mais 4 c, variable. Dans cette couche 
limite fictive, la distribution de vitesse extérieure 
u*(x*) dépend de la distribution réelle de la 
température pariétale @,(x) sur obstacle. 

On peut done appliquer, dans le cas des 
propriétés physiques variables, toutes les 
méthodes mises au point pour la couche limite a 
propriétés physiques constantes. Les résultats 
obtenus, dans certains cas particuliers, concor- 
dent remarquablement avec ceux obtenus par 
d’autres auteurs qui ont intégré les équations 
non simplifiées, tout au moins dans la zone ou 
0,5 < (6,/0,) < 2. Lorsque 0 < (@,/@,) < 0,5, 
erreur croit au fur et 4 mesure que 8, est plus 
faible et que le gradient de pression est plus 
élévé, tout en restant inférieure a 7,3 pour cent, 
pour le point d’arrét bidimensionnel et Pr = 1, 
par exemple. 

Lorsque la température de la paroi est faible 
devant la température totale, la densité de flux 
de chaleur a la paroi d’un obstacle quelconque 
est donnée par une formule différant légerement 
de celle de Lees. 

Cet article constitue le développement d’une 
partie de ma thése préparée sous la direction du 
Professeur Edmond A. Brun, que je remercie 
pour les conseils et encouragement que jai 
trouvés aupres de lui. 
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ON CONJUGATED PROBLEMS OF HEAT TRANSFER 


T. L. PERELMAN 
Institute of Energetics of the Academy of Sciences of the B.S.S.R., Minsk, B.S.S.R. 


(Received 25 March 1961) 


Abstract—The paper deals with the simplest “‘conjugated’’ boundary value problems of heat transfer 

in which heat conduction equations are solved in common for a body with heat sources and for a 

liquid flowing round the body. The method of the asymptotic solution of integral equations occurring 
in conjugated problems is presented. 


Résumé—Liarticle traite des problémes aux limites mixtes les plus simples pour le transport de 
chaleur, dans lesquels les équations de conduction sont résolues simultanément pour un corps 
comportant des sources de chaleur, et pour un liquide s’écoulant autour du corps. 
On utilise la solution asymptotique des équations intégrales mises en jeu dans ces problémes 
conjugués, 


Zusammenfassung—Die Arbeit behandelt die einfachsten “‘konjugierten’’ Grenzwertprobleme des 
Wiarmeiibergangs, bei welchen die Warmeleitungsgleichungen fiir den Kérper mit Warmequellen und 
die ihn unstr6mende Fliissigkeit gemeinsam gelést werden k6nnen. Fiir die Integralgleichungen, wie 
sie bei konjugierten Problemen auftreten, wird die Methode der asymptotischen Lésung angegeben. 


Annotauna—B padote paccMaTpuBalwTcaA mpocteiilime «conpsaKeHHble> KpaeBnre saad 

TeNsOOOMeHA, B KOTOPEIX COBMECTHO pelilawWTCA YpaBHeHHA TeMNONPOBOMHOCTH JWIA Tea C 

HCTOYHHKAMHM Tela MWA *AUKOCTH, OOTeKalomell Teno. J,aéTCA Mero acHMMTOTHYeCKOrO 
pelleHHAl MHTerpadbublxX ypaBHeHHil, BOSHUKAIONIMX B COMpPAKCHHBIX Bajjayax. 


NOMENCLATURE 
liquid temperature; 
solid temperature; 
surface temperature; 
normal temperature derivative on the 
body surface; 
longitudinal (along the solid) and 
normal velocity components, respec- 
tively; 


where 


wall considered 
point, 

temperature of the incoming liquid, 
density of heat flow through the surface 
of the immersed body. 


temperature at the 


Consequently, to determine a, temperature 
distribution in the liquid and the temperature 


thermal conductivity of liquid; 
thermal conductivity of solid; 
local heat transfer coefficient; 
local Nusselt number; 

local Reynolds number; 
Prandtl number. 


1. INTRODUCTION 
THE local coefficient of heat transfer between a 
liquid and a body submerged in it is determined 
as [1], 


on the surface of the immersed body must be 
known. 

As a rule, surface temperature of the im- 
mersed body—or heat flow through the surface— 
is considered a given function of co-ordinates 
[2] and, in particular, of t,, = const. [3]. 

In some cases, the setting of the wall tempera- 
ture instead of its determination from the 
common solution of heat conduction equations 
for a liquid and an immersed body is unsatis- 
factory because of the following: 


(1) the wall temperature should not be assigned 
in the case of intense heat transfer, 
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(2) in the usual statement of the problem the 
solution does not contain the dependence 
on the properties of the immersed body— 
its thermal constants, size, etc., 

(3) an experimental definition of the wall 
temperature as a function of co-ordinates 
is a comparatively complicated problem, 
whereas it is easier to determine the 
distribution of sources in the body.* 


Therefore the problems, which we shall call 
“conjugated”, are formulated as follows: the 
common solution of heat conduction equations 
for the body and the liquid round it is to be 
found. The velocity distribution in the moving 
liquid is found by solving the corresponding 
hydrodynamic problem. 

The present paper deals with the simplest 
conjugated problems. An exact solution of the 
problem on heat transfer in a slip flow is given 
in section 2. In section 3 the problem on heat 
transfer between a thin plate and a laminar 
boundary layer of incompressible liquid formed 
on it is solved. The method of the asymptotic 
solution of one class of singular integral equa- 
tions to which the problems of the considered 
type are reduced is given in the Appendix. 
Therefore, the same method can be applied to 
the solution of other conjugated problems. 


2. CONJUGATED PROBLEM OF HEAT TRANSFER 
IN SLIP FLOW 

Consider a liquid flowing with a constant 
velocity around a solid occupying the quandrant 
x > 0, y < O (see Fig. 1). Assume that the 
component along the axis y is equal to zero. 
Moreover, heat conduction of the fluid along the 
axis x is neglected 


a9 ‘ 
C6 
€ =, “boundary layer ). 


Thus, the problem is formulated as follows: 
[6(x,y) is the fluid temperature, f(x,y) is the solid 
temperature] 


* The method of determination of the heat transfer 
coefficient proposed by Academician Luikov is based on 
it. 
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For the liquid 
6 


For the solid 


o2 a9 
a co” 


O(x.y), 


I 
-_ 


x < @, 


—®D < 


Restrictions on the function Q(x,y) to be made 
for existence of the solution will be found out 
below. 

On the solid—fluid surface we take: 


fal 
Viu=+0 


Counting all the temperatures from the 
temperature of the incoming fluid one may take: 


Ol «g = 0, (5) 
6| y=« = (), (6) 


+ Instead of condition (3) we may take a more general 
condition (temperature jump) @]yW.o t|v--0 f(x) 
where f(x) is the arbitrary given function. The solution 
of the problem with such a condition is quite analogous. 
For existence of the solution it is necessary that the 
transformation (14a) for f(x) should exist and f,(a) 
should satisfy the same conditions as the function g(é) of 
(18). 
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Let 
(7) 


The conjugated problem formulated is of 
interest when considering some cases of rarefied 
gas flow with slip near the wall* [4]. 

The system of equations (1-7) can also be 
treated as a boundary value problem for the 
equation of a mixed type with singular coeffici- 
ents: an elliptic equation at y < 0 and a para- 
bolic one at y > O. The general theory of 
equations of a mixed type and especially the 
case of a hyperbolic-elliptic equation is con- 
sidered in [5]. 

For equation (1) with conditions (5, 6) and 
with regard to (4) it is easy to get 


2 


; ais 
4n(x — x’) 
\/(x — x’) 


_ exp 


A(x.) qQy : 
{ 


J0 


p(x’) dx’, (8) 


P(X), 


For equation (2) with conditions (7) and (9) 
we have 


| y2 
Fe P(x’) dx’, (10) 
where 
K(x,y) (lla) 


Ka,y) = (11b) 


qs(a,8) = fg 9s(a, —y) cos B y dy, (1Ic) 


] 
qfa,y) K | 
sJ0 


It is seen from (8) and (10) that if the normal 
derivative on the boundary p(x) is known, then 
the problem is reduced to quadratures. Taking 


O(x,y) sinaxdx. (l1d) 


~ * As suggested by Professor A. A. Gukhman. 
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y 0 in equations (8) and (10), the system of 
integral equations will be obtained 


hy p(y) 
Ox) =a, , dy, (12) 
Jo Vv (x y) 


o it x y 
O(x) = K(x, 0) | In | | p(y) dy, (13) 
7 Jo a» } 


where (see equation (3)) the following designation 
is introduced 


y=—q = O(x). (14) 
Subject the system (12, 13) to the generalized 

Fourier sine-transform [6]: 

(14a) 


lim [° f(x) e~® sin a x dx. 


o->0 


f(a) 


It is possible to show the validity of changing 
the order of integrations shown. Finally, 
eliminating O(x), a singular equation for p,(a) is 


obtained :+ 
2{° p(B)B ,. 
= - dp, 
ae 0 p* ee 


(15) 


. 4 \V aK,(a) 
I pda) 
ay\/a a 


here K(a) = K,(a, 0) (see (11)); a a,v/7/2, 
¢ designates the Cauchy principal value of inte- 
gral. In equation (15) the change of variables is 
allowable 


pda) = p(€). (16) 


Equation (15) is reduced to the form 


l P 1(* gm) i 
(1 T aa) V2) g(¢) = -| z ~~ dn, (17) 


where 
é1 1K £/ 72 
S AV ¢ a ) , 
2 , (18) 
a* 
The general theory of equations of such a type 
as (17)—singular integral equations with the 
Cauchy kernel—is considered in [8, 9]. 


+ The kernels analogous to those of the integral 
equation (15) are considered in the Kramers—Kronig 
transform theory (see, for example, [7]). 
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Subjecting equation (17) to the Mellin trans- 
form and introducing the designation 


g\S) 


we get 


(I ctg 7S)q(S) qs (19) 
in the range 0 < Re(s) < 1. 

The latter difference equation for g(s) can be 
reduced to another difference equation with 
constant coefficients. Omitting simple computa- 
tions the result is 


VS) 


ats) 
/ 


Sin 7 
\/2° sin w(s 
sin 7 (s — 


sin 7 (s + 


Cos 7 $ 


g(s — 4) + 39(s — 2). (21) 


sin 7 (s + 4) 


general solution of equation (20) has the 


and f(s) is the arbitrary function satisfying the 


condition 
f (s) fis + 1). 


} 


9 rn 
( ) nosen 


The function f(s) in (22 
original equation (19). 

g(s) being determined, the problem is solved 
and reduced to the performance of the inverse 
Mellin transform. The unknown function p(x) 
will be determined: 


is C to satisfy 
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lim - 


o>) 


P(x) e7-% q (a‘a*) sin a x da. 
(x) can be found, for example, from (12). 

For illustration, the results will be given when 
the source has the form: 


COS wy 
O(x, y) = Oo —— 
Vx 

The general solution of equation (19) is obtained 
by the method given above 


(5) @(S) 
AS) = Gs sin a (8 +) 
qo 


- 4/(2) b¥4 * sin a (s + 3), 


where 


qo e : JJ 5} a, b=a'. a 


and @(s) is the arbitrary function satisfying 


ra) | S) 


- = —@(S — +). 
Apparently we are to take &(s) = 0. Then 


ds 


Go ¢ 
1+ b4° Ft 


and for p(x) and O(x) we get, respectively: 


J(2).% 


ad h 


\/(2w) a sin a x 


>, da. 
w*) 


\/(2w) a Jo *v ‘a (a? 


Note, that the integrals in formulae (25) and 
(26) converge uniformly relative to x, 
makes the study of their properties easie1 


which 
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3. HEAT TRANSFER IN A LAMINAR BOUNDARY 
LAYER OF FLOW ROUND A THIN PLATE WITH 
INTERNAL HEAT SOURCES 

Consider heat transfer between a thin plate 
with internal heat sources and a laminar boun- 
dary layer of incompressible liquid formed on it. 
Let ¢(x,y) and @(x.y) be temperatures of the 
plate and liquid, respectively, and u(x,y) and 
v(x,v) the components of the velocity of a 
liquid along the axes x and y (Fig. 2). The system 
of equations for the considered problem is: 


(27) 


(28) 


with the boundary conditions 


; , 
U\ y=0 = Vl y=o> U| yoo 


eas 











Fic. 2. 


For fluid temperature we have 


(30) 

If we take the temperature of the incoming 
liquid as zero, then 

(a) &..,.=0, ©) G,-0.=9. (31) 


For the plate 


Restricting ourselves to the sources of 
finite power, for which 
f O(x,y) dV Lf 

(integration over the whole volume of the plate). 
All given below is applicable for any source 
satisfying condition (33). To illustrate, consider 
the source of the form: 

O(x,y) 


where 


O,.di—x), —2h<y<0, (34) 


oS 
{0 x 0. 


€(X) 


Due to the symmetry of the problem 


ot 
0. 


OV] y=—h 
On the leading edge of the plate we take 


t 0. (3) 


r= 


The latter condition is unessential and can be 
replaced by another one. 

Finally, write out the plate—liquid boundary 
conditions: 


~ 


(3/) 
(38) 


The exact Blasius solution is known [10] for 
equations (27, 28) with boundary conditions 
(29) describing the laminar boundary layer on a 
flat plate. The problem is similar [11-13]; the 
variable 7» y/2 /(U/vx) being introduced, 


it is reduced to the ordinary differential equation 
d*/ dd? 

-~ +f Q, 
dy? 


; (39) 
dy® 


with boundary conditions 


f (0) 
where f(y) is bound with the flow function 
Y(x,y)\u = Opb/ey, v Oys/@x| by the relation 
ys = +/(vUx) f. The solution of equation (39) can 
be obtained numerically or in the form of power 
series by 7. The latter has the form 


rj (0) QO, f'(0) y § 


F() (40) 


here c = f"'(0) = 1-328. 
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Let us turn to equation (30). We introduce a 
new independent variable % (flow function) 
instead of v following [13]. Since ys is determined 
to within the arbitrary constant, we take it that 
when y is equal to zero then O as well. 
Equation (30) and condition (38) will be written: 


c6 
(41) 


(42) 
where 


and xk 


ct p 
—Xxy)=S- =, 
I co} 0 K, 


If the Prandtl number is not low, then we may 
restrict ourselves to the first term in expansion 
(40). Introducing a new variable [14] 


where 


x1/(c/2)U34 
yl/4 ' 


Equation (43) was studied in [15]; the solution 
has the form: 


AX,Z) : 


322 


: | F(A) exp ~ 4Bx 3/4 
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The functions f(A) and f(A) are determined from 
the boundary conditions. Condition (45a) gives 
f(A) f(A) = f(A) and it follows from (45b) 
that f(«) = 0. 
Introducing the designation 
GO| .=+9 = Ox) (47) 


and making use of condition (44) it is easy to get 


1 /u\*4] du 
a |=) lar 


O(x) Yu) exp 


h 


P(x) er | y(u) exp 


where 


! , mz 3 = 
y(u) = errs aes 
3 4I()p?8 


SI 1 )y«! 3 


Finally, eliminate ¥(u) from equations (48, 


49). Then we have 
p(y) dy 


29 


we (50) 
y® 1)2 3 


C(x) 7 
g (x° 


“ 


3a 

47: 3) fp} bh 
Consider equation (32). The solution of it 
expressed through p(x) at conditions (34-36) 
may easily be obtained by the standard methods. 
We shall directly write the expression for the 
temperature of the plate surface [see (37, 38 and 
47)}: 

x 


5 pe! x) 


O(x) 


a 


1 f 
ft = jr | G(x.y)p(y) dy 


d 


xp( 2 
eX - 7 
p(y) dy, (51) 


x—y 
exp 7 
I ( h 
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where 
G(x,y) 


Thus, the problem is brought to the solution 
of the system of integral equations (50, 51) for 
unknown functions O(x) and p(x). The know- 
ledge of any of them reduces the determination 
of &(x,y) and f(x,y) to the quadratures. 

The system (50, 51) cannot be solved exactly, 
and moreover, the exact solution need not be 
given, since the equations of the boundary layer 
theory (27-29) are applicable only at a distance 
from the leading edge of the plate; otherwise the 
complete Navier-Stokes equations should be 
used. Consequently, the solution is to be sought 
only in the region x/h > 1. 

The latter remark allows basic simplification 
of equation (51). Accurate within the terms 
7X 
h 


~ const. exp | 


we immediately obtain 
O x 
O(x) = 7 x (7-5) l—x) 
; 1 G 
’ — 
5 €(X j | | (X.V)p(y) a) 
1(*, , x-—y ) dy.(53 
= lo n exp | 1 h P(y) dy. (93) 
Further, the last term in the right-hand side of 
equation (53) can be given in the form: 


: In | 1 exp | Pb h , 


In | 1 — exp m7( _ ? x}] 


2)| dy 4 : | In | | 


1 


p(y) dy 


0 


pPix(y 


e 


7X 


exp | se y ) p[x(y 4 1)] dy. 


The first of these two integrals can be easily 
evaluated at high x/h by the Laplace method. 
It turns out to be equal to 


h 7X . 
= 9 ex = 2X) 
a h, I 

and should be neglected. For the evaluation of 
the second integral we show that at 


3x TX, , 

-- n exp | y 

ch | ! h |: 

has the limit of 6(y) in the sense of distribution. 
It is necessary to show [16] for this, firstly, that 
\2 Fv: x/h) dy is limited from above by a constant 
independent of a, b and x/h at any a and Jb. 
Really, since the function F(y; x/h) is non- 
negative, then 


. 
a 


| Ply; 7) dy | Fy; 7) dy l. 


Secondly, at any a and 4 different from zero 


"a ; x 
lim | F (y; 


h 0 and 0 a b 
b. 


should be fulfilled, which is easy to check. 

Using the latter remark and eliminating O(x) 
from (50) and (53) we obtain the equation for 
P(x): 


%y p(y) dy 0, | 
\, (x? 4 - y® 1)2 3 K. x (/ 


oj *. if? 
a a be (x — /) h \, G(x,y)p(y) dy 


h : 
3 P(X). (54) 
It is easy to see from equation (54) that p(x) 
depends on the dimensionless variable 

Re*Pr** x 

K “hh 

where Re, Ux/v is the local Reynolds number 
and Pr = v/y is the Prandtl number. Since Pr and 
Re, are not low, then it is sufficient to find the 
asymptotic solution of equation (54) due to the 
condition x/h > 1. For this purpose, having 
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subjected equation (54) to the Mellin transform Re(s) > 0). The proof of the fact that the 
we obtain the difference equation function g(x) may be looked for in the form of 
expansion of x inverse power will be omitted, 
and the asymptotic expansion for p(x) and 
O(x) will be given directly. For the sake of 
brevity we shall deduce the results only for the 
physically interesting region x < / where the 
heat release is going on; / is supposed to be 
sufficiently large, so that inequalities are taking 
place 


1 


(p(s) = [2° p(x)x dx): 


0 


“& (58) 
where 
0 < Re(s) < 1. 
(59) 


According to the method of the asymptotic 

solution of some integral equations given in the 
ppendix a new function ¢g(s) will be sub- 
ituted for p(s): 


= (60) 
zs 1) = 2 (s)\G(s), |Re(s)> 0}, (56) 
, . : where 2(s) is determined by the relation (57) and 
T(2s)P'(2s + 2)(s + 8)I(s + 4)I(s + 2) 
(3 —s) —" [(2s)I(2s + 2)P(s + 2)F(s + 4)I(s + 2) 
K(s) : : 
I\ Ss) 


(57) 
(note, that (s) is analytical in the half-plane (61) 








The coefficients a, satisfy the recurrence relation 


- H K,{ sh JA aes BK3(3n 


ax = O(K < 0); 
Wo 2-5-7T%XRTCS) * 
In equation (62) the following designations are used: 
I(2s + 4)(2s + 2) (s+ PIs + I) Is + 
IG — s) 
(2s + 16)I(2s + 6)I(s + 4)I(s + 3)I(s 
(i — s) 


K,(s) 


- J)P(2s + 2)I(s + 8)I(s + J)I%s 
IG — s) 
B=h/4T(a)y. 
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From (62) and (63) the coefficients a,, are easily evaluated. We shall write out in an explicit form the 


first terms of the expansions (59) and (60) 


K 


] T(4)]? 
3. 32/81/38 | T(2)| Rel/®Prv/3 


O,. 
: Ke | 


s 


pio) 58 


74/3 . 34 


7 
Be 


° 
K= 


Pr? 3 


I'(3) 
I) 


() 


32/3 
c* 


1 
| Re, 


T() 


———. | —— 0 (1/x° 


) 


Pri | 
Re,Pr*” \. 


Hence, for the coefficient of heat transfer and for the local Nusselt number it is easy to get: 


2 3¢1 3 Pr) 3 
91/3 


Nu, 37/3¢ 


T(3)]2 Rel? - 
RI me 


~ cls 


In conclusion we shall give once more the 
range of application of the results obtained: 


(a) inequalities (58), 
(b) Pr > 1, 
(c) Re, < 3-10°. 
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APPENDIX 
A number of problems of mathematical 
physics (including the conjugated problems 
considered above, some other problems of the 
transfer theory and dispersion relations of 
the quantum field theory) are resolved by the 
integral equations of the form: 
a(x)g(x) = g(x) + Jy A(x/y)x2p8p(y) dy, (Al) 
where a(x) is the finite sum* 


* a(x) can also be a linear differential operator of 
such a type as Lagx”K (d"K/dx"k), Thus, equation (Al) 


K 
can be integro-differential too. 














os Bee 





a(x) = & agx’k, (AlL’) 
K 

Often it is sufficient to get the asymptotic 

expansion of the solution of this equation. 

If as x — o@ the kernel k(x) does not 
decrease more quickly than any power of x, then 
it is impossible to seek q(x) directly in the form 
of an asymptotic series. 

With the help of the method given below the 
asymptotic solution of equation (Al) may be 
obtained for many cases at high x. 

Subjecting equation (A1) to the Mellin trans- 
form we obtain the finite difference equation 
LY axkP(s 4 YK) G(s) 

K 

+ K(s + a)P(s+a+fh+1), (A2) 
taking place in some band of the complex plane 
s. Without restriction of the generality we may 
consider that 0 Re(s) o where o is some 
positive number. 

In equation (A2) we designated 


P(s) = [fy g(x)x*-1 dx 
and in an analogous way for the other functions. 
Introducing a new unknown function Y¥(s) 
instead of Ps): 


D(s +- 6) = Q(s)\¥(s) |Re(s) > O}, (A3) 


where 6 is the smallest number out of yx and 


) 


a + 6 + 1. Equation (A2) will take the form 


y axQX(s 4 YK 
K 


6) Y(s - YK oO) 
G(s) + K(s 


-a)Q{(st+a+t+B—s6+1) 
Ysta+t+B—é+1) (A4) 


The function (s) is chosen so that, firstly, the 
inverse Mellin transforms of £2(s) as well as of 
functions Q(s + y, — 8) and 


K(s + a)\fXs5+a+B8B 6 -+- 1). 


being the coefficients in equation (A4) could 
exist. Secondly, the inverse Mellin transforms 
of all the functions enumerated must diminish 
exponentially at x — o. To fulfill the latter 
condition it is necessary that 2(s), all the 
{2s +- yx — 6) and 


K(s +- a)fXs + a+ B—8+1) 


have no singularities in the half-plane Re(s) > 0. 


PERELMAN 


Whether it is sufficient depends on the right 
choice of 2(s). 

Now we may seek the function ¥(x) in the 
form of asymptotic expansion, for example, 


u(x) 
0 


and obtain the recurrence relations for c, from 
equation (A4). The unknown function g(x) is 
easily determined from equation (A3). 

For concrete integral equations it is not 
difficult to select the function (s) so that it may 
have the required analytical properties. 

As an example consider a simple Volterra 
equation of the second kind 

p(y) 


q(x I ly, AS 
(xX) ix yn? (A5) 


v0 


which belongs to the class of equations (Al). 
Equation (A5) is taken only for the sake of 
illustration, since by the standard method it is 
easy to get its exact solution with the help of the 
Laplace transformation 


g(x) = exp (7x) erfe [\/(7x)], (A6) 


where 


5 y 
erfe (x) — | exp (—7°) dt. 
V7 Jz 


Briefly, so as not to introduce the generalized 

(half-plane) Mellin transforms, we shall present 

a nonuniform term of equation (A5), for 

example, in the form of lim exp (—e,/x) and 
e—0 

turn to the limit only at the end. 


From equation (A5) we get 


S 


lim 2e-5I'(2s) — @(s) 
e—0 
(4 — s) 


\ 77 5) M6 +- 3), |0 < Re(s) < $| (A7) 


Introduce instead of ®(s) a new function 


I(2s)I(s) 
P(s) = = Ys) |Re(s) > O}. (A8) 
(1 S) 
Upon elementary transformations equation (A7) 
will acquire the form 













































ON CONJUGATED PROBLEMS OF HEAT TRANSFER 


' Is) 
—lim 2«-**J(—s) — 


e—0 


2rl(s + L)Y(s 4), 


Fis) = 


Ss 
|Re(s) > 0}. (A9) 


Equations (A8 and A9) are equivalent, respec- 
tively 


' x\ dy 
Jo(2v"*)K(2y y| -) : (A10) 


g(x) 
and 


“xo (2) 8 


0 


2, (rx) | exp (—y(~) % . (All) 
0 y) ) 
Here J,(x) is the Bessel function of the zero 
order, K,(x) is the Macdonald function of the 
zero order and Fi(x) is the integro-exponential 
function. 

Now, it is evident that ¥(x) can be sought in 
the form of the asymptotic series 


x 


AC G 


x4 n 


x) (A12) 


ib * 
—_——— 
n=0 


From (A8 and A9) or (A110 and All) we get 
a= 4 and c,, will satisfy the relation 


= 
Varin I[(n- 


I(n/2) 


1/2)" " 


Ch 7 


Finally, 


I(2n + 1)I(n + 4 A14 
rd —n) (Al4) 

It is easy to check that the series (A14) the 
coefficients of which are determined from equa- 
tion (A13) coincide with the known asymptotic 
expansion of the solution of (A6). 
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HEAT TRANSFER OF A PLATE IN A LIQUID FLOW 
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Abstract—The paper presents results of the experimental investigation of heat transfer of a plate in a 
low of air, water and transformer oil at different directions of heat flow over the range of Re 

numbers from 2 10' to 3 10? and that of Pr;—from 0-701 to 380. Formulae were obtained 

to calculate heat transfer of a plate in a liquid flow 

Résumé—Cet article présente les résultats d'une recherche expérimentale sur la transmission de chaleur 
d’une plaque dans un écoulement d’air, d’eau et d*huile de transformateur, pour différentes directions 
du flux de chaleur et des domaines de nombres de Reynolds compris entre 2 « 10* et 3 » 10’ et de 
nombres de Prandtl de 0,701 a 380. Des formules ont été obtenues pour calculer la transmission de 


chaleur d’une plaque dans un écoulement liquide. 


Zusammenfassung—Es werden Versuchsergebnisse mitgeteilt fiir den Wiairmeiibergang an einer Platte 
bei AnstrOmung mit Luft, Wasser und Transformatoren6l. Die Untersuchungen wurden fir ver- 
schiedene Warmestromrichtungen durchgefiihrt in einem Bereich der Re,-Zahlen von 2 10* bis 
3 10’ und der Pr;-Zahlen von 0,701 bis 380. Die ermittelten Gleichungen erlauben die Berechnung 


des Wairmeubergangs an angestr6mten Platten. 


Annotanna—llpeycetanienhl pesyabTatel dkCHepMMeHTaIbHOrO BA rerm100 OMe} 
macTHHbE B TNOTOKe 31) YIbl HM TpancpopMaTopHoro Macia mp | HUH BIX 
HalipaBNeHUAX TeTIJIO BO HO ; HHTepBase uncea Rey or 2 


0,701 jo 380. Hoayuennt pOopM yan Wi pacuéta Ten 1000MeHAa HaacTn 


NOMENCLATURE THE present paper contains results of the experi- 
length of the heated or cooled portion mental investigation of heat transfer of a plate 
of the plate; in a flow of a drop liquid at a turbulent boundary 
complete length of the plate with tip; layer. In the literature there are data only on heat 
temperature of the liquid outside transfer of a plate in an air flow [1-5]. 
boundary layer; Experiments were carried out with air, water 
wall temperature; and transformer oil in hydrodynamic contours, 
heat transfer coefficient; the main scheme of which has been described 
liquid flow rate; before [6, 7]. A working liquid was fed by a 
thermal conductivity; pump with the efficiency of 200 m*/h from 
coefficient of kinematic viscosity : a tank with a capacity of 2 m*, to a tank with a 
coefficient of viscosity; lattice of longitudinal tubes which served to level 
gravity acceleration; the flow. The liquid from the tank entered an 
= heat capacity; experimental channel portion of rectangular 
Nuyo, Nusselt number (a/,)/A,; section through a smoothly contracting entrance, 

Re;, Reynolds number (w7/,)/v;: then it interflowed again into the tank through 

Re,;, Reynolds number (w/)/v;: a steel tube 100 mm in diameter, on the straight 

Pr, Prandtl number (c,4g)/A. portion of which there was a normal diaphragm 

which served to measure the liquid rate. In ex- 

Subscripts periments with air the pump was replaced by 
f, liquid ; a fan. 

wall. Electric heaters of plates were fed by direct 


( 
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current. Plates 50 mm wide were set into the 
channel of rectangular section 100 50 mm 


and plates 100 mm wide into the channel of 


100 200 mm section. While determining 
the velocity in the channel the decrease of the 
channel section on account of the plate was 
taken into consideration. 

The velocity of air changed from 7 to 70 
m/sec, of water from 0-2 to 30-2 m/sec and that 
of transformer oil from 0-5 to 25-8 m/sec. High 
flow velocities were obtained by reducing 
channel height to 40 mm by uniformly graded 
inserts. 

Four plates with water- and electric-calori- 
meters were applied in experiments. Dimensions 
of plates with the water calorimeters were 
250 x 50 10 mm and 250 100 10 mm, 
those with electric-calorimeters 58 = 50 x 10 
mm and 250 x 50 10 mm. 


Plates 250 mm long had 23 thermocouples. 
The short electric plate had 12 thermocouples in 
its central portion. All the thermocouples were 
copper—constantan 0-15 mm in diameter. The 
average wall temperature was determined by 
graphic integration. The electromotive force of 


the thermocouples was measured by a potentio- 
meter. 

While carrying out experiments with the water 
plates, the water passing inside them was weighed 
and temperature change was measured by a pair 
of differential thermocouples with four junctions. 

The electric heaters of the plates were fed by 
direct current supplied from a generator with 
an electronic voltage stabilizer. The voltage fall 
on the electric heaters was measured by the 
potentiometer through a voltage divider, and 
the current intensity by an ammeter of 0-5 
grade. 

Temperature of air ranged from 22° to 28°C, 
that of water from 12° to 90°C, that of trans- 
former oil from 19° to 60°C. The wall tempera- 
ture ranged from 10° to 107°C. 

Limits of the Reynolds numbers change were 
from 2 x 10% to 3 10°. An upper limit was 
obtained for the complete length of the plate 
(0-5 m). 

In experiments the value of the criterion Pr; 
varied from 0-701 to 380. 

In order to find the influence of a length 
of non-heated initial portion upon heat trans- 


A. B. 
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fer, Turbonit tips were made for each plate 50 
mm wide. For plates 250 mm long the tips were 
made so that the length ratio of the heated 
portion /, (m) to the complete plate length / (m) 
was equal to 0-5, 0-6, 0-7 and 0-8. 

For short plates the tips were made with 
ratios 0-11, 0-2, 0-3, 0-4 and 0-5. For this plate 
the tip with the ratio 0-5 (in contrast to all the 
others made with a semi-circular front edge) 
was made with a sharp edge, the thickness of 
which increased smoothly. 

Physical parameters of air and water were 
taken according to the literary data [8]. Physical 
parameters of transformer oil were determined 
experimentally. 

When primarily treating experimental data, 
criteria Nu,;, Re; and Pr; were determined. 
Physical parameters referred to the temperature 
of the liquid outside the boundary layer. 

At first the experimental data were presented 
for plates with the ratio /,// = 1. The dependence 
of Nu;y, upon Re;, determines the value of 
exponent at the Re;, criterion equal ton = 0°8. 

Later on the treatment of the experimental 
data came to the determination of an exponent 
m at the criterion Pr;. In a number of works on 
heat transfer [7-9] it was determined that the 
value of m 0-25 is a good one, where Pr; is 
taken by the temperature of a liquid ¢,, and Pr,, 
by that of a wall f,,. 

In Fig. | the experimental data are given in the 
form of the dependence: 


Nuyg Re7,°® [Pr;/Pry\-°* = f (Pry). (1) 


It is seen from the diagram that all the points 
corresponding to heat transfer of the plate at its 
heating and cooling lie on a straight line with the 
exponent m 0-43. The inapplicability of the 
exponent m 0-33 is proved by a dashed 
straight line. 

As a result of the further treatment of the 
experimental data on heat transfer of the plate, 
the following dependence was obtained: 

Nuyg = 0-037 Re&® Pr? [Pr,/Pry.|°™. 

Data obtained on the plates with tips (Fig. 2) 
are described by the following dependence: 


Nuyo 0-037 Re?* sr fea [Pr; Pr,.|** [lo [8 
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Fic. 1. Determination of exponent at Prandtl criterion. 1—air, 2—water, 3—transformer oil. 


























Fic. 2. Dependence of heat transfer 
from length of non-heated initial por- 
tion. See symbols in Fig. 1. 
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where Nu, refers to a heated or cooled portion 
of the plate /,, and Re, to the complete length /, 
or upon reduction: 
Nuyg = 0-037 REP? Pr? [Pr,/Pr|° (4) 
refers to the heated length of the 
The formulae (4) obtained differs in no 
for plates without 
non-heated tips. Therefore, it is possible to 
draw the conclusion that transfer of the 


plate does not depend upon the length of the 


where Re 
plate /p. 
Way 


from dependence (2) 


heat 
initial non-heated tip and in calculations both 


Re;, should refer only to the length 


taking part in heat transfer 


Nu;, and 





A. 
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The experimental data of the final treatment 
are given in Fig. 3 in the form of the dependence: 


Nii;g Pr © [Pr,/Pr,|-°? =f (Rez). (5) 
At Re, 1-4 10° the upper points are given 


in the form of the dependence: 


Nuyo Pr-° [Pr,/Pr,.|-°™ [/,/1]-° > = f (Res) (6) 


as proof of the identicality of equations (3) and 
(4). 

All the points in the range of the Re;, numbers 
from 5 10° to 3 10° lie rather well on a 
straight line. Points pertaining to the plate with 
a sharp front edge of the tip lie here as well. 
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Experimental data. 1—air heating, 2 
transformer oil heating, 6 


Fic. 3 








air cooling, 3 
transformer oil cooling, 7 


water heating, 4—water co 


water cooling, equation (7 
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In the transient regime from a turbulent to a 
laminar boundary layer (Re,;, from 2 x 10% to 
5 x 10°) the experimental points lie between 
straight lines corresponding to equation (2) and 
the equation: 


Nuyy = 0-0027 Re,, Pr? [Pr,/Pr,]°* (7) 


depending on the intensity of turbulization on the 
surface of the plate. 

Equation (7) shows that for some cases heat 
transfer in the transient region does not depend 
on the length of the plate. 

For air (Pr; = 0-702) equation (4) is simplified 


and takes the following form: 


Nuyo = 0-032 Re%$ (8) 


that agrees well with experimental data on heat 
transfer of a plate in a subsonic turbulent air 
flow [5]. 
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DETERMINATION OF VARIABLE THERMAL COEFFICIENTS 


E. J. NEKHENDZI 
Boiler-Turbine Institute, Leningrad 


(Received 18 February 1961) 


Abstract—The present work deals with the application of the theory and methods of a regular thermal 
regime in the case of cooling (heating) a body at variable thermal coefficients. It is shown that the des- 
cription of a process by the regular regime formulae is possible and makes sense but in this case thermal 
coefficients determining the rate m are averaged in some temperature interval 47. The value J? in- 
creases with Bi and at mean Bi it approaches the value of the initial excessive temperature >. 

Therefore, the regular regime method is suitable for the determination of the variable heat capacity 
c,(t) and the variable heat transfer coefficient a($) at low Bi, but makes no sense for the determination 
of the variable thermal conductivity A(t) at mean and high Bi. 

In the present work the method of variable coefficients is applied to investigating heat capacity of 
metals in a region of phase conversions of the second kind and heat transfer of a spherical specimen in 

various media and at various temperatures. 


Résumé—Le travail actuel concerne l’application de la théorie et des méthodes du régime thermique 
régulier dans le cas du refroidissement (ou du chauffage) d’un corps a propriétés thermiques variables. 
On montre qu'il est possible, grace aux formules du régime régulier, d’obtenir une représentation 
valable dans le cas ou les coefficients thermiques déterminant la vitesse m sont pris en moyenne dans un 
intervalle de température 47. La valeur de 47 augmente avec Bi et, comme Bi, approche de la valeur de 
l’écart de température initial >. 

Par suite, la méthode du régime régulier peut s°employer pour la détermination d'une chaleur 
spécifique variable c,(t) et d’un coefficient de transmission de chaleur variable a(%) pour de faibles 
valeurs de Bi, mais n’a pas de signification pour la détermination d’une conductibilité thermique 
variable A(r). 

Dans cette étude, la méthode des coefficients variables est appliquée a la détermination de la chaleur 
spécifique des métaux au voisinage des conversions de phase de 2eme espéce, a la détermination du 

transfert de chaleur d’un modéle sphérique de milieux différents a différentes températures. 


Zusammenfassung—Die Arbeit behandelt die Anwendung der Theorie und der Methode des regularen 
thermischen Zustandes auf die Kiihlung (Beheizung) eines KOrpers bei veranderlichen Warmekoeffi- 
zienten. Es wird gezeigt, dass die Beschreibung eines Vorganges durch die Formeln dieser Theorie 
méglich und dann sinnvoll ist, wenn die Koeffizienten, die das Verhaltnis m bestimmen, Uber ein 
Temperaturintervall at gemittelt werden. Der Wert Zt nimmt mit wachsendem Bi zu und erreicht 
bei einem mittleren Bi den Wert der anfinglichen Ubertemperatur 9». 

Die Methode des reguliren thermischen Zustandes ist zur Bestimmung veranderlicher spezifischer 
Warmen c,(t) und veranderlicher Warmeiibergangskoeffizienten a(%) bei kleinen Bi anwendbar, sie ist 
jedoch zur Bestimmung verinderlicher Wirmeleitzahlen A(t) unbrauchbar. 

Die Methode der veranderlichen Koeffizienten wird angewandt auf die Untersuchung der spezifi- 
schen Warmen von Metallen im Bereich der Phasenumwandlung zweiter Art und auf den Warme- 
iibergang von einem kugelférmigen Probek6rper in unterschiedlichen Medien bei verschiedenen 

Temperaturen. 


Annotanna—lanHan padoTa noOcBAIIeHa TIpMMeHeHii TeOpHit HM MeTOOB peryaApHoro 
TeNIOBOTO pevKUMA Ha Cy4all OXJIaAKeHHA (HarpeBa) TeJla TIpM MHepeMeHHbIX TeITIOBbIX 
Ko3d@puuMentax. [lokasaHo, 4YTO ONMCaHMe mpomecca (POpMyNaMM peryaApHoro pemuma 
BOSMOKHO HW WMeeT CMBICJI, HO Hp 9TO HM TerIOBbIe KOs) PUMMeHTHL. onpele TA hue 


TeMII ™, YCpeAHAWTCA B HEKOTOPOM TeMLepaTypHOM HMHTepBae 4t. Benwaunna 4t Bospactaert 
BmMecte c Bi u ye pu cpeqHHx 3HaveHnAX Bi npMOnMKaeTCH K BeIMYMHe Hada bHOll 
MU3ObITOUH Oli TeMMepaTypbl 9p. 
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IlostomMy mMeTO peryaapHoro§ peiuma 


lIpMuroj.eH 


1A Olipeye 1eHitAl nepeMen Hon 


ren10eMKOCTH ¢,(f) MW HepeMeHHoro KOs putenta Ten1ooTAaIM a(}) mpu Madbx Bi, HO He 


uMeer cMBICHa JA leHMA 
OonomMux Bi. 
Bou 


lic ¢ 


orpe je. 


acTOHIM|ell padore pe LTO CHT BI 


ICLOBAHHAH TellLloeMROCTILT MeTaJLloB 


TeTJLOOOMeHA cipe puyeckoro 


TepeMeHHol 


MeTO,L He pem 
B 


oOpa Lh 


Tenonpobozwnoctn AV) wpu cpednux 


Ko PPIMILeHTOR HpUMewsLerest 
pe Bpatile HHT 
Mop 


HH DIX 
rH dasoBprx 
SIMYHBIX §=Cpelax 


oommat BTOPOroO 


i B pa PpaSHbrx 


remilepatTypax. 


NOMENCLATURE 

temperature; 

time: 

excessive temperature; 
temperature of medium; 
temperature of surface; 

thermal diffusivity ; 

heat capacity; 

thermal conductivity; 

heat transfer coefficient; 

rate of cooling (heating); 

Bio criterion; 

radius of specimen; 

initial temperature distribution: 
roots of the characteristic equa- 
tion: 

coefficients of expansion; 


, thermal amplitudes: 


temperature interval of averaging 
of thermal coefficients; 
interval of regularization; 
interval of treating the 
u(t); 

height of the heat capacity peak: 
heat capacity jump at the Curie 
point; 

spatial temperature drop. 


curve 


1. INTRODUCTION 
THE theory and methods of a regular thermal 
regime of the first kind, developed by Kondra- 
tiev [1] and his disciples, are widely applied at 
present to the investigation of heat transfer 
processes and to the determination of thermal 
properties of various materials. The design 
formulae of the regular regime methods were 
obtained on the assumption that coefficients of 
thermal diffusivity a, thermal conductivity A 
and of heat transfer a entering both the Fourier 
equation and a boundary condition of the third 


kind are constant. It is of interest to extend the 
regular regime method to the determination of 
thermal coefficients. Lately, much 
has been given to this problem 


variable 
attention 
[2-7]. 

The idea of the method lies in the fact that the 
curve of cooling (heating) a specimen #/ == f(7) 
in the medium with constant temperature 
divided into separate intervals 47;,., 41; in which 
the rate 


1S 


In Uv; ) 
Ar 
each interval the thermal 
a and the rate m,,. are assumed 
values, and calculations are 


m (1) 


determined. In 
coefficients a. A. ¢. 


to be constant 


is 


carried out by general formulae of the regular 
regime. Thus, having determined m 


f(0) for 
the investigated specimen and a = /(/) for the 
given medium, we can obtain the dependences 
é f(), a, A = f (WY) sought for or, vice versa, 
if we know a, A {(/) for the specimen we 
can determine « f (i). 

Experimental works [2, 
particular cases of the determination of variable 
coefficients and, in the main, of heat transfer 
coefficient. There are attempts to apply this 
method to the determination of the variable heat 
conduction coefficient [5]. However, we cannot 
find a sufficient analysis or substantiation of the 
method in the mentioned works. 

In theoretical works [6, 7] integral parameters 
which make it possible to obtain the expression 
of regularity in a general case of variable 
thermophysical coefficients were substituted into 
the heat conduction equation instead of tem- 
perature and time. However, this transformation 
does not yet allow one to propose a concrete 
method of an experimental determination of 
variable coefficients (with the exception of a 
very bulky method of determining a), and the 
method of dividing the curve //(7) into separate 
intervals with the application of the regular 


5] consider some 
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regime equations in a general form preserves its 
importance. 

The present work considers and analyses this 
method in its general form. The experimental 
data which can be of original interest are 
presented here. 


2. TEMPERATURE INTERVAL OF AVERAGING 
OF THERMAL COEFFICIENTS 

(1) When substantiating the method it is 
necessary to ascertain at what actual temperature 
interval 47 the thermal coefficients which 
determine the rate m,,. are averaged. This interval 
of averaging the thermal coefficients Jf must 
differ in size from Jr,,. If we do not take into 
account this fact, dividing into intervals may 
appear to be a formal procedure without its 
physical sense. The value Art should serve as 
the most important characteristic of the regular 
regime method for the variable coefficients, 
since it points out the expediency of the applica- 
tion of this method in various regimes. 

The interval of averaging the thermal con- 
stants A, c, and a of the specimen is determined 
by a temperature drop 4fp along the cross-sec- 
tion of the specimen, by regime regularization 
time ‘Treg (with the corresponding interval 
Atreg) and by the value of the interval of treating 
the curve 41t,,(47;,). 

In fact, if the time of the regularization of the 
thermal regime has a finite value, then the rate 
m,,, measured at the interval 47;, reflects values 
of the thermal coefficients in the preceding time 
interval treg and in the corresponding tempera- 
ture interval 4treg. At the same time, while 
measuring the rate m;), in the specimen there is a 


spatial temperature drop 4fp which is also one of 


the factors determining the value Jr. 

Figure 1 demonstrates graphically a value 47 
of the total interval of averaging at the tempera- 
ture measurement in the centre of the specimen 
being cooled: 

LAr 
2a) 

LAT x. 
(2b) 


LAt,,. + [dtr], at Atreg 


at Atreg 


Thus, the temperature interval of averaging 
thermal constants depends only partially on the 


VARIABLE THERMAL COEFFICIENTS 








Temperature interval of averaging of thermal 


Fic. 1 


constants 47>. 


way of the treatment of experimental curves 
(7) (i.e. on the value 47;,). The thermal cons- 
tants are being averaged even at the differentia- 
tion of curves (4/ 0) in the required minimum 


interval 


Sltres [Atr),. (3) 


Let us consider in detail each term deter- 
mining the value J/min. All the calculations will 
be made for specimens of a spherical form. The 
conclusions can be extended to a body of any 


form. 


(2) Regularization interval 
As is known, the general solution of the | 


OUTICI 


equation has the form 
U(r, T) 


where 
sin p,, (r/R) 
= 


are eigenfunctions for a sphere(U,,R/p | at the 


temperature measurement in the centre of the 
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sphere), p, are the roots of the characteristic 


equation 
aR 


Bi \ | — petgp, 


the numbers 


pra 


M,, = 4 
R- 


{® rf (r) sin p, (r/R) dr 


fF sin? p, (r/R) dr ”) 


are the constant coefficients of expansion, and 
the integrand f(r) U(r) --9 describes an initial 
temperature distribution in the specimen. 

The regular thermal regime comes after the 
expiry of the time treg of the process regulariza- 
tion when it is possible to neglect all the terms 
of (4) except the first one: 


C,U, exp(—m,r) > | = C,U, exp (—m,7 


, 


The theoretical evaluation of the time tree or of 


the continuity of an irregular regime has not 
been carried out up to now and was thought to 
be unrealized [1]. However, the value vreg and 
the corresponding temperature regularization 
interval may be calculated if we take some 
finite quantity of the ratio 


2 Cy, Pn EXP (—M, Treg) 
A per cent 2 
C, Pp; exp ( 


.100. (8) 
M,Treg) 

It is reasonable to take |4 4 per cent (since 
the usual experimental error is 4m/m 2 per 
cent). 

The value tyeg is calculated by equation (8). 
The numbers p,, m, are determined by (5), 
the coefficients C,, are calculated by formula (7). 

Two main and practically important cases 
should be considered: 
(a) f(r) Vo 


const (9) 


a body is heated uniformly at the initial moment; 
the period of the regime regularization at the 
beginning of a process is to be found. 


, sin p/(r/R 
(b) £0) oe ) (10) 


at the initial moment in the specimen there is a 
regular regime established in the previous 
interval 4t:,. and corresponding to some values 
of the thermal coefficients a’, A’, c’, a’ and of the 
criterion Bi’. A period of the regime regulariza- 
tion at the transition into a new interval 41;,. with 
the thermal coefficients a, A, c, a and with the 
criterion Bi is to be obtained. 

This case* corresponds to conditions of the 
method of the variable coefficients. 


(3) The initial condition f (r) i = const (9) 

For this case the analysis of the value Treg 
depending on various factors is made in Table 1. 
The time of regularization for typical specific 
regimes is calculated by means of successive 
approximations with regard for three terms of a 
series. The values of thermal amplitudes 
A, = C,, (p,/R) and p, = f (Bi) are taken from 
Tables of [8]. The radius of the specimen is 
taken equal to R = 2 cm when calculating the 
numbers m,, (6). The number m, for metallic 
specimens is in satisfactory agreement with the 
experimental value of the regular regime rate 
[4, 9]. 

The temperature interval of the regularization 
Atreg is given by the formula 


Atreg = dy [1 — 0-96 A, exp ( (11) 


M,Treg) |, 
since 

Atreg 
and 


DLA, exp (—147reg) 


On the basis of Table | and (11) we can arrive 
at some general conclusions about the time of 
regularization and the value of the interval 4hreg. 
The interval Afreg increases with Bi at Bi var, 
a idem (for example, when the heat transfer 
coefficient varies). At a var, Bi idem (for 
example, when heat capacity of the specimen 
changes in the process of phase conversion) the 
roots of characteristic equation (5) p, and the 


* G. N. Dulnev draws our attention to the necessity of 
its detailed consideration. 
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Table 1. The determination of the regularization time tres 


(Spherical specimen R 


a 
(cm?/s) 


m, 


Bi (1/s) 


Examples 


1. Metals 

Carbon steel at the 
determination of 
heat capacity near 
the point Ay 


Regime of the deter- 
mination of a, A 


The same 


Metallic a-calori- 
meter (practically 
unrealized case) 


Carbon steel 45, 
ty 815°C, lead 
melt is a medium 


Steel higher the point 
A,, ty 670°C, 
lead melt is a 
medium 


Steel 45 at the in- 
crease of the heat 
capacity peak near 
the point A), ft, 
670°C, lead melt is 
a medium 


2. Insulators 
Microcalorimeter 


A-calorimeter 
The same 


a-calorimeter 


coefficients C, remain invariable and identity 
(8) leads to the condition ,,Treg idem or 
aTreg 
regularization is inversely proportional to the 
thermal diffusivity a, the value of the interval 
Atreg (11) remains constant. 

After the establishment of the regular regime 
in a spherical specimen spatial temperature drop 
along the radius of it is expressed by the formula 


idem. Though, in this case, the time of 


2 cm) 


Mz 
(1/s) 


sin p 
lee tis he, ii Bihan (13) 
Di 


veg 1S determined by (12). 


where ?#|,=9, + 

Naturally, at Bi = var, a = idem the spatial 
drop increases with Bi. At Bi = idem the values 
A,, P; MyTreg = idem, i.e. the drop 4tr does not 
change. It means, for example, that if the speci- 
men is under the regular regime conditions, then 
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the temperature drop along a cross-section of 
the specimen does not change when the phase 
conversion of the second kind is going on in it 
(without heat liberation, « var, A = const). 
On the basis of (11-13) it is possible to write 
minimum temperature 


the the 


interval of averaging thermal constants: 


expression for 


Atmi: 


sin p, 


0-96 A, exp ( (14) 


My Treg) . 
Py 

The consideration of formula (14) confirms 
the conclusions derived when analysing sepa- 
rately Streg and 4fr: the interval of averaging 
Atmin increases with the increase in Bi and does 
not change with c and a (at Bi idem). 

In Table 2 the values of the intervals Atres. 
Atr and Atmin are calculated depending on the 
value of Bi. 


and Atmin at various Bi 


At; di, 


0:09 
0-54 
0:58 
0-65 


0-09 
0-81 
0-90 
1-00 


It follows from this table that the thermal 
constants are being averaged almost in the whole 
temperature interval of cooling (heating) the 
specimen irrespective of its initial temperature 
i, already at the mean values of Bi 4 i 
i.e. in the region of determining heat conduction 
of metals and insulators. 

Thus, the method of the variable coefficients 
is valid for the investigation of the temperature 
dependence of the body heat capacity c,(t) in 
regimes at low values of Bi, but loses its sense 
when one tries to determine the variable heat 
conductivity A(¢) in regimes at mean and high 
Bi. 

It is necessary to bear in mind that just the 
determination of the variable heat capacity is of 
the greatest interest since c,(t) is highly sus- 
ceptible to structural changes in the specimen 
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whereas heat conduction varies relatively in low 
degree and monotonously with the temperature.* 

The temperature interval of averaging the heat 
transfer coefficient is less than that of the thermal 
constants since at f, const the coefficient a is 
the function of the body surface temperature 
(/,.) or of its derivatives, for example, of the 
average boundary-layer temperature, f,,,. 

However, in the regimes at mean and high Bi 
the value 

sin P, 
Py 


small at the end of the regularization 
interval that any attempt at determining 
a = f (v,,) will be senseless. Thus, the determina- 
tion of the quantitative dependence a(i,,) is 
possible only at low Bi while at mean and high 
Bi it makes no sense as well as the determination 
of the variable heat conduction. 

The analysis of such an important parameter 
as an interval of averaging the thermal coeffi- 
cients Jr, makes it possible to explain such 
facts as formal observance of the regular 
regime at intensive cooling of steel specimens in 
water and oil in the range of ~700—20°C [1], 
at cooling of refractory materials from ~1000°C 
to room temperature in the regimes of A and 
a-calorimeters (in the regimes of calorimeter 
work on the determination of thermal con- 
ductivity and thermal diffusivity). 


iS So 


(4) The initial condition f(r) = € (10) 


1 


_, sin p, (r/R) 
; ; 


To obtain the main conclusions on the 
application of the method of the variable 
coefficients it was sufficient to consider the tem- 
perature interval of averaging at cooling (heating) 
a body with uniform temperature distribution 
(Section 3). However, to specify the values 7reg 
and Afreg in the case when thermal coefficients 
vary in the regular regime already established it is 
necessary to calculate the expansion coefficients 
C,, (7) at the initial condition (10). As was shown 


* The method of determining the variable heat capacity 
under the conditions of the reguiar regime is to a certain 
extent analogous to methods of thermic analysis which are 
also bound up with the receipt of curves of cooling 
(heating) an investigated specimen in a wide temperature 
interval [10-12]. 
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above this case has practical value only for 
regimes at low Bi. 
Taking into account that 


(where ,|,—o f (O) is the temperature of the 
specimen centre at the beginning of the given 
interval 41;,.) we get for C,,: 

PR oo; ' (»/] P\03 . . 

j, sin p, (r/R)sin p, (r/R) dr 
{* sin 2 p, (r/R) dr 


(15) 


If the change of Bi aR/A during a process 


can be neglected and only heat capacity c,(t) of 


the specimen changes essentially, then p; DP; 
and according to (15) C, C.; «, 0 at 
n = 2,3,.... Thus, at Bi = idem, a = var the 
regularity of the regime is not disturbed, and 
Treg, Streg = 0 despite the fact that the rate m;,(t) 
varies continuously. 

However, in real value Bi 


conditions the 


usually changes somewhat, mainly because of 


the change of the heat transfer coefficient a. 
Then the values p,, p, are the roots of two 
different equations of the type (5), integrands 
sin p, (r/R), sin p, (r/R) do not form an ortho- 
gonal set, and, therefore, all the coefficients 
oe 0. However, one may expect that 


since the values Bi’ and Bi differ slightly from 
each other in neighbouring intervals 47), and 
Ai... 

Having calculated the integrals, the expression 
(15) may be given in the form most convenient 
for quantitative calculations: 


sin (p; + Py) 


sin(p, — Pn) 


The calculation of the amplitudes 
A, C, . P,/R for typical regimes of the 
determination of heat capacity and heat transfer 


0-2-0-4 shows that even at 
wittingly heightened |(Bi Bi')/ Bi 10 per 
cent, the values A,, ~ 0-01 A,, i.e. really all the 
coefficients of equation (8) are small in com- 
parison with the first one. Taking into account 
also that the numbers m,, increase with nm, one 
may suppose that in this case Treg, Streg —> 0. 

Thus, when thermal coefficients vary under 
the conditions of steady-state regular regime at 
small values of Bi, then the interval of averaging 
At is practically determined only by the interval 
4t;, and by the volumetric temperature drop 
Atpr (2b). 


coefficient at Bi 


(5) Single-valued dependence of the rate m on the 
temperature VJ 

It is useful to show when substantiating the 
method of determining the variable coefficients 
that at the constant temperature of the medium 
ty idem the rate m is simply determined by 
the value /, irrespective of the initial io. 

This condition arises logically from the regime 
regularization concept: the character of the 
previous thermal regime of a specimen should 
not influence the value m after the expiry of the 
time Treg. 

This conclusion is confirmed by experiments. 
In our work the experiments on cooling the 
metallic specimens in various media in a wide 
temperature range J, ~ 70° were duplicated 
systematically by experiments on cooling the 
specimens which had been heated to usual 
excessive temperature i) x 20° at the same 
t, idem. And in the general interval 7, the 
rate m coincides for both groups of experiments 
in the range of the usual experimental error. 


3. APPLICATION OF THE METHOD 

DETERMINING THE VARIABLE COEFFICIENTS 

The method of determining the variable a was 
applied in the present work to the systematic 
investigation of external heat transfer at flowing 
of a spherical specimen in water and oil [9]. 
The results obtained were used when calculating 
the variable heat capacity of specimens of steel 
(of various trade marks) and nickel. 


(1) Determination of nickel heat capacity in the 
region of the Curie point 
An electrolytic nickel N2 GOST 849-49 (99-2 
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per cent Ni) was investigated. A nickel specimen 
was cooled in the medium (high viscous dead 
mineral oil) in intersecting temperature intervals 
at t, = 310 and 330°C. The average temperature 
of a boundary layer f,, b(t; t,.) was the 
determining one for the coefficient of heat trans- 
fer. It is seen from Fig. 2 that experimental curves 
m = f (t,,) obtained when treating photographic 
records of specimen cooling passes through the 


¥ 


/ 
/ 

J -v-v-v-v-# 

/ 


ee fd 


hate. 9 


Fic. 2. Results of treating photograms of nickel 
cooling in the region of the Curie point, #7 is in s~!. 
Ar 6-8 s; 
Ar, 4 8; 
dr y ) ° 
310°, Ar 6 
310, Ati 
310°, Ar 


minimum corresponding to the heat capacity 
peak at the Curie point. Both the curves are 
similar and 10° shifted along the axis f,,, which 
calls forth their coincidence when plotting in 
co-ordinates m = f (t) (where f is the average 
temperature of the specimen). Really, the heat 
capacity values c,(t) calculated for both groups 
of experiments lie on the common curve with 
highly satisfactory accuracy (Fig. 3). This is 
indicative of the reliability of the experimental 
results. 

The curve c,(t) forms a clear-cut heat capacity 
peak at the temperature / 362:5°C. The 
configuration of the peak is typical for heat 
capacity of a ferromagnetic specimen at the 
Curie point. The height of the heat capacity 
peak c¢,, max has a finite value (the transforma- 
tion of the second kind) and it depends consider- 


See eS eee 





Fic. 3. Heat capacity (cal/g degree) of nickel in the 
region of the Curie point (by the regular regime 
method for variable coefficients) 

330, 7 6s; 
330°, 4s; 
330, Tay zt 
310°, Ti} 6s: 
310°, r; 4s; 
310°, 2s. 


ably on the interval of treating the photograms of 
47,,, i.e. on the interval of averaging the thermal 
constants 47. The contraction of the intervals 
47,,(4t,.) makes it possible to approach the 
true heat capacity cy, max but, on the other hand, 
error arises as a result of inaccuracy in measuring 
adjacent ordinates / on the photogram. The 
optimum value 47,, 4s at t 310° or 
Ar; 6 s at t; = 330° was established, which 
corresponds to the interval of averaging the heat 
capacity 47 ~ 10° both to the height of the peak 
Cy, max 0-165-0-170 cal/g degree and to the 
value of the heat capacity jump at the Curie 
point 4c, max = 0-045—0-050 cal/degree. And the 
error of 4m,,./m;, 1-5 per cent, the total 
error of (4c,/c,)max +-3-5 per cent. 

The curve c,(t) obtained coincides practically 
with that adduced in the literature, but the 
values ¢,, max and 4c,, max are higher than in other 
works (Cy, max = 9°155; 4ce,, max = 0-035 cal/g 
degree). To explain this divergence we carried 
out the analysis of the experimental installations 
used by Sykes and Wilkinson [13], Klinkhardt 
[14] and Moser [15] from the point of view of the 
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value of the temperature interval of averaging the 
heat capacity J. In each of these installations the 
rate of heating the specimen, temperature drop, 
duration of measuring processes, inertia of 
measuring instruments and the dissociation of 
experimental points on the curve c,(?) determine 
the value 47. It turned out that everywhere the 
value 47 > 10°, and it may lead to the under- 
stating of c,, max in the published works 

The control determination of the heat capacity 
of nickel specimens which were of the same trade 
mark, N2, was carried out on the installation 
built in the Leningrad Polytechnical Institute 
[16]. Particular attention was paid in these ex- 
periments to the lowering of 47 (to 2°). And the 
increase of ¢,, max compared to the data adduced 
in the literature was confirmed. The values 
Ac,, max = 0-045 cal/g degree and Curie tempera- 
ture coincided with the data of the regular 
regime method. 

The considered question on the correct meas- 
urement of the true value of ¢,, max and 4c,, max 
has not only a methodological importance, but 
it is important also for physics of a solid body 
and, in particular, for the evaluation of the 
number of magnetons per atom and for more 
precise definition of the ferromagnetism theory. 


(2) Definition of the carbon steel heat capacity 
in the region of Ay point 

The temperature dependence of heat capacity 
of some carbon steel specimens in the region of 
the cementite magnetic transformation (A, 
point) obtained by the regular regime method 
for the variable coefficients is given in Fig. 4. 
The interval of averaging the heat capacity is 
estimated in 7 9-5°, experimental errors of 
Am,;,/m;, +1-5 per cent; (4c,/¢,)max 
per cent. 

The clear-cut heat capacity maximum 1s 
observed in A, point. This corroborates the data 
obtained by Umino [17], the only author who 
found the heat capacity peak in the A, region. 

The efficiency of applying the regular regime 
method in the present problem is apparently 
conditioned by a photographical record of the 
continuous cooling curve at rather low values of 
Am,,/m,, and Jf. 

The validity of the results obtained for the 


Y 


Steel U-8 | 


ee ae 


f iit ens 8 Stee! 45 


Fic. 4. Heat capacity (cal/g degree) of carbon steel 
in the region of A, point (by the regular regime 
method for variable coefficients) 

1—author’s data, /, 165°C, 
2—data from References [18-21] 


carbon steel is confirmed by the fact that heat 
capacity of the austenitic and ferrite steel, 
measured by the same _ method, increases 
slightly and monotonously with temperature in 
the same region forming no maximum. 
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MASS TRANSFER THROUGH LAMINAR BOUNDARY LAYERS—6. 
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MAIN-STREAM PRESSURE GRADIENT 
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Abstract—The wall gradient (4;/B) of the b-boundary layer is evaluated from solutions to the velocity 
equation by integration. By dividing the range of integration into two parts (a) that over the velocity 
boundary layer and (b) that for main-stream flow, a formula is derived from which this wall gradient 
can be evaluated accurately for any value of the Prandtl/Schmidt number. Methods are then given for 
doing this either with a desk calculator or on a computer. These methods are not convenient however, 
when the Prandtl/Schmidt number has a high value and there is a high rate of inward mass flow; an 
asymptotic formula is therefore derived for this case. A table of values of the wall gradient, most of 
which are new, is then given for the case of zero main-stream pressure gradient. A discussion follows 
of the asymptotic behaviour of functions of the b-boundary layer when various parameters take 
extreme values and some of these functions are plotted 


Résumé—Le gradient a la paroi (b//B) de la couche limite est évalué, par intégration, a partir des 
solutions de l’équation du mouvement. En divisant l’intervalle d’intégration en deux parties: (a) celui 
qui couvre la couche limite dynamique et (b) celui relatif 4 écoulement principal, on établit une 
formule a partir de laqueile on peut calculer avec précision le gradient a la paroi, pour une valeur 
quelconque du nombre de Prandtl/Schmidt. Des méthodes sont ensuite données pour effecteur ce 
calcul soit a l'aide d’une machine a calculer de bureau soit avec une calculatrice. Toutefois, ces 
méthodes ne conviennent pas quand le nombre de Prandtl/Schmidt est élevé et lorsqu’il existe un 
transport de masse important dans la couche limite; pour ce cas, une formule asymptotique a été 
établie. Une table des valeurs du gradient a la paroi, dont la plupart sont nouvelles, est ensuite donnée 
quand le gradient de pression est nul dans |’écoulement principal. Suit une discussion sur le com- 
portement asymptotique des fonctions dans la couche limite 6 lorsque les différents paramétres 
prennent des valeurs extremes; quelques unes de ces fonctions ont été tracées 


Zusammenfassung—Durch Integration von Lésungen der Geschwindigkeitsgleichung wurde der 
Wandgradient (b//B) der b-Grenzschicht berechnet. Teilt man den Integrationsbereich (a) in den 
Bereich der Geschwindigkeitsgrenzschicht und (b) in den Bereich der HauptstrOmung, so erhalt man 
eine fiir beliebige Werte der Prandtl/Schmidtzahl giltige Formel fer die exakten Werte des Wand- 
gradienten. Diese Berechnung ist fiir Hand- und Elektronenrechner angegeben. Furr grosse Werte der 
Prandtl/Schmidtzahl und einen grossen, nach innen durch die Granzflache tretenden Massenstrom ist 
diese Berechnungsmethode unbequem, deshalb wurde dafiir eine asymptotische Formel abgeleitet. 
Eine Tabelle vorwiegend neuer Werte des Wandgradienten ist fur einen Druckgradienten Null der 
HauptstrO6mung angegeben. Fiir Extremwerter einiger Parameter zeigen die Funktionen der b-Grenz- 
schicht ein asymptotisches Verhalten. Einige dieser Funktionen sind als Diagramme mitgeteilt. 


Annotanna—Ipaquent (4,/8) norpanm4noro con 6 Ha creHke BLIUNCIAeTCA Ms pelllenuit 
ypaBHeHHA CKOpocTH myTémM ero MHTerpupoBannA. PasyeiMB MHTerpabl Ha Be YacTH: 
(a) 10 NOrpaHH4dHoMy C01 u (6) WIA OCHOBHOrO NoTOKa, NOAy4YHM PopMy.jy, U3 KoTOpolt 
MOAHO TOUHO BRIYMCIMTh PpaueHT Ha CTeHke uA a06nx 4Yncer HMpangzran IImMugta 
Takake B CTaTbe NpPMBOAMTCA MeTOAMKa BLIYMCICHHA C MOMOUIbIO C4CTHM-BLIYMCIM-TeIbH LIX 
MaliMn. OfHako, 3TH MeTOALI HeMpurosuL B Cayyae Ooupumx uncea Mpangran/UImugra 
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NOTATION 


of the quantities given below are 


sions are given in brackets. 


coefficients occurring in equation (23) 
and defined in equations (26) to (33): 
coefficients occurring in equation (20) 
defined in equation (21); 

conserved fluid property in dimension- 


less form (see Paper 3 for a discussion of 


its form and meaning): 

gradient of 4 in the fluid at the interface; 
see equation (10): 

value of b in the main-stream; it is the 
driving force for mass transfer (dis- 
cussed fully in Paper 3): 

constant occurring in equation (1): 
abbreviation for (f4///%) which occurs 
in equations (26) to (34): 

dimensionless distance in 
equation (15); it is the value of the 
“similar” co-ordinate » at which the 
flow can be regarded as inviscid; 
abbreviation for (8/f4) which occurs in 
equations (26) to (34); 
dimensionless stream function in 
lar’ co-ordinates defined in equation 
(4): 

value of f at the interface; see equation 
(7): 


occurring 


*““simi- 


fs .f%", values of the derivatives of f at the 


interface; 

function which measures the rate 
growth with distance x of the momentum 
boundary layer thickness 6,; see equa- 
tion (57) and Appendix: 

diffusion constant; the thermal diffusi- 
vity of the fluid for heat transfer, the 
diffusion coefficient of a mass com- 
ponent in the fluid mixture for mass 
transfer (ft?/h); 

constant occurring in equation (1); 
Nusselt number in terms of the length x; 


of 


TOM CiLV4ae BLIBOANTCH aCHMNTOTHUeCKaA opMy.ia. 
rpajtenta 
oro rpajyMeHta jaB 
(py HKU 
sauveHA, a 


4YacTbh 3 

1oTo Ke. 
Kora 
aH bi 


Ha cTeHke, 60.1bmaH 
ICPHUA B OCHOBHOM 
worpannyunore caon Bb, 
HekoTOphe (VHKIUIH 


number occurring in equation (22) 
specifying terms in the expanded form 
of equation (20); 

number occurring in equation (21) 
specifying terms in equation (20); 

local Reynolds number (=—ugx/v); 
velocity component parallel to the inter- 
face (ft/h); 

value of uv in the main-stream (ft/h); 
velocity component normal to the inter- 
face (ft/h); 

value of v at the interface (ft/h); 
curvature parameter in terms of the 
convection thickness 4,; equation (46); 
distance parallel to the _ interface 
measured from the start of the boundary 
layer (ft); 

curvature parameter in terms of the 
conduction thickness 4,; equation (44); 
distance measured perpendicular to the 
interface (ft); 

function which is a measure of the rate 
of growth with distance x of the con- 
duction thickness 4,; equation (45); 
function which is a measure of the rate 
of growth with distance x of the con- 
vection thickness 4,; equation (47). 


Greek symbols 


] 


D. 


parameter occurring in the velocity 
equation; it is a measure of the main- 
stream pressure gradient; equation (2); 
fluid property called the “exchange 
coefficient” given by Kp, (lb/ft h); 
displacement boundary layer thickness 
in “similar” co-ordinates; defined by 
equation (13), (ft); 

momentum boundary layer thickness, 


u 
(1 

UG 

shear boundary layer thickness, 
ug/(Cu/Cy)>o, (ft); 


ay 


dy, (ft); 


Jo UG 
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convection boundary layer thickness, 


- a 
(1 
Jo YG 


conduction boundary layer thickness, 
B/(cb/ey)o, (ft): 

“similar” dimensionless length  co- 

ordinate which gives the distance of a 

point from the interface, equation (3): 

dynamic viscosity of fluid (lb/ft h): 

kinematic viscosity of fluid ( 

(ft?/h); 

density of fluid (lb/ft*); 

Prandtl or Schmidt number (= v/K): 

integration variable used in section 3.4, 

defined in equation (18); 

stream function (ft?/h). 


b ; 
p) oy (ft); 


H/ p), 


Subscripts 
G, denotes fluid state in the main-stream; 
m, denotes terms in equation (23): 
denotes fluid state adjacent to the inter- 
face; 
denotes terms in equation (20). 


1. INTRODUCTION 

1.1. General remarks 

IN EARLIER papers of the present series it was 
shown that when the fluid properties are 
uniform the prediction of mass transfer rates 
through laminar boundary layers can be reduced 
to the solution of two simultaneous partial 
differential equations. The velocity equation 


governs the distribution in the boundary layer of 


momentum, shear and other purely mechanical 
quantities; this was considered in Paper 1, 
Spalding [1] and Paper 2, Spalding and Evans 


[2]. The b-equation governs the distribution of 


other conserved fluid properties; this was dis- 
cussed in Paper 3, Spalding and Evans [3]. 

It was also shown that for “similar” flows 
these equations reduce to ordinary differential 
equations which can be solved exactly. These 
“similar” solutions are important not only in 
their application to strictly “similar” flows but 
also serve as a basis for more general, if approxi- 
mate, methods applicable to problems involving 
non-similar flows. 

An important quantity occurring in the 
b-equation is the ‘“‘wall gradient” (4,/B), where 
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hb, is the gradient of the conserved fluid property 
b with respect to the “‘similar’’ dimensionless 
distance », the suffix denoting the value at 
7 0, and B is the value of 4 in the main- 
stream. In principle this wall gradient can be 
evaluated by integration once the distribution of 
the stream function is known. 

In Paper 3 it was shown that comparatively 
few exact values of the wall gradient could be 
found in the literature. Most of them related 
to the case of zero main-stream pressure 
gradient and were confined to a fairly narrow 
range near unity in the Prandtl/Schmidt number 
o. Paper 3 also contained tables from which 
approximate values of (b)/B) could be obtained 
for wide ranges in the main-stream pressure 
gradient and Prandtl/Schmidt number. 

Paper 3a, Evans [4], was concerned with the 
case of zero mass transfer. Series were given 
from which the wall gradient could be evaluated 
accurately for wide ranges in the main-stream 
pressure gradient and for any value greater than 
0-5 of the Prandtl/Schmidt number o. 


1.2. Outline of the present paper 

The main aims of the present paper are to 
give methods of evaluating the wall gradient 
(b;/B) accurately and to present a table of values 
for the case of zero main-stream pressure 
gradient. This table covers wide ranges in the 
fluid Prandtl/Schmidt number as well as the 
mass transfer rate. Formulae and methods of 
calculation are given in a general form which 
hold even when the main-stream pressure 
gradient is not zero, but results for non-zero 
values of this parameter are to be given in later 
papers. 

After a brief statement of the mathematical 
problem which has to be solved, an expression 
is derived for the reciprocal of the wall gradient 
which greatly simplifies the problem of numerical 
evaluation. This can be used for any values of the 
parameters specifying the Prandtl/Schmidt num- 
ber, main-stream pressure gradient or mass 
transfer rate. 

Values of the wall gradient have been obtained 
in three ways. When solutions to the velocity 
equation are known, calculations with a desk 
calculator can give high accuracy; the method 
used is described in section 3.2. Most of the 














H. 





is 


results were, however, obtained on a computer 
the method for which is outlined in section 3.3. 
But, when the Prandtl/Schmidt number has a 
high value and the suction rate is high, neither 
of these methods is suitable so an asymptotic 
formula which gives high accuracy under these 
conditions is derived in section 3.4. 

The results obtained for zero main-stream 
pressure gradient are discussed in section 4 and 
formulae are given in section 5 from which 
other functions of the b-boundary layer may 
be calculated. Since these functions are readily 
evaluated from the wall gradient and the known 
values of the various parameters, they are not 
tabulated in the present paper 


In section 6 an examination is made of 


the asymptotic behaviour of functions in the 
b-boundary layer for extreme values of the 
parameters and in section 7 some of these 
functions are plotted and discussed. 


2. STATEMENT OF THE MATHEMATICAL 
PROBLEM 

The forms which the _ two-dimensional, 
laminar boundary layer equations take for 
“similar” flows have been fully discussed in 
earlier papers in the present series. For purposes 
of reference and in order to explain the ter- 
minology used, the equations are stated briefly 
in the present section. 


2.1. The “similar” velocity equation 
In Paper 1, Spalding [1], it was shown that for 
“similar” solutions to the two-dimensional, 
laminar boundary layer equations with constant 
fluid properties, the main-stream velocity u, 
obeys the equation: 
dug 


(1) 
dx 


where C and 7 are constants and x is the distance 
measured parallel to the wall 

A parameter f is obtained from the constant n 
by the relationship: 


B = (2) 
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and a dimensionless distance co-ordinate 7 is 
defined by: 


| dug L/2 G 
; 3) 
vB dx 
where y is the distance perpendicular to the wall 
and v is the kinematic viscosity. If now a 
dimensionless stream function f is related to the 
stream function w by: 

us | dug L/2 

f i= (4) 

ug \vB dx 
velocities in the boundary layer are governed 
by the ordinary differential equation: 


f - ff" + Ba fp‘ = (5) 


with the boundary conditions: 
(6) 


In equations (5) and (6) the primes denote 
differentiation with respect to the independent 
variable 7 and the quantity /, in equation (6), 
which is a constant for “‘similar”’ flows, is related 
to the velocity vg with which mass flows through 
the wall by: 

1/2 


é vy | Vv =e) (7) 


Q 


B dx 
2.2. The “similar” b-equation 

This equation is a generalization of the energy 
equation familiar in the study of heat transfer. 
It has been fully discussed by Spalding [5] and 
“similar” solutions to it were considered in 
Paper 3. In the latter paper it was shown that 
for a certain restricted class of “similar” solu- 
tions a conserved fluid property, represented in 
suitable dimensionless form by the quantity /, 
satisfies the ordinary differential equation: 


5b” +- af dD’ 0 (8) 


with boundary conditions: 
(9) 


In addition to these boundary conditions the 
relationship: 


(10) 


o fos 
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which relates the 4-profile to the /-profile, is also 
satisfied. 

In these equations the primes again denote 
differentiation with respect to 7, f and f, are the 
stream functions occurring in the velocity 
equation, o is the Prandtl/Schmidt number and 
B is the value of 4 in the main-stream. 

From equation (8) it may readily be shown 
that the distribution of + is given by: 
fof) f dy} dy 


falo fdn} dy 


b — fgexp 
B = 


“0 


(11) 
exp 


and the reciprocal of the wall gradient is given 


by: 


exp (12) 


- Cah f dy} dy. 


(5;) = & 
i A a 

The present paper is concerned with methods 
of evaluating the right-hand side of equation (12) 
for any value of o, given solutions to equation 
(5) with boundary conditions (6). Since such 
solutions are given for fixed values of f,, and in 
view of the relationship given in equation (10), 
the problem amounts to evaluating the mass 
transfer driving force B, given the fluid property 
o and the velocity, specified by fj, at which mass 
flows through the interface. The main-stream 
pressure gradient, of course, also affects the 
distribution of f with » and thereby the value of 
B obtained using equations (12) and (10). 

The table of values of (b,/B) to be given later 
apply to the case when the parameter f occurring 
in equation (5) is zero. 


As well as evaluating the right-hand side of 


equation (12) the method of calculation could 


also be adapted to obtaining the distribution of 


b with » as given in equation (11) but this is not 
done in the present paper. 


3. EVALUATING THE INTEGRAL 

3.1. Formula for numerical integration 

It is known that the relative thicknesses of the 
velocity boundary layer and the 4-boundary 
layer depend on the value of the Prandtl 
Schmidt number «. For the unique case when 
the main-stream pressure gradient is zero and a 
is unity the two boundary layers are identical. 
This may be seen by comparing equation (5) for 
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8 = 0 with equation (8) for « = 1. The distribu- 
tion in the boundary layer of the velocity, which 
is f’, is then the same as the distribution of the 
quantity (5/B) since they obey the same differen- 
tial equation with the same boundary conditions. 

When o is much greater than unity, however, 
the 4-boundary layer is much thinner than the 
velocity layer, whereas when o is much smaller 
than unity the b-boundary layer is much thicker 
than the velocity layer. 

For low values of o, therefore, an appreciable 
contribution to the integral in equation (12) 
comes from regions in the main-stream where, 
of course, the flow is inviscid. 

The integral in equation (12) can therefore 

be evaluated in two parts, which will be referred 
to as Parts I and II respectively. 
Part I; extends over the region of the velocity 
boundary layer and is evaluated by 
standard procedures for numerical inte- 
gration; this part is important for large 
values of a. 


Part IT: which extends over regions of main- 
stream flow, can be expressed in closed 
form and so is readily evaluated using 
standard mathematical tables; this part 
is important for small values of o. 


For intermediate values of o an appreciable 
contribution to the integral comes from both 
parts. 

For main-stream flow the stream function f 
takes on a simple form which is obtained as 
follows. 

In the main-stream (df /dy) | so that f must 
be a linear function of ». If the displacement 
thickness defined in terms of the “similar” 
distance » is given by: 


(13) 


on integrating this formally it is found that for 
large values of » the stream function takes the 
form: 


(14) 


When the fluid density is uniform the difference 
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in the values of the stream-function at two points 
in any fluid stream can be regarded as a measure 
of the amount of fluid which crosses a line 
joining the two points. Equation (14) conforms 
with this interpretation since f has the value /, 
at the interface where » = 0 and the amount of 
fluid flowing across the line joining the interface 
and the point 7 is proportional to (7 — 4), since 
5; measures the thickness of the velocity layer 
(i.e. 5; is the distance through which the main- 
stream has been displaced by the presence of the 
boundary layer). 

In the integral of equation (12), therefore, let 
Part I be integrated over the range 0 ” d 
and Part II over the range d 7 x. If the 
value of d is large enough for equation (14) to be 
valid at that point the expression for (B/b;) may 
be written accurately as: 

B . 
FA o| fdy> dy 

0 0 


“ 


fia) | 


oO 


| f(d) ! o | f dy > 


d 


where f(d), the value of fat » = d, is: 


f(d) =(d (16) 
In equation (15) the first term on the right-hand 
side is Part I, and the second term Part II. In 
Part II the sign preceding the error function 
should be opposite to that of f(d). In practice, 
however, f(d) is almost always positive so that 
this sign is generally negative; the alternative 
sign is included so that the formula may retain 
its general form. 

The values of (b,/B) to be given later were 
obtained using equation (15). Use of this 
formula is reasonably straightforward and 
accurate; methods of doing so will now be 
described. 

3.2. Integration using a desk calculator 

To apply this method solutions to the velocity 
equation are needed in the form of values of the 
stream function f at regular intervals in 7. Many 
such solutions are given in the literature. 
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Starting from such a table the first step is to 
construct a table of the function [{? fdy at 
regular intervals in » up to a value where equa- 
tion (14) holds accurately; this point is readily 
located from the values of f and fy. This table 
has to be obtained only once, of course, as it can 
then be used to evaluate (49/B) for any value of o. 

It should be noted that the displacement 
thickness 5}, although by definition a quantity 
which is obtained by integrating throughout the 
velocity boundary layer, can be obtained from 
the value of f at large » without the need for 
such integration. Using this and the known 
values of 8, fy and f;{), the other functions 
associated with the velocity layer, which were 
discussed in Papers | and 2, can also be evaluated. 
This procedure has proved to be particularly 
useful for calculations with a computer; the 
formulae which are used are given in the 
Appendix. 

The table of {|} fd» is obtained in the fol- 
lowing way. The stream function / is first 
expanded as a Maclaurin series in terms of its 
gradients at 7 0, the higher derivations of f 
needed for this being obtained by successive 
differentiation of equation (5). For small values 
of » values of {" fd can be obtained directly 
from this series although the accuracy decreases 
with increasing ». At some value of », where it is 
judged that this expansion is becoming too 
inaccurate, the method is changed to a step by 
step application of Simpson’s rule using the 
tabulated values of f. More accurate integration 
formulae than Simpson’s rule can obviously be 
used if rapid means of computation are available. 

Having obtained values of |" fd» all the 
functions required for evaluating Part II of 
equation (15) are known. 

Part I is evaluated numerically by again 
applying Simpson’s rule in an obvious manner 
using the table of values of | fd». When mass 
transfer is zero or inwards and o is large the 
b-boundary layer is confined to low values of ». 
To obtain high accuracy therefore a small 
interval in » must be used. 

On the other hand, where mass transfer is 
outwards and ao is large the integrand occurring 
in Part I starts from the value unity at the wall, 
increases to a maximum within the boundary 
layer and then decreases to a very low value as 
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the main-stream is approached. Since the 
gradient of {? f dy with respect to the co- 
ordinate 7 is f it may readily be shown that this 
maximum occurs at the point where / is zero. 
Most of the contribution to the integral therefore 
comes from regions within the boundary layer 
but not near the wall. It would therefore be 
surprising if an expansion in terms of wall 
gradients gave high accuracy, although expansion 
about the point where f is zero should be 
possible. This will not be considered further 
in the present paper. 


3.3. Integration by a computer 

The method for evaluating (4,/B) by a com- 
puter differed in many respects from that just 
described but since the procedure adopted was 
fairly conventional only a brief outline will be 
given here. 

The computer programme was designed to be 
as general as possible so that values of (b)/B) 
could be obtained for any suitable values of the 
three parameters 8, f, and o. The only data 
required from solutions to the velocity equation 
were corresponding values of fy, f4, and 4;. In 
the calculations for the case 8 = 0 these quanti- 
ties were taken from the literature. 

For most of the calculations an interval of 0-1 
in the independent variable » was used. At high 


suction rates, namely for large positive values of 


fo, the velocity layer is very thin so the interval 
was reduced to 0-05 for those cases. 

At each step in the integration procedure the 
velocity equation was solved using a fourth order 
Runge-Kutta process and the functions /, f’, 
ft". Ig fdy and [? exp — {o,; [% f dy} dy were 
evaluated. For any particular solution to the 
velocity equation the computer dealt with about 
40 values of o simultaneously and o,, with 
i=1,2,3..., signifies this. 


At every sixth step Part I and Part II of 


(B b,) occurring in equation (15) were evaluated 
and summed. This sum is an estimate of (B/b/) 
up to that value of ». This was compared with 
the value obtained six steps previously. If the 
modulus of the difference between these two 
values was less than or equal to 5 10-° of the 
last value obtained the integration was stopped 
for that value of o. The programme continued 


until (B/b,) had been evaluated for all values 
of o. 

It is now realized, of 
testing procedure was not 
integration could have continued up to the value 
» — dand stopped there for all values of o. The 
method just described was used because the 
form of Part II of the integral in equation (15) 
was not known when the programme was 
first devised. 


that such a 


since the 


course, 
necessary 


3.4. Asymptotic formula for high o when f, is large 
and positive 

In Paper 3a, Evans [4], which was concerned 
with the case when no mass flows through the 
interface, asymptotic series in inverse powers of 
o were given from which the wall gradient 
(b,/B) could be evaluated accurately for any 
value of o greater than 0-5. An expansion of the 
same type will now be derived for large positive 
f,. It has not been possible to do so for negative 
f, because of the behaviour of the integrand; this 
was discussed at the end of section 3.2. 

The expansion is obtained in terms of the wall 
gradients of the stream function f. The wall 
gradient (4,/B) relating to the b-boundary layer 
is regarded as a single entity as expressed in 
equation (12) and not in two parts as given in 
equation (15). The accuracy of the expansion 
improves when each of the parameters o and fo 
increases. 

When /, is large and positive and a is large, the 
driving force for mass transfer, denoted by B, 
approaches 1 from above. No physical 
meaning can be attached to values of B beyond 

1. If then the quantity (1 +- B) can be evaluated 
to a certain accuracy for known values of f, fo 
and f.’, the functions B and (/,/B) which are 
calculated from these, will be known to an eve! 
higher percentage accuracy. The expansion 
obtained below expresses (1 B) as a series in 
inverse powers of o. 

Expanding the stream function f in terms of 
wall gradients the integral is fdy takes the 
form: 


f dy fon T ; 


0 
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This is now substituted into equation (12) and 
the integration variable changed from 7» to 4 
where: 

(18) 


Using the relationship: 
Oo ly 


(b,/B) 


equation (12) yields the expression: 


e-* exp (20) 


in which the coefficients are given by the 


general formula: 


(21) 


') denotes the (g¢ 
when evaluated at 7 0. 


where f,' 


f with respect to > 
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By expanding the second exponential in the 
integral of equation (20) in powers of q and 
using the relationship: 

y" dq = p! (22) 
which holds for any integral value of p, an 
B). On collecting 


expansion is obtained for (1 
this 


terms in the same inverse 
expansion becomes: 


powers of o 


a, GQ, ay 


(1 + B) 


° T > 
eo Oo 0 


Using the abbreviations: 


the first eight coefficients in this expansion are: 


ay (26) 


Tahle 1. Values of the wall gradient (b 


7$./9 0-5, 2 
1-03077 
0-740107 


33703 
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ultiplied by the powers of ten given in brackets. 
by broken lines may be inaccurate (see text) 
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(27) a, e + (858 + 1148)c? 


(1591 + I88f)ce 
(28) 


(38 100 + 68928 
pie 
(29) (7 


5 528 + 96088 + 132f?)c%e 
(86 8 HY, 2 (43 065 t 2970 3 )« e* 
(122 Ce 35e* : (190 960 + 18 4808)c! 
5775c? 200 200c%e 
(194 
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4. VALUES OF THE WALL GRADIENT (4), 8) WHEN 
THE MAIN-STREAM PRESSURE GRADIENT IS 
ZERO 

4.1. General discussion of Table | 

Values of the wall gradient (4,/B) as a function 
of the fluid property group o and the mass flow 
parameter f, for the case 8 0 are given in 
Table 1. The solutions to the velocity equation 
from which were calculated, namely 
corresponding values of fo. f,, and 96), 
taken from Emmons and Leigh [6] except for 
the case f, 10 which was taken from Watson 
[7]. The values of these parameters are given at 
the head of the appropriate column in Table 1. 

Most of the values of (4)/B) were calculated 
by a computer using the method described in 
section 3.3. When both o and f, were large, 
however, the values given by the computer were 
inaccurate because the interval in 7 too 
great. For the bottom left hand corner of 
Table 1, therefore, the values were calculated 
from the series expansion given in section 3.4. 

For various other reasons, such as error in 
supplying the input data, the computer also gave 
incorrect values at isolated positions in other 
parts of the table. These values then 
recalculated by the method described in section 
3.2 using values of {” fd» supplied by the 
computer. . 


these 
were 


Was 


were 


0 


4.2. Accuracy of Table | 
The method of computation described in 


section 3.3 was designed to give values of the 
wall gradient (5)/B) with an error less than 
5 = 10~° of its own value. Generally, therefore, 
the error in the fifth significant digit should be 
small but considerable error could occur in the 


sixth significant digit. 

The accuracy of the results may be judged by 
comparing the value of (b,/B) for o 1-0 with 
the corresponding value of f}’ given at the top 
of the table. They should be equal but generally 
differ by a few units in the sixth significant digit. 
The sixth place has therefore been retained in 
Table 1 but it should be emphasized that no 
great reliance can be placed on it. This applies 
particularly to negative values of f, since even 
the quantities f,’ and 6; are not known to high 
accuracy there. 

During the present work it was found, when 
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working with a computer and using accurate 
integration formulae, that very high accuracy in 
wall gradients is often desirable. This was also 
found by Eckert ef a/. [8] who, when studying the 
velocity equation, required the wall gradient f¢ 
to ten significant digits in order to obtain 
solutions for the case 8 = 1-0, f 3-0. Know- 
ledge of the value of the sixth significant digit 
in (b//B), although not exact, may therefore 
prove useful in applying the values to obtain 
other functions of the b-boundary layer. 

Values for high o in the bottom left-hand cor- 
ner of the table were calculated by the formula 
of section 3.4. For lower values of «, particularly 
for « approaching unity, the values obtained by 
the computer were accurate. There was, how- 
ever, an intermediate zone where both methods 
were inaccurate to some extent. By differencing 
the values and, where adjusting 
them so as to give smooth, regular differences, 
the error in the values given is believed to be 
confined to the sixth significant digit even here. 
This does not apply to the values in the first 
column because, when plotting 4,/4, as a 
function of (v)4./K) (see Fig. 3), a few of the 
values obtained from this column did not form 
a continuous curve with points taken from the 
other columns. It is therefore suspected that some 
of the values in this column are in error in the 
fifth significant digit. 

In the part of the table where mass flow is 
outwards ( f, negative) and o > 2 there may be 
some inaccuracy for the following reason. Here 
the integrand in equation (12) starts from unity 
at the wall, increases to a maximum and then 
diminishes to a low value in the main-stream. 
For large o this curve reaches a very high value 
and has steep gradients. In order to obtain good 
accuracy with such a curve a very small interval 
in 7 should be used, whereas the values quoted 
were obtained with an interval of 0-1. No 
estimate has been made of the probable error 
due to this but it would be surprising if the 
values of (b,/B) were inaccurate by more than a 
few per cent of their own values. 


necessary, 


4.3. Comparison with earlier values 

Of all the two-dimensional, laminar boundary 
layer flows considered in the literature the case 
when both the main-stream pressure gradient 
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and the rate of mass transfer through the 
interface are zero has received the greatest 
attention; this is the case f, = 0 in Table 1. 

In order to compare the present results for this 
case with exact values given in the literature 
Table 2 has been drawn up. This table contains 
some values for low o not included in Table 1; 
these were calculated by the method described 
in section 3.2. 


Table 2. Comparison with published values for 
8-0.f,=0 


(a) Present values (b) Published values 


(b,/B) 
Reference 
(a) (b) 


0:0415366 
0-057595 
0-072957 
0-119346 
0-198031 
0-366675 


0-041537 
0-057593 
0-072959 [10] 
0-11935 [10] 
0-1953 [9] 
00-3664 [9] 
" £03915 {9} 
0:391675 | 0-3917 [11] 
f 0-4139 [9] 
\.0-4137 
f 0-4340 
| 0-4342 
0:-4525 
{ 0-46960 
10-4695 
0-5971 
0-9135 
1-0298 
1-1796 


[10] 
[10] 


0-413909 


0-434045 
0:452504 
0:469599 
0:597234 
0-913470 
1-02974 

1-17962 


The numbers in the last column give the publication in 
the reference list. 


From this table it may be seen that values in 
the literature sometimes disagree with each other 
by a few units in the fourth significant digit. The 
error in the value given by Merk [9] for o = 0-1 
is more serious, however, as it appears to be 
1-4 per cent too low. The agreement between the 
present values and those given by Sparrow and 
Gregg [10] for low values of o is very good, 
which confirms the formula for Part II given in 
equation (15) since this Part dominates for very 
low o. 

This case when 8 


0 and fy 0 was also 
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considered in Paper 3a, where an asymptotic 
formula was given for calculating (4)/B) for any 
high value of o. It appears from the present 
results that the formula gives an accuracy of one 
unit in the fourth significant digit even when o 
is as low as 0-5. 

The only extensive results giving values of 
(b,/B) in the presence of mass transfer were those 
by Mickley ef a/. [11], which were also for the 
case B 0. On the whole the present values 
agree with their results to the same extent as for 
the case of no mass transfer given in Table 2. 
This does not hold, however, for large o and 
high blowing rates (large negative f)). The 
greatest difference occurs for / 0-54/2 and 
o 5-0, the highest blowing rate and the 
largest value of o considered by the earlier 
authors. Whereas they obtained for (4,/B) the 
value 0-9963 10-4, the present value is 
1-0025 10-4, a difference of 0-6 per cent. A 
possible source of error in the present results 
for this part of the table has been given in 
section 4.2. 


5. FORMULAE FOR OBTAINING OTHER FUNC- 
TIONS FROM (4)/B) 

It was shown in Paper 3 that many other 
functions relating to the b-boundary layer can 
be calculated from values of (4,/B) for known 
values of the parameters £, o and f,. For ease of 
reference these are quoted below but will not be 


discussed; the reader is referred to other papers 
in the present series for more detailed discussion 
of these functions. 

The right-hand sides of the following equations 


are written in terms of “similar” functions. 
Some of these expressions differ from the forms 
used in Paper 3; this is merely so that the 
quantities on the left may be evaluated directly 
in terms of functions occurring in Table | with- 
out intermediate calculation. A few of these 
functions are identically zero for the particular 
case 8 Q but are included to make the list 
complete. 
Nu 
Re’: 
4,Re'' 


Xx 


(35) 


(36) 


C/o? 





I 
' | (b,/B) 
(44) 


2(of, )\? 

Note that the functions X, Y, W and Z form 
the basis of an approximate method of esti- 
mating boundary layer thicknesses which is 
most accurate for large values of o. For low o 
the use of different functions would probably 
result in better accuracy. 

6. THE ASYMPTOTIC BEHAVIOUR OF FUNC- 
PIONS IN THE b-BOUNDARY LAYER 

In this section a brief examination will be 

made of the asymptotic behaviour of functions 
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relating to the 4b-boundary layer for extreme 
values.of some of the parameters. The conclu- 
sions arrived at will then be used in section 7 to 
draw curves showing the relationships between 
some of these functions. 


6.1. The limiting case o > 0 

On examining equation (15) it may be seen 
that as o -- 0 Part I tends to the value d; this, in 
similar co-ordinates, is the distance from the 
interface at which the flow is virtually inviscid. 
At the same time, Part II tends to the value 
(7/2c)'* since both the factor containing the 
error function and the exponential factor tend 
to unity. For very small o Part I is clearly 
negligible compared with this, so the following 
approximations apply: 


(48) 


0-636620. (49) 


4, 


It is interesting to note that equation (49) applies 


exactly for purely inviscid flow when o = 0. 

For small values of o the mass transfer rate, as 
measured by the value of the parameter /). has 
only a small effect on (4)/B). Referring to the 
smallest value of o included in Table 1, namely 


o = 0-0001. for which (20/7)! ? 0-00797885. 
the extreme values of /, considered, namely 

10 and —0-6, 2, give values of (b//B) of 
0-00861969 and 0-00758806 respectively. For 
smaller values of o these values of (b;/B) would 
be nearer to (20/7)! * and would therefore cover 
a narrower range. 


6.2. The limiting case o > & 

The behaviour of boundary layer functions 
for large o when no mass flows through the 
interface may be estimated from the asymptotic 
formulae given in Paper 3a. This case will not, 
therefore, be discussed here except to state that 
for accelerated and slightly decelerated flows 
(b;/B) is proportional to o’* and for flows very 
near to or at the separation point (b//B) is 
proportional to o!?. 

Contrary to what happens for low values of 
o, the mass transfer rate has a large effect on 
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(b;/B) when o is large. For positive values of fo, 

for example, the driving force B is very close to 
1 as soon as f, has a non-zero value, so that the 

following approximation then applies: 


ee bh, - 
o large, fy positive: = a fo. (50) 


When f, is negative, on the other hand, B tends 
to infinity as soon as fy is non-zero and (4;/B) 
tends to zero. 

Accurate numerical values of (4;/B) for 
positive /, and large o can be obtained from the 
asymptotic formula given in section 3.4. Nega- 
tive values of f, would require some modification 
of the methods already described. 


6.3. Intensive suction 

When considering the velocity boundary 
layer the case of intensive suction gives rise to the 
well-known asymptotic suction profile. In an 
analogous manner the /-profile can be shown to 
approach the asymptotic profile: 


b 


- (1 (51) 


Instead of using this, however, the case of 


intensive suction can be examined more ac- 
curately by referring to equation (34). Since /, 
is almost equal to /, for sufficiently large /). 
the following relationships hold: 

| 


o(1 + o) fF 


o fo 
[1/o(] 


(52) 


(1 + B): 


(F)-, 


Ved, 


a) f3] 


(1 +- o) (2/o f?) 
When /, is very large the last two relationships 
reduce to: 
UA, A, (56) 
m IO 
K A, + o) 
which may also be obtained by evaluating the 
convection thickness 4, for the asymptotic 


suction profiles relating to the velocity and the 
function (4/B) respectively. 


6.4. “Separation” on a flat plate 

When the main-stream pressure gradient is 
zero and the blowing rate reaches the value 
f. 0-875745, the wall shear, represented in 
“similar” co-ordinates by /%, zero. 
The velocity layer is then said to separate. This 
case has been discussed by Emmons and Leigh 
[6] in giving similar solutions to the velocity 
equation for flow over a flat plate. 

For this and all higher blowing rates the 
following relationship holds: 


becomes 


J ()/) 
dx 


A physical interpretation of this is that the 
momentum boundary layer thickness 6, grows 
with distance x at a rate which is proportional 
to the blowing rate, since the group (v94,/v) 
which can be shown to be numerically equal to 
f=, is a suitable measure of the blowing rate (see 
Papers | and 2). 

An analogous situation must also apply to the 
b-boundary layer. In terms of equation (12) the 
integral on the right-hand side becomes infinite 
so that (45/B) 0. Since b}( o fy) is still 
finite this means that B is infinite. This clearly 
holds for the case « = 1-0 by direct analogy with 
the velocity equation, but it must apply whatever 
the value of o. 

The following relationships therefore hold for 
all f, beyond the value /, 0-875745: 


by 
r 0 
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In view of these relationships and the success 
obtained with the velocity equation when the 
mass transfer parameter (v94./v) was used, it 
may be an advantage, in some respects, to use the 
parameter (vy 4,/K) instead of B{=(vgd,/K)! 
for the b-boundary layer. 


7. CURVES OF FUNCTIONS OF THE 6-BOUNDARY 
LAYER 
7.1. Variation of Nusselt number with mass trans- 
fer driving force 
Equation (35) shows that the wall gradient 
(h,/B) is a measure of the local Nusselt number 
Vu. Figs. | and 2 show how this gradient, when 
multiplied by an appropriate power of o, varies 
with the mass transfer driving force B for 
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various values of o. The ordinate contains the 
power of o in order to bring closer together 
curves for different values of o. Fig. 1 is con- 
cerned with high values of o and Fig. 2 with 
low values. 

(a) High values of o. Fig. 1 is an extension to 
wider ranges in the values of the driving force 
B and the Prandtl/Schmidt number o of Fig. 2 
in Paper 3. The behaviour of the curves has 
already received some discussion in that paper 
so only a few additional remarks will be made 
here. 

The sections shown as broken lines for high 
positive values of B indicate that the curves 
have either been drawn between widely separated 
points or have been extrapolated by giving them 











Fic. 1. 


B 


Variation of the function o~'* (b)/B) with mass transfer driving force B for high values of o. 
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Fic. 2. Variation of the function o~'? (+)/B) with mass transfer driving force B for low values of o. 


the same shape as neighbouring curves whose 
shape was known. On this scale the error brought 
about by this would be very small. 

For negative values of B, some lines have 
been omitted for clarity. Of the values of o near 
unity, for example, only curves for o = 0-7 and 
1-0 have been included because the curves for 
other values, at least down to o 0-5, are 
virtually coincident with these. 

The point indicated as o XL 
B = O is given by: 


on the line 


— (*s) ra (33 y 0-479017 (64) 


where I° denotes the gamma function. This 
relationship has been discussed in Paper 3a. 


Z 


(b) Low values of o. It was shown in section 
6.1 that for small values of o the wall gradient 
(4,/B) is proportional to o! *. In Fig. 2, therefore 
the ordinate is o'*(bj/B). The ends of the 
curves in this figure correspond to the extreme 
values of f, included in Table 1. 

The most striking feature about these curves 
is their behaviour when B is positive, i.e. when 
mass flows outwards through the interface. For 
any fixed value of o the ordinate quantity 
decreases as B increases. As the value of o 
decreases, however, the curves descend more and 
more rapidly. From the discussion already given 
in section 6.4 each of these curves must tend to 
zero on the right when the blowing rate is high 
enough to cause the velocity layer to separate. 
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The point shown as o = 0 is given by: 


hy 2 
o-4a (2 (-) 


7.2. Variation of the ratio 4,/4, with mass transfer 

(a) Inward mass transfer. It has already been 
seen in section 6.2 that for intensive inward 
mass transfer the driving force B approaches — | 
and the wall gradient (b,/B) becomes very large. 
In order to accommodate such points on Figs. 
1 and 2 the co-ordinate axes must be extended 


0-797885. (65) 


Variation of the ratio of boundary layer thicknesses (4,/4,) with (vp4./K) when mass transfer is inwards. 


both upwards and to the left. It is not, of course, 
possible to include the asymptote itself since B 
is then —1 and (4,/B) is infinite. 

On the other hand the ratio 4,/4, and the 
mass transfer parameter —(v 4,/K) are always 
between 0 and | when the mass transfer is 
inwards. Fig. 3 shows the relationship between 
these quantities for constant values of o. This 
figure is analogous to part of Fig. 2 in Paper 2 
where the ratio H,4(— 6,/5,) was plotted as a 
function of the mass transfer parameter (v)4,/v) 
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(note that v, in the earlier paper is here denoted 
by vy). 

Since the ratio of the abscissa to the ordinate 
for any point on these curves gives the value 
of Bi=(v94,/K)}. lines of constant B are 
straight lines of slope 1/B passing through the 
origin. 

The full lines in this figure cover the range of 
mass transfer included in Table 1, namely, up to 
an inward flow rate corresponding to 
fy 10. The broken portions of these lines 
represent extrapolations to the point on the 
asymptote, represented by a triangle, which 
satisfies equation (56). Extrapolations have not 
been included for the two lowest values of o 
as it was difficult to judge the shapes of the 
curves over such a long distance. They are 
almost, but not exactly, linear in this region. 

For any point on these curves or the extra- 


mass 
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polations the wall gradient (b;/B) can be calcu- 
lated from the formula: 


b’ A, ol/2 
| ) »- (66) 

B A, {(v94./K) + (4./4,4)}) 

Clearly the accuracy of this diminishes as the 
asymptote is approached since —(v,)4,/K) and 
A,/4, are then almost equal. 

Two points should be noted regarding the 
general shapes of these curves. Firstly, it was 
noted when discussing Fig. 2 in section 7.1 that, 
for the case of outward mass transfer, the 
ordinate descended more and more rapidly with 
increasing values of B as the value of o decreased. 
This effect seems to be evident even on the 
suction side in Fig. 3. Secondly, the approach 
to the asymptote for intensive suction is from 
below when a is small (i.e. ¢ < 2), whereas when 


o is large the approach is from above. 











eparation 


Fic. 4. Variation of the ratio (4,/4,) with (v94,/v) when mass transfer is outwards. 





338 om. L. 
(b) Outward mass transfer. It was shown in 
section 6.4 that when the velocity boundary 
layer separates from the interface, B is infinite 
and (b//B) is zero for all values of o. This point 
also cannot be included in Figs. | and 2. Instead 
of using the mass transfer parameter (v94./K) 
along the abscissa as in Fig. 3, however, it 
follows from equation (61) that the parameter 
(v,4./v) would be better since the point of 
separation would then be the same for all o. 
The relationship between the ratio (4,/4,) 
and this mass transfer parameter is shown in 
Fig. 4. All the curves are seen to converge on the 
point where (4,/4,) = 0, (vp4q/v) = 0-766929. 
Again the full lines represent the results con- 
tained in Table | and the extensions, shown as 
broken lines, join the point for / 0-6, 2 to 
the separation point. For very low values of o 
the curves form a wide arc to the right before 
returning to cut the abscissa. 
These extrapolations to the separation point 
can clearly be used to extend Figs. | and 2 to the 
right. The accuracy of this would depend 


largely on the accuracy to which (4,/4,) can be 


estimated since inaccuracy in the function 
{(v94./K) (4,/4,)}'? occurring in equation 
(66) would introduce only a small error. 
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APPENDIX 

The displacement and momentum boundary 
layer thicknesses of the velocity layer are 
usually evaluated by integrating certain quanti- 
ties throughout the boundary layer. The stream 
function is, however, known in the main-stream 
whether solutions are taken from tables in the 
literature or evaluated on a computer. The 
formulae given below can be used for calculating 
functions associated with the velocity layer 
without the need for integration. The first two 
formulae are definitions of 6; and 6°. The 
importance and applications of the succeeding 
functions have been discussed in Papers | and 2 
of the present series. 
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SURFACE TEMPERATURE CALCULATIONS IN RADIANT 
SURROUNDINGS OF ARBITRARY COMPLEXITY—FOR GRAY, 
DIFFUSE RADIATION 


B. GEBHARI 


Sibley School of Mechanical Engineering, Cornell University, Ithaca, New York 


(Received 14 December 1960) 


Abstract—The question of calculating the temperatures of opaque and non-opaque surfaces subject to 

assigned net rates of radiant flux is considered. It is shown that, for gray surfaces, any opaque surface in 

radiant balance in an enclosure of arbitrary complexity achieves a steady state temperature which is 

independent of the emissivity (or absorptivity) of the surface. Relations are developed for the tempera- 
ture of opaque and non-opaque surfaces subjected to an assigned net radiant flux. 


Résumé—On considere le calcul des températures de surfaces, opaques Ou non, soumises a des densités 

de flux de rayonnement bien déterminées. On montre que, dans le cas de corps gris, une surface opaque 

quelconque, en équilibre de rayonnement dans une enceinte de complexité arbitraire, acquiert, en 

régime permanent, une température qui est indépendante de ses coefficients d’absorption ou d’émission, 

Des relations sont données pour la température de surfaces, opaques Ou non, soumises a des flux de 
rayonnement bien déterminés. 


Zusammenfassung—Die Berechnung von Temperaturen strahlungsundurchlassiger und durchlassiger 


Oberflachen bei gegebener Strahlungsmenge wird untersucht. Jede undurchlissige Oberflache eines 


grauen Strahlers in einer willkiirlich aufgebauten Umhiillung nimmt im Strahlungsgleichgewicht eine 

gleichmassige Endtemperatur an, unabhangig vom Emissionsvermégen (oder Absorptionsverm6gen) 

der Oberflache. Die Abhangigkeit der Temperatur undurchlassiger und durchlassiger Oberflachen von 
der zugefishrten Strahlungsmenge ist angegeben. 
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NOTATION , total hemispherical emissivity (emittance) 
of a surface: 

reflectivity (reflectance) of a surface; 
universal constant for thermal radiation. 


absorptivity (absorptance) of 

face; 

radiating area of a surface: 

absorption factor; 

angle factor, the fraction of the emission 
of surface p directly incident upon sur- 
face i; 

net rate of radiant energy loss from sur- 


INTRODUCTION 
IN ENGINEERING practice there are many circum- 
stances in which thermal radiant energy exchange 
rates may be calculated with sufficient accuracy 
face /; under the assumptions of gray, diffuse radiation 
absolute temperature; in vacuo. The absorption factor method 
FyiPi: developed and elaborated upon by the present 
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writer [1-3] is well adapted to such calculations 
and applies to enclosures of arbitrary com- 
plexity. Although this method requires the 
solution of a number of simultaneous linear equa- 
tions (as must any method which accounts for 
multiple inter-refiections) the method is concept- 
ually simple and is well suited to machine tech- 
niques of equation solution or matrix inversion. 

The absorption factor method also permits, 
due to its simplicity, the demonstration of many 
of the important characteristics of radiant 
exchange processes. In the original paper, for 
example, absorption factor reciprocity was 
shown to be a simple consequence of the assump- 
tions of gray, diffuse radiation and of uniform 
irradiation without reference to the second law 
of thermodynamics. 

The present paper is concerned with the 
application of this method to calculations con- 
cerning opaque and non-opaque surfaces in 
radiant surroundings of arbitrary complexity 
which are subject to assigned rates of net 
radiant flux. Such a surface condition appears 
in many cases of modern technology; for 
example, in electrically heated walls and win- 
dows, in reactor elements in the absence of a 
coolant, in electrical circuit elements in a 
vacuum, and for surfaces subject to solar or 
other irradiation. 

An interesting particular case, the opaque 
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properties. This characteristic is sometimes 
alluded to, e.g. Eckert [4] in the language of 
Oppenheim’s method [5] of analysis, but has 
not been proven. 

The assumed condition of gray, diffuse radia- 
tion and reflection is met in many circumstances 
of practical importance. Many studies have 
indicated that even highly non-gray, specular 
surfaces are often essentially gray and diffuse 
under the conditions of actual use as a result of 
surface coatings, corrosion, erosion, or other 
types of surface alteration. 


GENERAL RELATIONS 
Any surface A; in an “enclosure”* of n gray 
surfaces loses radiant energy at the net rate of q;, 


q; = W,A; — B,;W,A, — Bo;WeAz 


WA; 7 iW. (1) 


where B,,;, the absorption factor, is the fraction 
of the radiant energy arising at surface A; which 
is absorbed at surface A;. WA denotes the rate 
at which energy is radiated from a surface to the 
space above it (other than by reflection). For an 
opaque surface, WA becomes merely the 
hemispherical emissive power eco74A where e is 
the total hemispherical emissivity. 

For diffuse radiation and reflection, 
absorption factors are given by: 


the 


a,,B, j 
ConByj 





surface in radiant balance, sometimes called an 
“adiabatic” surface, is treated in detail. This 
condition often appears in equipment such as: 
gas turbine and jet engine combustors, furnaces, 
electronic components, electronic equipment, 
and satellite and spacecraft components. It is 
proven that the temperature of a surface in 
radiant balance is independent of its surface 


where F,, is the fraction of the emission of 
surface A, directly incident upon 4A,, «,; is the 
total hemispherical emissivity of surface A;, and 
p,; is the reflectivity of surface A,. In general, 


* The term ‘‘enclosure”™ is meant to denote the assembly 
of all radiant conditions relevant to the surface under 
consideration. Under this definition of an enclosure, all 
radiation circumstances are ‘enclosure’ problems. 
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opaque surfaces in radiant balance, other than 
A;, are assigned a reflectivity of 1-0.* 

The absorption factor relations 
written more compactly as: 


may be 


nn 
x (a,; 
1 


6, )B;; + Fie, = 0 (3) 


where 6,; is Kronecker’s delta. The reciprocity 
relations among the n?® values of B,; for any 
combination of opaque and non-opaque sur- 
faces are: 
€,B,,A, €,B,,A,. (4) 
* Since the temperature of such a surface may not be 
arbitrarily specified, the total hemispherical emissive 
power is not known. This assumption, of unit reflectivity, 
satisfies the condition of radiant balance and removes the 
unknown from the equation, e.g. equation (1). 


IN RADIANT SURROUNDINGS OF 











Combining (5) and (6), we obtain 


S D,,T! 
T3 


a a 


It is seen from equation (7) that e«,, which is equal to (1 
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TEMPERATURE OF AN OPAQUE SURFACE IN 
RADIANT BALANCE 
Taking A; as an opaque surface in radiant 
balance, denoted hereafter as A,, the value of 
q, is zero. By equations (1) and (4), we have 


WA, 


A ,€,,a(  - p B..T?) Q. 
i=1 


The B,, are given by (2) or (3) as 


D, ( 
B,,, D (6) 


where D,, and D denote the following two 


determinants: 








p,), does not appear in the D,, for 


- a. Therefore, the numerator of equation (9) does not depend upon «,. D and D,,, are written 
as follows, moving the ath column into the first column position in both determinants. 
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Both determinants are the same except fo 
the term in the first column in the Ath row 
term of (D D,,) where k ais written as 


None of these terms contain e,. For the 
12+? (— 1)?" [(Faap 1) 


Again e, is absent. Therefore, (D D 
nor the denominator depend upon e, (or 
and depends only upon the temperature 
surfaces of the radiant surroundings. 
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(a1, 1) 


a3] 





r the first column. Call NV, the value of the minor of 
. Note that none of the AN, contain e, or p,. The kth 


term k 


lye? (—1 pf * NAG 1). (11) 


) is independent of «,. Since neither the numerator 
p,). T, is independent of the surface properties of A 
and emissivities or surface conditions of the other 


The results in (10) and (11) indicate that the denominator of equation (9) may be written in 


the following simpler form for calculations; 
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The foregoing analysis shows that the tem- 
perature of an opaque surface in radiant balance 
is independent of its surface property emissivity, 
i.e. the temperature may be calculated from 
equation (9) using any value of e, in equations 
(7) and (8). However, it is not necessary to 
assume a value of «, since equations (12) and (9) 
may be used. This same result may be expressed 
as follows: 


S D.T! 
lp+! (F.. 
1)**? Fa Nx] 


Nz 


a and k (13) 


OPAQUE SURFACES WITH ASSIGNED NET 
RADIANT LOSS 
A surface (in a radiant surrounding of arbi- 
trary complexity) whose temperature level 
adjusts to result in a given net rate of energy 
loss by radiation amounts to the assignment of a 
given value of q,. The necessary temperature 
level is found from equation (5) as 
os JT4 
= D,iT; q.D 


D + rer a. (14) 


Although the first term on the right is inde- 
pendent of «,, the second is not and the resulting 
temperature depends upon e,. Equation (14) is 
suitable for calculations. 


NON-OPAQUE SURFACES 

The general formulations, equations (1), (2) 
and (3), apply for enclosures which contain 
windows, openings, or any other surfaces whose 
radiation characteristics are gray and diffuse. 
For any surface A ;the equations takeintoaccount 
the effects of the radiant energy transmission 
across all non-opaque surfaces under the assump- 
tion that none of the thermal radiation transmitted 
outside of the enclosure is again incident upon 
the outside of the transmitting areas due, for 
example, to reflections. This is a reasonable 
assumption in many practical circumstances. 

If A; is opaque, then gq; is the net rate of radiant 


energy loss from A,. If A; is non-opaque, q; is 
the net rate of radiant energy loss from the 
“enclosure” side of A;. The rate of energy 
transmission through 4; is 


TGA ‘S B,,T* (15) 


(gr), 2 BWA 
Oj Led 


p 
l ] 

where 7; and a; are, respectively, the trans- 

missivity and absorptivity of A,. 

The calculation of the temperature of a non- 
opaque surface with an assigned net (or zero) 
radiant energy loss rate takes into account both 
sides of the surface and the two different 
enclosures A and B with which the two sides 
exchange energy. The » surfaces in enclosure A 
are numbered 1, 2 j n and the N sur- 
faces in B are numbered 1, 2, ...,m,..., N. 
The surface under consideration is denoted by a 
and its net rate of radiant energy loss is 


Ja =(Ga)A + (Ga)B 


” )B- (16) 


If the two sides of surface a are of equal area and 
emissive power, this result may be written as 


qa = 2W.A, W Am» (17) 


Employing the reciprocity relation and solving 
for T!, we have 


[2 — (Bua) a — (Baad) T! 


, \ 
% .N prs S BT* (18) 
€,0A, , , | 


aand m + a. 
For the case of a 
radiant balance, q, is zero. 
true that 7, is independent of « 

opaque surface. 


where i 
non-opaque surface in 
However, it is not 
for a non- 


CONCLUSION 
The foregoing analysis has shown that the 
temperature achieved by an opaque surface in 
radiant balance is independent of its surface 
properties. Relations are derived for temperature 





calculations for opaque and non-opaque sur- 
faces subject to an assigned net thermal radiant 
exchange rate. 

Although the absorption factor method may 
be used in analysing enclosures containing 
emitting and absorbing media, the present 
treatment applies only in the absence of such 
radiation effects. However, if the principal effect 
of such an intervening medium is convection at 
the various enclosure surfaces, its presence may 
be simply accounted for by an iterative method 
of calculating the temperature of an assigned 
net flux surface. A temperature is assumed, the 
rate of convection loss is calculated and sub- 
tracted from the assigned rate of loss to obtain 
the net rate of radiant loss. From this, a surface 
temperature is computed which is compared with 
the assumed value. 

This absorption factor method applies, within 
the limits of the initial assumptions, to enclosures 
of arbitrary complexity, i.e. for arbitrarily large 
values of n. It has been pointed out [3] that the 
inaccuracies inherent in the assumption of 


uniform irradiation of each surface by each 
other surface may be reduced continually toward 
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zero by further subdivision of the surfaces of the 
enclosure.* 

If a given area in radiant balance in an en- 
closure is subject to highly non-uniform irradia- 
tion, its temperature will be far from uniform. 
More accurate estimates of the temperature 
achieved by such a surface may be obtained by 
subdividing it into separate zones for which 
individual temperatures are calculated. By this 
means a temperature distribution is obtained. 
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SHORTER COMMUNICATION 


A DISCREPANCY IN THE PUBLISHED RESULTS ON HEAT TRANSFER 
TO CRYOGENIC FLUIDS* 


WILLIAM SQUIRE 


Engineering Analysis Section, Department of Mechanical Sciences, Southwest Research Institute, 
San Antonio 6, Texas 


THE purpose of this communication is to call attention to 
conflicting experimental results on heat transfer to 
cryogenic fluids. The problem is of some importance in 
connection with the design of rockets using liquid hydio- 
gen and/or oxygen as propellants. 

Kramer, Lowell and Rodebush [Il] have reported 
calculations of the aerodynamic heating of tanks of 
liquid hydrogen utilizing a curve for the heat transfer 
from the wall to the liquid hydrogen based on measure- 
ments reported by Mulford and Nigon [2]. These mea- 
surements of the heat transfer from a 12 mm copper tube 
to liquid hydrogen at 520 mm pressure indicated a critical 
temperature difference of 2°K for the transition from 
nucleate to film boiling. The corresponding maximum 
heat flux was 6 W/cm*. It was stated that measurements 
with liquid nitrogen paralleled the hydrogen curve at 
somewhat larger 47, the critical temperature difference 
being 4°K and the peak heat flux 6 W/cm*. 

On the other hand, Ruzicka [3] made an extensive set 
of measurements of heat transfer from platinum wires 
and copper wires and tubes ranging in diameter from 
0-051 to 20 mm to liquid nitrogen at | atm and found a 
critical temperature difference of 12K and a peak heat 
flux of 11 W/cm’. 

Weil and Lacaze [4, 5] measured the heat loss from 
copper, platinum and lead wires to liquid nitrogen over a 
range of pressures. At | atm they found a critical tem- 
perature difference of 10 K and a heat flux of 10 W/cm* 
which agrees reasonably well with Ruzicka. Furthermore, 


* Work supported by NASA under Contract NASw- 
146. 


the pressure variation would not explain the discrepancy 
with the measurements of Mulford and Nigon. 

Weil and Lacaze [6] also reported heat loss measure- 
ments from lead wires to liquid hydrogen at | atm. 
While their value of the critical temperature difference, 
2°K, agrees with Mulford and Nigon, Weil and Lacaze 
found a peak heat flux of only 3 W/cm* and the shape of 
the heat flux-temperature difference curve differed 
markedly. 

It should be noted that Mulford and Nigon and Weil 
and Lacaze state that their results are not affected by 
large changes in the geometrical configuration, thus 
making it very difficult to account for these discordant 
results. 
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ANNOUNCEMENTS 


SECOND CONFERENCE ON KINETICS, EQUILIBRIA, AND PERFORMANCE 
OF HIGH TEMPERATURE SYSTEMS 


The Combustion Institute, Western States Section 


To be held at University of California at Los Angeles, 16-18 April 1962. 


INVITATIONS are extended for papers for the Western 
States Section’s Second Conference on Kinetics, Equili- 
bria, and Performance of High Temperature Systems. 
The First Conference held in November 1959, 
and approximately 40 papers were presented, dealing 
largely with the calculation of equilibrium chemical 
compositions of high temperature systems. These papers 
have recently been published by Butterworths. In the 
Second Conference it is intended to deal primarily with 
nonequilibrium aspects of high temperature systems, 
i.e., those in the temperature range from 3000° Rankine 
to 10000° Rankine and above, although any new contri- 
butions in the field of chemical equilibrium will receive 
careful consideration. In this regard, attention might be 
directed toward analysis of multiphase systems, calcula- 
tion of equilibrium at low exit temperatures (around 
1000°R) in large expansion ratio nozzles, evaluation 
of the problem of a general freezing point for expansions 
to temperatures as low as about 500° R, and, importantly, 
consideration of the effects of iteration tolerance, accuracy 
of basic property data, and curve fitting approximations 
upon equilibrium performance results. 


Was 


Thermodynamic and thermochemical species data 

The preparation of the JANAF Thermochemical 
Tables by Dr. Daniel R. Stull and associates at the Dow 
Chemical Company has satisfied an urgent need, expound- 
ed at the First Conference, for provisional standards. De- 
spite the great number of chemical species represented in 
the JANAF Tables, there remain some species of interest 
in high temperature calculations which are not repre- 
sented, and for which compilations of appropriate 
data would be valuable. This is especially true of ions 
and other odd species which put in an appearance above 
10000 R in plasmas and some detonation waves. There 
is, of course, always interest in, and need for, presenta- 
tion of new experimental data to effect revisions in 
previous “best” values. Standard data for reactants 
might be compiled, and hopefully by the time of the 
Second Conference a number of special fuels and 
oxidizers of present interest may be declassified, at least 
as regards basic thermochemical and thermophysical 
properties. 


Theoretical equilibrium engine performance 

As regards declassification, the publication of Dobbins’s 
comprehensive calculational results, for theoretical 
rocket engine performance, in unclassified report form 
lends hope that other, even more comprehensive, 
compilations can be made on an unclassified basis 


if the numbers are separated from the various application 
contracts on which many of them were derived. Perhaps 
a small committee might work together to compile a 
master collection of performance numbers, and then 
analyze the results for general results attributable 
either to chemical composition or to energy level. 
The effect of low chamber pressure operation upon 
theoretical performance in a variety of chemical systems 
would be of particular interest, as would also the theoreti- 
cal performance of high temperature 
magnetic propulsion schemes. 


electrical and 


Calculations for engine design 

At the First Conference, a few calculational schemes 
were presented for jet propulsion engine design, with a 
limited amount of theoretical results. It is likely that 
since that time a variety of computer programs have been 
produced which deal with various aspects of engine 
performance and which incorporate means for evaluating 
constants and verifying models by correlation of computer 
output parameters with experimental data. Included 
in this category would be programs for the design of 
air-breathing engine inlets, supersonic combustors, 
and exhaust nozzles. 


Evaluation of kinetic processes in engines 

As always, there is much need for experimental 
data of an ordered nature, explained in terms of physical 
and chemical processes and thus reduced to appropriate 
terms for general application. In particular, there 
might be noted the kinetics of vaporization, combustion 


reactions, and reassociation reactions during exhaust gas 
expansion, as well as the characteristics of two-phase 
(gas plus particle) flow. 


Other high temperature systems 

While all of the above discussion is centered around 
engine considerations, particularly jet propulsion engines, 
the concept of the Second Conference will include other 
high temperature systems than those created by jet 
propulsion fuels and oxidizers, over the approximate 
temperature range of 3000°R to 10000°R above. This 
means inclusion of such diverse fields as detonation waves 
of all sorts, ablation heat transfer, chemical processing 
at elevated temperatures, and thermokinetics of flames 
generally and of high temperature materials technology. 

The Western States Section’s standing technical 
committee on Kinetics, Equilibria, and Performance 
of High Temperature Systems is chairmaned by Mr. 
Gilbert S. Bahn, 16902 Bollinger Drive, Pacific Palisades, 
California. Communications relative to the program 
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generally, such as brief abstracts of possible papers, 
should be addressed to Mr. Bahn. Also serving actively 
on the committee at the present time are Messrs. Harold 
E. Brandmaier, S. E. Stephanou, H. J. Vale, Alfred 
Biichler, and D. S. Villars. Organization of the full 
committee in terms of programming for the Second 
Conference is now under way, and additional appoint- 
ments will be made in the near future. Specific papers 
offered for the Second Conference will be reviewed by 
Dr. Melvin Gerstein, Papers Review Committee Chair- 


THE NINTH INTERNATIONAL 


THE Ninth International Symposium on Combustion will 
be held at Cornell University, Ithaca, New York, during 
the week of 27 to 31 August 1962, inclusive. It 
will be the fourth symposium organized under the aus- 
pices of The Combustion Institute. The local arrange- 
ments are being made by the Department of Thermal 
Engineering at Cornell. The Institute and the local 
sponsors welcome the participation of all members of the 
organization, together with all scientists and engineers 
interested in combustion. 


Local arrangements for the meeting 

Headquarters for the meeting will be Upson Hall of 
the Sibley School of Mechanical Engineering, which is 
situated on the engineering campus of the university. 
This is located at the south end of the main campus, 
within walking distance of the dormitories and the eating 
facilities on the campus. 

Dormitory rooms will be available, mainly in the 
recently built student dormitory block. Some rooms will 
be available for single women and couples can be ac- 
commodated. The surrounding district contains a num- 
ber of hotels and motels for which information will be 
provided in the next announcement. Meals will be avail- 
able by special arrangement with the University Depart- 
ment of Residential Halls and there are many nearby 
restaurants. 

If you plan to attend the 1962 Symposium, kindly write, 
at your earliest convenience, to 

Combustion Symposium Office, Upson Hall 
Sibley School of Mechanical Engineering 
Cornell University 

Ithaca, New York. 


Symposium agenda 

The technical program of the Ninth International 
Combustion Symposium is planned to include two 
Discussions, three Colloquia and Contributed Papers. The 
Discussions and Colloquia are intended to lead to inter- 
change of information in specific areas where an intensive 
review of the known theoretical and experimental facts is 
desirable. Contributed Papers will be accepted in all areas 
of the Combustion Field. When parallel sessions are un- 
avoidable, an effort will be made to schedule papers in 
the same general area of interest at such times as to make 
attendance at all of them possible. 


Discussions 
The Discussion topics are (a) Fundamental Flame 
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man for the Western States Section, and members of his 
committee. Completed texts of papers should be sent 
directly to Dr. Gerstein, whose address is Dynamic 
Science Corp., 1445 Huntington Drive, South Pasadena, 
California. 

Prospective authors should note that 300 copies of 
preprints will be required to be furnished to the Section 
for distribution to Conference registrants, and should 
arrange well in advance of the Conference to complete 
any requisite security review of their papers. 


SYMPOSIUM ON COMBUSTION 


Processes (with emphasis on the Structure of Flames) and 
(b) Detonations. The Discussions will revolve around 
invited preprinted papers, available for distribution several 
weeks before the Symposium. 

Combustion Symposium participants are urged to 
take an active part in the Discussions. Their value and 
success depends to a large measure on the quality of the 
contributions from the audience. A brief summary by 
the authors of the highlights of their papers will be 
followed by extended discussions from the floor. It is 
particularly desirable to present unpublished material 
that is germane to the topics of the Discussions. Par- 
ticipants are requested to procure preprints and to pre- 
pare their comments prior to the meeting. The papers 
and relevant comments will be published in the Sym- 
posium Proceedings. Further information will be given 
in the Second Announcement. 


Colloquia 

The Colloquia topics are (a) Modeling Techniques 
(Engines, Furnaces, Fires), (b) Chemical Reactions and 
Phase Changes in Supersonic Flow (with emphasis on 
Nozzle Flow), (c) Reciprocating Engine Combustion 
Research. The Colloquia papers will be presented in full, 
followed by comments from the floor. The papers will 
not be preprinted but will be published in the Symposium 
Proceedings. Further details can be obtained from the 
Chairman, Papers Subcommittee. 


Contributed papers 

The Papers Subcommittee will select Contributed 
Papers on the basis of 800-1000 word Abstracts, with a 
view to technical content and suitability for public 
presentation. Three copies of the Abstracts are to be sub- 
mitted to The Combustion Institute, 936-B Union 
Trust Building, Pittsburgh 19, Pennsylvania, not later 
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Editor’s Foreword 

Although the connexion between mass transfer (diffusion) and heat transfer was mentioned by Reynolds in his 
paper “On the extent and action of the heating surface of steam boilers’, forty years passed before the connexion was 
exploited. In the paper here reprinted, Nusselt introduced two important ideas: the first is that the burning of a carbon 
surface in a gas stream is controlled by the rate of mass transfer of oxygen to the surface; the second is that this 
transfer rate can be calculated from the formula which correlates heat transfer data in geometrically similar passages. 

The first idea proved to be a highly fruitful contribution to the theory of the combustion of solid fuels. It is however 
the second which justifies the inclusion of the paper in the present series; for the calculations contained in the paper 
appear to be the first quantitative exploitation of the analogy between heat and mass transfer. The passages in the 
text in which the two ideas are explicitly stated are distinguished, for the convenience of readers, by italic printing. 


D.B.S. 


DIE VERBRENNUNG UND DIE VERGASUNG DER KOHLE 
AUF DEM ROST* 


WILHELM NUSSELT 


IM GEGENSATZ zu der hohen technischen Ver-  Roststiben, die dort herrschenden Temperaturen 


vollkommnung, welche die Verbrennung und 
die Vergasung der Kohle in den letzten Jahr- 
zehnten erfahren haben, ist die Theorie dieser 
Vorginge in dieser Zeit wenig geférdert worden. 
Bei der Schwierigkeit der experimentellen For- 
schung ist auch die vorhandene Zahl guter 
Versuche sehr gering. Als notwendige Vorarbeit 
fiir weitere planmiBige Versuche scheint es mir 
zunachst erwiinscht, eine klare Vorstellung von 
den im Kohlenbett sich abspielenden physikali- 
schen und chemischen Vorgiingen zu besitzen. 
Diesem Zweck soll die folgende Abhandlung 
dienen. 

Ein ebener Rost mége dauernd und gleich- 
maBig bis zu einer bestimmten Héhe H, Abb 1, 
etwa durch eine selbsttaétige Wurffeuerung 
beschickt werden. Die Zusammensetzung der 
Gase in verschiedenen Abstinden von den 

* Sonderabdriicke dieses Aufsatzes (Fachgebiet: 
Dampfkessel) werden an Mitglieder des Vereines sowie 
Studierende und Schiiler technischer Lehranstalten gegen 
Voreinsendung von 35 Pf. postfrei abgegeben. Andre 
Bezieher zahlen den doppelten Preis. Zuschlag fiir 
Auslandporto 5 Pf. Leiferung etwa 2 Wochen nach dem 
Erscheinen der Nummer. 


und die in der Zeiteinheit verbrennenden Koh- 
lenmengen sollen bestimmt, und es soll weiter 
angegeben werden, wie sich diese GréBen mit 
der Menge der zugefiihrten Frischluft andern. 
Diese Luftmenge soll gleichmaBig verteilt unter 
den Rost eintreten. Dann werden obige GréBen 
nur vom Abstand x iiber dem Rost abhangen. 
Die Frischluft habe die normale Zusammen- 
setzung 0,21 Raumteile Sauerstoff und 0,79 
Raumteile Stickstoff. Uber dem Rost setzt 
sofort die Verbrennung nach der statischen 
Verbrennungsgleichung 


C+0,=CO, +h, WE 


ein; d.h. ein Mol+ Kohlenstoff und ein Mol 
Sauerstoff liefern ein Mol Kohlensadure und /, 
WE. Dieser Heizwert /, ist nach der Kirchhoff- 
schen Formel von der Temperatur abhangig, bei 
der die Verbrennung stattfindet. Bei 15° ist 
h, = 97 650 WE. 


+ Ein Mol ist die Menge eines Stoffes in kg, die seinem 
Molekulargewicht gleich ist. Ist also » das Molekularge- 
wicht, so sind » kg 1 Mol eines Stoffes. Es sind also 2 kg 
Wasserstoff 1 Mol Wasserstoff, 32 kg Sauerstoff 1 Mol 
Sauerstoff usw. 
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Anderung der Gaszusammensetzung mit 
dem Abstand vom Rost. 


Ass. |. 


Aus jener Formel folgt weiter, daB aus einem 
Raumteil Sauerstoff der gleiche Raumteil K ohlen- 
sdure entsteht. Es findet also durch die Ver- 


brennung keine Kontraktion statt. Verfolgt man 


zunachst die mittlere Gaszusammensetzung iiber 
dem Rost, so erkennt man, da das Gas aus 
Kohlensadure, Sauerstoff und Stickstoff bestehen 
wird. Solange noch Sauerstoff vorhanden ist, 
kann sich kein Kohlenoxyd bilden, aus Griinden, 
die nachher er6rtert werden. Mit zunehmender 
Hoéhe nimmt der Sauerstoffgehalt ab, und in 
einer bestimmten Héhe H, iiber dem Rost ist 
aller Sauerstoff verbrannt. Daf man am 
Dampfkessel bei geringem LuftiiberschuB neben 
Sauerstoff Kohlenoxyd in den Abgasen fest- 
stellen kann, liegt daran, daB infolge ungleicher 
Beschickung die Schiitth6he H an manchen 
Stellen gréfer und an andern kleiner als die 
Hohe H, ist, in der eben aller Sauerstoff ver- 
braucht ist. An ersteren Stellen besteht das 
die Kohlenschicht verlassende Gas aus CO, 
CO, und N,, an letzteren aus CO,, O, und Ng. 
Durch Mischung in den Ziigen, in denen infolge 
der durch die Warmeabgabe an die Heizflache 
veranlaBten Temperatursenkung keine Verbren- 
nung mehr stattfindet, entsteht das beobachtete 
Gemisch von CO,, CO, O, und Ng. 

Nimmt man der Einfachheit halber an, daB 
reiner Kohlenstoff verbrannt wird, so besteht 
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in dieser Zone das Gas aus 0,21 vH Raumteilen 
Kohlensaiure und 0,79 vH Raumteilen Stick- 
stoff. In Héhen gréBer als Hy, verbrennt die 
Kohle zu Kohlenoxyd unter Zerlegung der 
vorher gebildeten Kohlensaéure nach der Reak- 
tionsgleichung 


C + CO, = 2CO — h, WE. 


Es ist bemerkenswert, daf jetzt die Ver- 
brennung nicht mehr unter Warmeentwicklung, 
sondern mit Warmeverbrauch stattfindet. Bei 
15° ist 


hy = 38 250 WE. 


Da aus einem Mol Kohlensadure zwei Mole 
Kohlenoxyd entstehen, wird das Volumen der 
Verbrennungsgase an das halbe Volumen 
des gebildeten Kohlenoxydes vergrdfert. Sie 
bestehen jetzt aus Kohlenséiure, Kohlenoxyd 
und Stickstoff. Die Raumteile von Kohlensaure 
und Stickstoff nehmen mit zunehmendem x ab 
und der Raumteil vom Kohlenoxyd nimmt zu. 
Damit ist qualitativ die Art und Veranderlich 
keit der Gaszusammensetzung in der Kohle 
gegeben. Es ist dabei zu beachten, daf es sich 
hier immer um die Anderung der mittleren 
Gaszusammensetzung in einer Ebene parallel 
zum Rost handelte. Die Verbrennung soll nun 
genauer verfolgt werden, insbesondere soll jetzt 
die Verainderung der Gaszusammensetzung in 
den Riumen zwischen den Kohlensticken unter- 
sucht werden. 

Zur Vereinfachung der Betrachtung werde 
angenommen, dal die verbrennende Kohle 
nicht aus einzelnen K6rnern, sondern aus 
ebenen Platten gebildet sei, die parallel zu 
einander und senkrecht auf den Rost gestellt 
seien, Abb. 2. Es soll jetzt die Veranderung der 
Gaszusammensetzung im Luftspalt langs der 
Strecke AB im Abstand x vom Rost an gegeben 
werden. Infolge der hohen Affinitat des Sauer- 
stoffes zur Kohle wird bei A und bei B, also an 
der Oberflaiche der Kohle, wenn eine gewisse 
Mindesttemperatur iiberschritten ist, aller dort 
vorhandene Sauerstoff verbrannt sein, so dal 
dort die Sauerstoffkonzentration null und die 
Kohlenséurekonzentration demnach 0,21 ist. 
Die weitere Verbrennung an den Stellen A und 
B hangt dann von der Menge Sauerstoff ab, die 
an die Oberflache der Kohle gelangt. Sobald ein 
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Ass. 2. Ideelles Kohlenbett. 


Sauerstoffmolekiil auf die Kohlenwand _ trifft, 
wird es sofort zu Kohlensdéure verbrannt: 
deshalb ist die Sauerstoffkonzentration bei A 
und B dauernd null. Das Vordringen von 
Sauerstoff aus dem sauerstoffreichen Kern des 
Gasstromes nach der Wand erfolgt nun nach 
den Gesetzen der Diffusion. Es _ diffundiert 
Sauerstoff aus dem Innern des Gases nach der 
Wand und Kohlensdure von der Wand nach dem 
Innern. Die Gaszusammensetzung wird in ihrer 
Veranderlichkeit langs AB durch Abb. 3 veran- 
schaulicht. Die Menge der an der Kohlenfldche 
also bei A und B in der Zeiteinheit verbrannten 
Kohle ist demnach lediglich abhdngig von der 
Diffusionsgeschwindigkeit, also von einer rein 














ry 


Ass. 3. Anderung der Gaszusammensetzung in 
einem Horizontalquerschnitt der Verbrennungszone. 
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der Wand 
nach 


physikalischen GréBe. Die nach 
diffundierte Sauerstoffmenge kann 
Grundgesetzen der Diffusion berechnet werden. 
Da mit 32 kg Sauerstoff 12 kg Kohlenstoff ver- 
brennen, ist auch die an der Wand verbrannte 
Kohlenmenge bekannt. Nach dem Grund- 
gesetz der Diffusion der Gase ist die in der Zeit- 
einheit durch ein Flachenelement df hindurch- 
strémende Sauerstoffmenge proportional dem 
Abfall der Dichte des Sauerstoffes auf die 
Lingeneinheit senkrecht zu jenem_ Flachen- 
element und proportional der Diffusionszahl k. 


den 


Ist 

df ein Flachenelement, 

dz ein Zeitelement, 

dG das in dieser Zeit durch 
diffundierende Sauerstoffgewicht, 
die Dichte des Sauerstoffes in kg/cbm und 
die Koordinate auf der Flachennormaler, 
besteht die Gleichung 


jene Fliche 


1s 


¢ 
dG kdfdz 
c 


Die Dimension von k ist m*st~t. 

Die Diffusionzahl & ist nur dann unabhingig 
vom Mischungsverhaltnis, wenn zwei Gase 
ineinander diffundieren. Sind mehrere 
vorhanden, so ist ein Einfluf{§ des Mischungs- 
verhaltnisses vorhanden, der merklich ist, wenn 
die Dichten der diffundierenden Gase stark 
verschieden sind, wenn man also z. B. Wasser- 
stoff in Luft diffundieren 1a8t. Bei der Ver- 
brennung halt sich der Dichteunterschied der 
Gase in Grenzen, die die Diffusionszahl prak- 
tisch unverdnderlich erscheinen Die 
Stickstoffkonzentration ist deshalb unverinder- 
lich, und der Stickstoff beteiligt sich nicht an der 
Diffusion. Wenn man die Betrachtung ganz 
eingehend durchfiihrt, ergibt sich, dal der 
Stickstoff nach der Seite der gréBeren Sauerstoff- 
konzentration, also nach dem Gaskern diffun- 
diert. 

In der obigen Grundgleichung der Diffusion 
sollen nun statt der Dichte y die Volumhundert- 
teile des Sauerstoffes eingefiihrt werden, und 
zwar sollen die chemischen Zeichen neben der 
Art des Gases auch Raumteil in 
der Volumeneinheit des Gases angeben. Ist p, der 


Gase 


lassen 


dessen 
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Teildruck des Sauerstoffes und p der Gesamt- 
druck. so ist der Raumteil Sauerstoffes 
(numerische Konzentration oder Molenbruch) 


des 


P; 
QO, i 


ny) 
Nach der Gasgleichung ist 


Pik 
RT 


das Molekulargewicht, 
R die Gaskonstante 848 und 
T die absolute Temperatur bedeuten. 


Das Grundgesetz der Diffusion geht dann tber 
In 
ip dO. 
848 Tds- 


k df dz 


Ist V das Sauerstoffvolumen beim Zustande p 
und 7, 


SO 1St 


G 
} p $48 7 


und 


Damit geht die Grundgleichung der Diffusion 
uber in 
dO, 


k df dz re 


Ist der Zustand mit der Zeit nicht veriinderlich. 
so kann man uber die Zeit integrieren und 
erhalt das in der Zeiteinheit durch die Flachen- 
einheit diffundierende Gasvolumen 

dO, 


." 
ds 


d. h. der 


diffundierende 


in der Stunde durch die Flacheneinheit 
Gasraum (beim Gesamtdruck 
dem Gefiille numerischen 
Sauerstoffkonzentration proportional. Die Koh- 
lensaure diffundiert in der andern Richtung. Da 
der Gesamtdruck gleichbleibend ist und auch 
die Stickstoffkonzentration sich praktisch nicht 


andert. wird 


gemessen) ist der 


dCO, 


ds ds 


d¢ ), 
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und ebenso 


dj dV’ 


wenn dV’ das in der gleichen Zeit diffundierende 
Kohlensdurevolumen ist 

Daraus folgt, daB die Diffusionszahlen fiir 
Kohlensaéure und Sauerstoff die gleichen sind. 

Die Diffusionszahl k ist proportional dem 
Quadrate der absoluten Temperatur und umge- 
kehrt proportional dem Gesamtdruck; ist sie 
beim Zustande p, und 7, k,, so ist sie bei 
p und T 


daraus folgt 
Pp koT po 
T kT, 

Durch die Verbrennung von | Mol Kohlen- 
stoff (12 kg) werden | Mol Sauerstoff (32 kg O, 
oder 24,4 cbm bei 15° und | at) verbraucht. Es 
verbrennen deshalb in der Stunde auf | qm der 
K ohlenoberflache 

Vp 288 - 12 
T10 000 - 24.4 


Vp 
0.01416 — kg 
I 
Kohle oder nach Einfiihrung obiger Werte fiir 


) 


/ 
J d —: 
un 1 


, ky Pol dO, 
K 0.01416 —_, 
rT ds 


In dieser Gleichung ist 7 die Temperatur der 
dO, ‘ 

Kohlenoberflache und a das Gefialle der Kon- 
zentration des Sauerstoffes an ihr. Die stiindlich 
verbrannte Kohle ist deshalb nur abhangig von 
der Temperatur und dem Sauerstoffgefiille. Sie 
ist beiden proportional. Die Temperatur ist ein 
gelaufiger Begriff und auch leicht mefbar. Aber 
das Sauerstoffgefille ist zundchst nur eine 
Rechnungsgr6Be. 

Das Sauerstoffgefalle ist in erster Linie von 
der mechanischen Str6mung, insbesondere von 
deren Wirbelung abhiangig. Fs /assen sich nun 
gliicklicherweise Vergleiche mit einem andern 
Naturvorgang, der genauer untersucht ist und 
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den gleichen Grundgesetzen gehorcht, anstellen. 
Die Ubertragung der Wédrme von einer festen 
Wand an ein an ihr entlang strémendes Gas befolgt 
dieselben Gesetze wie die Diffusion in Gasen. 
Ist A die Warmeleitzahl des Gasstromes bei der 
Temperatur der Wand 7 und @ die Temperatur 
des Gases, so ist die von dem Gas nach dem 
Flachenelement df der Wand = strémende 
Warme 

1 


¢ 
O = Adfdz 
ds 


Ersetzen wir darin QO durch V, A durch 
k und @ durch O,, so geht sie in die Diffusions- 
gleichung tiber. Greifen wir im Gasstrom ein 
Raumelement heraus, so wird durch dessen 
Begrenzung Sauerstoff hinein- und _heraus- 
diffundieren. AuBerdem wird aber auch durch 
die mechanische Str6émung Sauerstoff in das 
Element ein- und austreten. Die iiber die ganze 
Oberflache des Volumenelmentes addierte 
Sauerstoffstrémung bedingt dann eine Anderung 
der Sauerstoffkonzentration des eingeschlossenen 
Gasvolumens. Diese Betrachtung liefert eine 
Differentialgleichung, die der Fourierschen 
Gleichung der Wiarmeiibertragung in strémenden 
Medien vollkommen entspricht. Dazu treten die 
Differentialgleichungen der Strémung, die Stetig- 
keitsgleichung und die Navier—Stockesschen 
dynamischen Gleichungen, die fiir beide Prob- 
leme identisch sind. Damit auch die Grenz- 
bedingungen gleich werden, hat man die 
Temperatur 0 von der Wandtemperatur aus zu 
zahlen. Beim Wiarmeiibergang ist die Temperatur 
an der Wand null, und bei der Verbrennung 
bezw. der Diffusion ist an der Wand die Sauer- 
stoffkonzentration O, gleich null. 

Man kann deshalb die Lésung dieses 
Diffusionsproblems aus der Lésung einer Auf- 
gabe der Warmeibertragung herleiten. Auf dem 
Gebiete des Wirmeiiberganges sind fiir eine 
Reihe von Fallen die Lésungen durch Versuche 
bestimmt worden. Es erwies sich als zweckmabig, 
aus den Versuchen die sogenannte Warmeiber- 
gangszahl a zu berechnen. Das ist jene Wirme- 
menge, die in der Zeiteinheit durch die 
Flacheneinheit der Oberflache ausgetauscht wird, 
wenn der Temperaturunterschied zwischen der 
Oberflache und der mittleren Gastemperatur 


einen Grad betragt. Demzufolge ist die in der 
Zeit z durch die Flache F str6mende Wirme 


O aFzu,,. 


wenn u,, der mittlere Temperaturunterschied ist. 

Eine der Warmeiibergangszahl a analoge 
Grobe will ich fiir die Diffusion und die Ver- 
brennung einfiihren, die ich die Verbrennungs- 
zahl nenne und mit § bezeichne. Sie gibt an, 
wieviel Raumeinheiten Sauerstoff in der Zeitein- 
heit fiir die Flacheneinheit zur Verbrennung 
gebraucht werden, wenn die mittlere Sauerstoff- 
konzentration im Querschnitt | ist. Dann wird 
das in z Stunden auf F qm entstehende Kohlen- 
siurevolumen, das ja gleich dem verbrauchten 
Sauerstoffvolumen ist, 


BFzO, 


Diese Gleichung mége die dynamische Ver- 
brennungsgleichung genannt werden. Sie sagt 
aus, da das durch die Verbrennung entste- 
hende Kohlensiurevolumen proportional der 
Zeit, der Kohlenoberflache, der mittleren Sauer- 
stoffkonzentration O,” und der Verbrennungs- 
zahl £ ist. Die Dimension von f ist mst~?. 

Ich will jetzt auf den Fall iibergehen, den ich 
selbst fiir den Wiarmeiibergang durch Versuche 
und theoretisch untersucht habe. Das Gas soll 
durch ein Rohr strémen, das aus fester Kohle 
gebildet sei. Der Durchmesser sei d und die 
Linge des Rohres L. Durch kiinstliche Mittel 
mége es auf der stets gleichen Temperatur 7 
gehalten werden. Die Anderung der Konzen- 
tration der durch das Rohr strémenden Ver- 
brennungsgase sei gering. 

Nun ist nach meinen Versuchen fiir ein Rohr 
die Warmeiibergangszahl 


WE 
stqm “C © 


18.86 A°214 . 
0.16 [9,054 (WyCy) 


Um daraus die Diffusionszahl fir ein Rohr 
zu erhalter, braucht man nur fir A & zu setzen, 
und da fiir die Wéarmeiibertragung fir ein 
Volumenelement der Energiesatz 

dO = dxdydz Ac, dO 


1. Z. Ver. Dtsch. Ing. 1913 S. 199. 
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lautet und fiir die Diffusion, die dieser ent- 


sprechende Gleichung 
d} dx dj dz dO, 


gilt, ist yc, 1 zu setzen. 
Es wird also fiir ein Rohr die Verbrennungs- 
zahl 
18.86 4 0:214 0.786 


0.16 [0,054 mst. 


w, die mittlere Geschwindigkeit, ist hier in 
msk~!, L und din m und k in qm/st einzusetzen. 
Fiihrt man noch die Diffusionszahl k, bei 0 
und | at ein, 
T*? 10000 


a’ i i 
92732 p 


worin p der Gasdruck in kg/qm ist, so geht die 
Gleichung uber in 
T0428 0,786 0,214 
[9.97 l " Ky 


ivy G°,16 J 0,054 10,214 


Setzen wir diesen Wert in obige Gleichung ein, 
so ist in einem Rohr oder einer Gruppe von 
Kohlenrohren die in z Stunden auf F qm der 
Kohlenoberflache verbrannte Kohle in kg 


p 141.6 26-0 
710000" ~~? 


ante fr we FAB. 

0.1736 70,472 J0.16 [0,054 ~ 
Bei sonst gleichen Verhdltnissen nimmt also 
das verbrannte Kohlengewicht mit der Luft- 
geschwindigkeit zu und ist proportional der 
Sauerstoffkonzentration. Fihrt man das durch 
das Rohr in der Stunde str6mende Gasvolumen 
(bei 15° und 10000 kg/qm gerechnet) W, ein, 

so wird, da 


W,, T 10 000 
288p 


dn | 
w 3600. 


Wp W,, 10 000-4 
T 288 d?z 3600 


vu 
0.01229 
d2 


. 4.52 k ,°»#14 70,214 W 0,786 ! 
; 10° ().732 [0,054 FrQ,. 
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Um ein Beispiel zu geben, werde angenommen 


1 at 10 000 kg/qm 
10 m/sk 

| qm 

1 st 

0.21 

1700 

0.05 m 

1.0m 

0.064 qm/st. 


Dann verbrennen auf | qm Kohlenoberflache 
in der Stunde 


0,064°:214 - 10 0008756 - 10°78 - 0.21 
17009472 - 0.05916 « 10,054 


0.1736: 0.882 - 1410- 6.13 - 0,21 


9.45 kg/st. 
31.8 - 9.26- 1 45 Keg/st 


Setzt man die Dichte der Kohle gleich 1,25, so 
wird in der Stunde eine Schicht von 7,55 mm 
abbrennen. 

Ist die Abnahme der Sauerstoffkonzentration 
merklich langs des Rohres, so ist die hier ange- 
wandte Formel durch eine andere zu ersetzen, 
die man dadurch gewinnt, dais man die dyna- 
mische Verbrennungsgleichung fiir ein Langen- 
element des Rohres dF ansetzt. Es gilt dafiir 


dV = gO, dF. 


wobei f die mittlere Verbrennungszahl im Rohr 
und O, die Sauerstoffkonzentration an der Stelle 
dF ist. AuBerdem ist aber 


dV W dO,. 


wenn mit W das in der Stunde durch das Rohr 
stromende Gasvolumen im Zustande p und 7 
ist. Es wird jetzt 


W dO, = SO, dF 


dO, 
O, 


und integriert 


In O, 
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Setzt man die Konzentration des Sauerstoffes 
am Eintritt O,' und am Austritt O,, so wird 


O, BF 
"0, vi 


| 


and 
O, = O,'e-FF'W. 


Damit ist die Abnahme der Sauerstoffkon- 
zentration und die an einem Flachenelement 
verbrannte Kohle lings des Rohres bekannt. 

Obige Gleichung fiir die Verbrennungszahl 6 
gilt bloB fiir réhrenférmige Kérper. Nach der 
Kenntnis des Wéarmeiiberganges gelten fur 
anders gestaltete Koérper dhnliche Gesetze.’ 
Leider sind sie hierfiir nicht genau genug durch 
Versuche sicher gestellt. Insbesondere ist fiir 
einen geschichteten Kérper, den die Kohle uber 
dem Rost darstellt, nichts ermittelt. Wenn somit 
auch quantitativ die Ergebnisse obiger Gleichung, 
angewendet auf die Verbrennung der Kohle 
liber dem Rost, nicht genau stimmen werden, so 
geben sie doch sicher qualitativ ein annahernd 


richtiges Bild der Verbrennung, und nur darauf 


kommt es mir hier zunichst an. 

Bisher wurde die Temperatur der Kohle immer 
als bekannt vorausgesetzt. Sie wechselt natiirlich 
an verschiedenen Stellen uber dem_ Rost. 
Nachdem nun in der Verbrennungszahl ein 
Begriff gefunden worden ist, der die Verbren- 
nung regelt, kénnen jetzt ganz allgemein die 
Gleichungen fiir die Verbrennung iiber dem 
Rost aufgestellt werden. Es seien alle GréBen 
nur von dem Abstand x liber dem Rost abhangig. 
Die zugefiihrte Luftmenge sei gleichbleibend, 
und auch die Schiitthdhe bleibe unverandert 
dadurch, daf} durch eine Wurffeuerung dauernd 
beschickt werde. In der ganzen Brennstoffschicht 
bleibt dann der Zustand unverandert, d. h. an 
allen einzelnen Stellen herrscht dauernd der- 
selbe Zustand. 

Greift man ein Volumenelement von der Dicke 
dx heraus, so miissen fiir dieses zwei Bedingungen 
erfiillt sein: Es miissen die Satze von der Erhal- 
tung der Energie und der Masse bestehen, d. h. 


1. Mit den Ergebnissen meines inzwischen erschienenen 
Aufsatzes, ,,Das Grundgesetz des Warmetiberganges* 
Gesundheitsingenieur 1915, kann die Verbrennung in 
ruhender Luft behandelt werden. 


in dem Element darf keine Ansammlung von 
Energie oder von Masse stattfinden. Ebenso- 
wenig darf solche verschwinden. Der Unter- 
schied zwischen der zu- und abstrémenden 
Energie muf gleich der frei werdenden Verbren- 
nungswidrme sein. 

Es sei n die Anzahl der stiindlich auf 1 qm 
des Rostes zugefiihrten Luftmole. Da sich bei 
der Verbrennung die Molzahl nicht dndert, 
stré6mt durch jeden Querschnitt x die gleiche 
Anzahl Mole mit den Verbrennungsgasen. Ist 
T die Temperatur an dieser Stelle und C die 
Molekularwarme der Gase daselbst, so strémt 
mit den Gasen durch die Ebene im Abstand x 
vom Rost ein Warmeinhalt 


nCT. 


C ist natirlich von der Gaszusammensetzung 
und der Temperatur abhingig, wechselt also mit 
x. Die Zunahme des Warmeinhaltes lings dx 
sei d/. Die Kohle sinkt abwirts, und zwar mégen 
m Mole durch die Ebene x treten. m dindert sich 
mit x. Fiir x — O ist auch m = 0, d. h. durch den 
Rost soll keine Kohle fallen. Ist ¢ die Mole- 
kularwarme der Kohle, so ist ihr Wirmeinhalt 


cml 


Sein Zuwachs lings dx sei di. 

Ferner wird die Warme durch Leitung iiber- 
tragen. Ist A die Warmeleitzahl Kohlen- 
schicht, so str6mt durch die x-Ebene die Wirme 


der 


d7 
A 
dx 


gegen den Rost. Das Differential dg str6mt mehr 
von oben ein als unten aus. 

Durch die Verbrennung wird Wirme in dem 
Element erzeugt. Ist / der Heizwert von | Mol 
Kohle, so wird in der Schicht dx die Wairme 

dO —hdm 


erzeugt. Nach dem Energieprinzip mu® dann 
sein 


dJ + di + dq dQ 0 


und integriert 
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Auf Grund der am Anfang aufgestellten 
dynamischen Verbrennungsgleichung ist die in 
der Stunde Volumenelement dx _ verbrannter 
Kohle 


dm — BO, dx, 


wenn QO, die Sauerstoffkonzentration der Ver- 
brennungsgase an der Stelle x ist, oder als 
Differentialgleichung geschrieben: 
dm ‘ 
(2) 
dx 
Der Satz von der Erhaltung der Materie 
verlangt, dafs alle in dem Element verbrannte 
Kohle dieses als Kohlenséure verlaBt. Das 
ergibt die Bedingung: 


dm n dO, (3) 


Da nm unverdnderlich ist, kann integriert 


werden. Es wird 
m nO, + Cy (3) 


Damit sind drei Gleichungen gewonnen, die 
yeniigen, um die drei unbekannten GrédBen m, 
. O,, als Funktionen von x zu erhalten. Bei der 
Integration treten 4 Integrationskonstanten auf, 
die durch die folgenden Bedingungen bestimmt 


werden: 


(1) Fur x 0 mu m 
keine unverbrannte Kohle durch den Rost fallen. 

(2) Fir x = 0 muB O, bei der Verbrennung in 
Luft 0.21 sein. 

(3) Am Rost, also fiir x = 0 mége die Wairme 
S, durch Leitung an die Roststébe und durch 
Strahlung an den Aschenfall abgegeben werden. 
Die Verbrennungsluft trete mit 7,° unter den 
Rost. Dann muf sein 


dT 


A oe S, + nC(T — 1,). 


(4) Am oberen Ende der Brennschicht mégen 
S, Warmeeinheiten an die Kesselwand aus- 
gestrahlt werden. Ist 7, die Temperatur der 
frischen Kohle, so liefert der Energiesatz dort 
die Beziehung 


dT 
\ 


m4 dx 


S, + mc(T — T,). 


0 sein, d. h. es darf 


Fiihrt man aus Gleichung (3) m in dieG leichung 
ein und setzt in erster Annaherung § fiir die (2) 
ganze Brennschicht unveranderlich, so wird bei 
Beriicksichtigung der Grenzbedingungen 


O, = 0,21 e 


Der Sauerstoffgehalt nahert sich also nach einer 
Exponentialfunktion dem Wert null, allerdings 
erst fiir unendliche Schiitthdhe. In der untersten 
Zone verbrennt demnach am meisten Kohle; je 
weiter man nach oben geht, desto weniger 
lebhaft ist die Verbrennung auf die Langenein- 
heit. Ebenso wie ein kaltes Gas, das durch ein 
warmes Rohr strémt, auf Grund der Rechnung 
erst bei unendlicher Lange die Temperatur der 
Rohrwand annimmt, braucht man bei der Ver- 
brennung eine unendliche Schiitthéhe, um allen 
Sauerstoff zu verbrennen. Praktisch ist aber 
schon fiir eine endliche Schiitthéhe aller Sauer- 
stoff verbrannt. Uber dieser bildet sich sodann 
Kohlenoxyd, wobei Warme gebunden wird. 

Ist Kohlensiure in Berthrung mit fester 
Kohle, so stellt sich ein Gleichgewichtzustand 
ein, derart, das ein Teil der Kohlensadure in 
Kohlenoxyd zerfallt, und zwar besteht fiir jede 
Temperatur eine bestimmte und _ bekannte 
Konzentration. Je héher die Temperatur ist, 
desto mehr Kohlenoxyd ist vorhanden. 

Die Schiitthéhe mége jetzt so groB angenom- 
men werden, da die Héhe, bis zu der aller 
Sauerstoff verbrannt ist, iberschritten wird. Es 
bildet sich dann Kohlenoxyd, und man spricht 
nicht mehr von einer Verbrennung, sondern von 
einer Vergasung des Brennstoffes, weil ein 
brennbares Gas entsteht. Der Vorgang der 
Vergasung findet folgendermafien statt: In 
jener Grenzhodhe ist die Kohlensaurekonzentra- 
tion 0,21 und die des Sauerstoffes null. An der 
Oberflache verbrennt die Kohle jetzt nach der 
Gleichung 


C + CO, = 2CO — A, WE, 


und zwar ist es sehr wahrscheinlich, daB sich an 
der Oberflaiche die der Temperatur entspre- 
chende Gleichgewichtkonzentration — einstellt. 
Dann sind dort die Kohlensdure- und Kohlen- 
oxydkonzentration nur von der Temperatur 
abhangig. Die weitere Vergasung geht dann so 


Vol. 
3 
1961 
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vor sich, dafs Kohlenoxyd von der Kohlen- 
oberfliche nach dem Kern des Gasstromes 
diffundiert, wahrend in dieser Zone die Kohlen- 
sdure aus dem Kern gegen die Wand strémt. 
Eine Abbildung des Vorganges durch ein 
Problem des Warmeiiberganges ist aber jetzt 
nicht mehr méglich, da an der Wand aus einem 
Raumiteil 
werden. Es ist jetzt eine Str6mung vorhanden, 
bei der an der Begrenzungswand Quellen sitzen, 
da an der Wand durch den Vergasungsvorgang 
eine VergréBerung des Volumens stattfindet. Die 
Konzentration verteilt sich nach Abb. 4. 


Ass. 4. Anderung der Gaszusammensetzung in 
einem Horizontalquerschnitt der Vergasungszone. 


Ist V das in | st und auf 1 qm der Kohle 
erzeugte Kohlenoxydvolumen, so entsteht dort 
an der Wand eine VolumenvergréBerung von 
}V, und demzufolge str6mt das Gas von der 

l 
3600 
m/sk gegen den Kern. Da CO der Anteil von 


Wand mit der Geschwindigkeit w LV 


; V 
Kohlenoxyd an | cbm ist, werden auf 1 qm , CO 


cbm Kohlenoxyd durch sichtbare Str6mung in 
das Gas geleitet. Dazu kommt die Abgabe von 
Kohlenoxyd durch Diffusion im Betrage von 


dCO 


A age 


Kohlensaure 2 Raumteile Sauerstoff 
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Beide zusammen geben das erzeugte Volumen 
Kohlenoxydgas. Es wird also 


, dCO 
A 
ds 


oder 


CO dCO 
2 ' ds 

Aus dieser Formel kann das erzeugte Volumen 
Kohlenoxyd und damit die dadurch verbrannte 
Kohle bestimmt werden, wenn Konzen- 
trationsgefille des Kohlenoxydes an der Wand 
bekannt ist. Ahnlich wie bei der Verbrennung 
kann man dann bei der Vergasung eine Ver- 
gasungszahl y einfiihren, die uns sagt, daB an der 
K ohlenoberflache 


das 


dCO 
k 


ds 


y (CO, — CO,,) 
ist, wenn CO, die Kohlenoxydkonzentration an 
der Kohlenoberflache und CO,, die mittlere 
Kohlenoxydkonzentration im Gasstrom ist. 
Durch diesen Ansatz wird die K oh- 
lenmenge proportional dem Unterschied der 
Kohlenoxydkonzentration an der Kohlenober- 
flache und der mittleren Kohlenoxydkonzentra- 
tion im Gasstrom gesetzt. Sind Werte von 
hierfiir durch Versuche bestimmt, dann kann 
man wieder die Saétze von der Erhaltung der 
Energie und der Masse anwenden und durch 
deren Integration den Temperaturverlauf und die 
Anderung der Gaszusammensetzung in Gene- 
rator bestimmen. 

Obige Theorie hat aber einen Mangel. Es ist 
die Stelle, an der aller Sauerstoff aufgebraucht 
ist, an der also die Verbrennung in die Ver- 


vergaste 


gasung ubergeht, nicht scharf bestimmt. Man 
kann ihn vermeiden, man bei Ver- 
brennung ebenfalls an der Kohlenoberflache das 
Vorhandensein des Kohlensdiuregleichgewichtes 
wie in der Vergasungszone annimmt. Das an der 
Kohlenoberflaiche gebildete Kohlenoxyd diffun- 
diert gegen den Kern der Verbreanungsgase 
und verbrennt mit dem vom Kern gegen die 
Wand diffundierenden Sauerstoff nach. MaBgabe 
einer endlichen Verbrennungsgeschwindigkeit. 
Die an einer Stelle im Gasraum entstehende 


wenn der 
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Kohlensdure folgt dann nach den Gesetzen der 
chemischen Dynamik der Gleichung 


d[CO,] 


dz 


f [COP{O,]. 


In dieser Gleichung ist / eine reine Temperatur- 
funktion: [CO,]. [CO] und [O,] sind die molaren 
Konzentrationen von Kohlenséure, Kohlenoxyd 
und Sauerstoff an einer Stelle. Der Zusammen- 
hang zwischen molaren Konzentration 
einer Molekiilgattung' und deren raumlicher 
Konzentration ist z. B. fiir Kohlensaéure durch 
die Gleichung 


der 


Dp 


RT 


(CO,] = CO 
gegeben, wenn R die Gaskonstante 848 und p 
der gesamte Druck in kq/qm sind. 

Abb. 5 gibt die Anderung der Konzentration 
auf einer Senkrechten zur Kohlenoberflache an. 
Die Kohlenoxyd fiihrende Schicht an der Wand 








Ass. 5. Anderung der Gaszusammensetzung_ in 
einem Horizontalauerschnitt der Verbrennungszone. 


wird praktisch auBerordentlich klein sein, so 
da sich das Bild bis auf diese Grenzschicht mit 
der Abbildung 3 decken wird. Bei dieser Annahme 
fallt jetzt Unterschied zwischen Verbrennung 
und Vergasung ganz fort. Beide Fille sind in 
einer Gleichungsreihe enthalten. Aber die Zu- 
rickfiihrung auf das Problem des Wiarme- 


1. d. i. die Anzahl Mole in der Raumeinheit. 
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iiberganges entfallt, und die Einfachheit der 
Verhiltnisse verschwindet. Damit ist das Wesen 
der Vergasung von Kohlenstoff besprochen, 
wenn es sich um die Erzeugung von Luftgas 
handelt. 

Es sollen jetzt noch die Vorginge behandelt 
werden, die sich bei der Erzeugung von Mischgas 
abspielen. Es wird hier ein Gemisch von Wasser- 
dampf und Luft unter dem Rost eingeblasen. 
Wie oben, so stehe ich auch hier wieder auf 
dem Standpunkt, daB ein chemischer Vorgang 
nur an der Oberfliche der Kohle stattfindet. In 
dem Gasraume zwischen den Kohleteilchen 
findet die Anderung der Gaszusammensetzung 
nur durch Diffusion statt. 

In der unteren Zone verbrennt wieder Kohle 
zu Kohlensdure. Es kann meines Erachtens kein 
K ohlenoxyd und auch kein Wasserstoff bestehen, 
so lange noch Sauerstoff vorhanden ist, denn bei 
der in der Verbrennungszone herrschenden 
Temperatur ist die Affinitét zum Sauerstoff 
so groB, dal beide Gase augenblicklich ver- 
brennen. Die Wasserdampfkonzentration ist 
deshalb gleichbleibend, und Kohlensdure dif- 
fundiert von der Wand nach innen, s. Abb. 6. 











Ass. 6. Anderung der Gaszusammensetzung in 
einem Horizontalquerschnitt der Verbrennungszone 
bei der Erzeugung von Mischgas. 


In einer gewissen Hohe tiber dem Rost ist aller 
Sauerstoff verbrannt, und es ist ein Gemisch von 
Wasserdampf, Kohlensaéure und Stickstoff vor- 
handen. Von hier an setzt eine andre Reaktion 
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ein. An der Wand geht die Vergasung der Kohle 
nach folgenden beiden Gleichungen vor 


C + CO, = 2CO — h, WE 


sich: 


und 
C+ H,O = CO + H, — h, WE. 
Es wird also bei beiden Reaktionen 
verbraucht, die von der Temperatur abhiingig 
ist. Bei 15° ist 


Warme 


38 250 WE 
und 
he 27 930 WE. 


o 
An der Kohlenoberfliche treten beide Reak- 
tionen auf und verlaufen sehr schnell bis zum 
chemischen Gleichgewicht, das verlangt, daB 
die beiden Briiche 
[COP sin 
{ ) 
~ 1\ ; 
[CO,] 
[CO] [H,] 
[H,O} 
eindeutige Funktionen der Temperatur sind. 
Zieht man beide Reaktionsgleichungen voneinan- 
der ab, so erhalt man die sogenannte Wasser- 
gasreaktion 
Co, + H, = CO 


wobeli 


HO — /h, WE, 


hy 10 320 WE 
ist. 
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Diese ileichung wird vielfach als aus- 


schlaggebend fur die Vergasung im Gaserzeuger 


aber 
Erachtens sind im 


bezeichnet. Sie stellt eine homogene 


Reaktion dar 


r die Temperaturen zu tief und die 


und meines 
Gaserzeuge 
Zeiten zu 
Reaktion nac 


finden 


1.17 . 1 f Sn _ _ _ ~~? 
klein, als dafs im Gaserzeuger eine 


h der Wassergasgleichung 


| . XA - 1 eral - 
KOnnte. Man hat sich vielmehi 


Vorgang so vorzustellen, daf} an der gliihenden 


Kohle die Vergasung nach obigen beidet 


Gleichungen bis zum Gleichgewicht stattfindet 


Die gebildeten Gase CO und H, diffundieren 


dann in das an der Kohle entlang strémende 
Kern CO, und H,O 
gegen die gliihende Kohle diffundieren und dort 
Die 


von der 


Gas, wihrend aus dessen 


die Kohle vergasen. Schnelligkeit der 
Diffusions- 
geschwindigkeit ab. Im Gasraum diffundieren 
jetzt die fiinf Gase N,, CO, CO,, HO und Hg. 
Bevor eine weitere analytische Behandlung der 
t die 


Ver- 


Vergasung hangt nur 


lar inocfrace Aalicl ; > 2 rey 
Vergasungsfrage méglich ist, mu zuers 


Diffusion von Gasen des niheren durch 


suche geklart werden. 


ZUSAMMENFASSUNG 


Es wird das die Verbrennung und 


gezeigt, 
ca J 
wesentiicn 


f und 


Dare 


Vergasung von Kohle auf dem Rost 

Vie sich 
die molekulare Str6mung (Diffusion) leiten diese 
Die Verbrennung der Kohle wird 


Aufgabe der Wéarmeiibertragung 


physikalische Fragen sind. 


Vorginge. 
durch 


abgebildet und dadurch geldst. 
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